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PUBLISHER'S FOREWORD 


The aim of this format is to close the time gap between 


the preparation of a monographic work and its publication in 


book form. A large number of significant though specialized 
manuscripts make the transition to formal publication either 
after a considerable delay or not at all. The time and ex- 
pense of detailed text editing and composition in print may 
act to prevent publication or so to delay it that currency 
of content is affected. 

The text of this book has been photographed directly 
from the author's typescript. It is edited toa satisfactory 
level of completeness and comprehensibility though not 
necessarily to the standard of consistency of minor editorial 
detail present in typeset books issued under our imprint. 


A detailed table of contents is included. 
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PREFACE 


To some members of the rocket modeling community, this 
work may require justification. Perhaps these people fail 
to recognize the need for, or the value of, an advanced treatment 
of the subjects of model rocket stability and performance. 
Perhaps they resent the intrusion of the difficulty and complexity 
inevitably associated with higher mathematics, physics, and 
engineering analysis upon that sanctuary of the designer's 
unassisted intuition that has been, until recent years, the 
hobby of model rocketry. Why, they may ask, should model rocketry 
become so technical? 

The answer becomes self-evident if one examines the state 
of the hobby over the past several years. In 1969 the twelve- 
year-old model rocket hobby was losing most of its older, 
better-educated participants because of a widespread miscon- 
ception that model rocketry had nothing interesting or challenging 
enough to merit their attention. Since that time our retention 
rate of advanced modelers has measurably improved due to a number 
of programs and projects (of which this book is one) aimed at 
increasing the technical content of, and improving the lines of 
communication within, our avocation. The intreduction of more 
technically-oriented kits, supplies, and literature by the 


model rocket industry; the proliferation of annual conventions 


sponsored by various Sections of the National Association 


ie 
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the establishment of Model Rocketry magazine, the 


cketry; 
ie ia rving the rocket hobby 


first independent monthly publication se 


y -- all have done their part to help solve model 


and thereby to help insure the 


exclusivel 
rocketry's "senior problem", 


stability and continuity of the hobby. These programs and 


projects, by making model rocketry an activity of interest to 


a broader cross-section of the public, have helped guard against 
our suffering the kind of "poom-and-bust" fad cycle that befell 
our sister hobby of slot-car racing in 1967. 

The treatments presented herein were written by several 
college-level model rocketeers who found within the existing 
limits of our hobby a veritable goldmine of opportunity for 
scientific and engineering contributions. Most of the material 
has been taken from research performed by members of the Massa- 
chusetts Institute of Technology Model Rocket Society over a 
five-year period extending from 1965 through 1970 -- research 
founded, in part, upon the work of James S. Barrowman, Dr. Gerald 
M. Gregorek, Douglas J. Malewicki, and Mark Mercer. The resulting 
analytical philosophy of model rocket design represents the 
current state of our designer's art and establishes the current 
frontiers of engineering analysis within the model rocket hobby. 

Though the various chapters of this volume have been written 
by different authors, the structure and purpose of the whole 
are unified so as to present a consistent and logical analysis 


of model rockets in flight from the viewpoints of static and dynamic 


stability, drag, and trajectory analysis. The results of the 


dynamic analyses of Chapter 2 are used in Chapter 4 to provide 
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estimates of the effects of pitching and yawing oscillations 

on altitude performance. The regults of the drag analyses of 
Chapter 4 are then combined with the treatments of Chapters 2 

and 4 to provide criteria that will enable an experienced modeler 
with good physical intuition and a working knowledge of algebra 
to design rocket models as nearly optimized from the standpoint 
of altitude performance as the current state of our knowledge 
permits. 

The results of Chapter 2 have been experimentally verified 
by that chapter's author in wind tunnel tests conducted in the 
Aeronautical Projects Laboratory at the Massachusetts Institute 
of Technology. Data taken by various researchers such as G. 
Harry Stine, Mark Mercer, and Douglas Malewicki have generally 
tended to confirm the results of Chapter 3; there are, however, 
still some gaps in the current theory of drag design, and a 
fully sound theory of flight performance must await their 
elimination. It has not yet, for instance, been determined 
precisely what effect the rocket exhaust gases have on the 
thrusting-phase drag coefficient -- and some arguments suggest 
that the exhaust jet could lower that coefficient by as much as 
a factor of two. If the influence of the jet is as great as some 
suspect, a method must be found for estimating its magnitude 
before more accurate altitude predictions can become a reality. 
Chapter 4, unfortunately, has had little experimental verification 
due to deficiencies in accuracy and reliability inherent in 
present optical tracking systems and the relative paucity of 
experimentation in this area. 


No preface to this volume would be complete without a 
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word of caution: this book is highly technical and it is not 


for everyone. We do not recommend it to anyone under sixteen 


years of age to anyone whose schoolwork in science and mathematics 
» 


has not been consistently above average, or to anyone who has 


had no previous exposure to model rocketry or its literature. 


We advise younger, less experienced, less technically oriented 


modelers to avail themselves of G. Harry Stine's Handbook of 
Model Rocketry and the excellent, elementary treatments of 
technical topics in rocketry available through some of the larger 
manufacturers (most notably Estes Industries and the Centuri 
Engineering Company) - 

If, on the other hand, you are technically inclined and 
feel capable of assimilating material written at a late high 
school or early college undergraduate level, we have written 
this volume for you. By means of this and similar projects 
we hope to show you that model rocketry is not just a pastime 
for children and early adolescents, but an activity that can 
be challenging and rewarding even for well-educated, technically 
proficient adults. You will find that the information contained 
herein can be put to good practical use in designing models 
which will possess good stability and maximum altitude capability. 
It is our hope, moreover, that some of you will find in this work 
a basis for further advanced research in the field and a foundation 


for the further refinement of those theories presently governing 
the design of model rocket vehicles. 


George J. Caporaso 
Gordon K. Mandell 


Cambridge, Massachusetts 
May, 1971 
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CHAPTER 1 


AN INTRODUCTION TO THE DYNAMICS OF MODEL ROCKET FLIGHT 


George J. Caporaso 
and 


Gordon K. Mandell 
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SYMBOLS 


Meaning 


Coefficient used in writing example of P(t) 
reference area 


constant of integration 


drag coefficient 


coefficient of drag at zero angle of attack 


normal force coefficient 


drag 


Magnitude of thrust, whose direction is assumed ‘ 


to be forward along the vehicle centerline 


thrust 


thrust as a function of time 


average thrust 


thrust values used in computing total impulse 
by approximate summation method 


specific impulse 


total impulse 


e 
characteristic length 


normal force 


radius measured from the center of the Barth . 


Reynolds number 


radius of the Barth 


side force 


magnitude of exhaust velocity, whose direction 


is assumed 
centerline 


to be rearward along tue vehicle 


~ 
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Meanin, 


exhaust velocity 
differential of ( ) 
derivative of ( ) with respect to time 


function of angle of attack 


magnitude of acceleration of Earth's gravity 


acceleration of Earth's gravity 


value of g at sea level 


parameter of drag at zero angle of attack 


mass 
burnout mass 

propellant mass 

initial mass 

mass flow rate 

increment of mass added to the exhaust stream 
change in mass of rocket 

exponent of t used in writing example of F(t) 
time 

time at which a time-derivative is computed 
interval of time 


time intervals used in computin total impulse 
by approximate summation Gathog” : 


burn time 

magnitude of velocity; also airspeed 
weight 

weight of Propellant charge 
horizontal coordinate, range 


vertical coordinate, altitude 


Symbol Meaning 
AC) increment of ( ), change in ( ) 
s ) sum of all ( ) 
a angle of attack 
€ parameter of drag due to angle of attack 
be absolute viscosity 
y kinematic viscosity 
p mass density 
: limit as n approaches infinity 
n—oo 
Cc Jae) integral of ( ] with respect to ( ) 
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as do professional scientists and engineers, therefore, we shall 
formulate the problems subject to certain simplifying approxima- 
tions and assumptions that will permit them to be solved to 

AN INTRODUCTION TO THE DYNAMICS OF PODEE- AER OP, Sunes a high order of accuracy. Such approximations make solutions 


ossible but this still gives us no right to expect them to be 
1. Definition of the Problem oe 


ais to obtain in “closed form" -- tnat is, a form which can be ex- 


another, found himself 
world who has not, at one time or ano ’ pressed by a single algebraic formula; not, for instance, 


} flight performance. . 
sveculating on the subject of model rocket Bee P graph, a table, or an infinite series. This is because the 


F t ht : 
hog die ue sedan: et ee most liberal approximations that are possible witnout badly 


- tire: Mo 
and true or not? #ill it "weathercock that is, fly into sae vane tia savciekey ah Chu ale deed gatunton eval eer 


Ree tt Sener ene es cr eet veess ars ean alter the fact that the equations describing the motion of a 


4f launched at an angle, and how far? Such questions as these -wdey. -eeeuet at shy (Gl ven shbtant duriag ate cited ae eR tne 


are the most natural and common that come to mind when one is called differential equations, and as such cannot be solved without 


presented with a new rocket design. They are of interest the methods of differential and integral calculus. We have used 


to even the most casual sport flyer, and of course are the these methods extensively in compiling the material used in this 


vital concerns of competition rocketeers and researchers. book and have used the various notations of calculus freely 


It is the purpose of this book to present information that in describing the steps by which flight performance solutions 


will enable any interested model rocketeer with a reasonably ase ‘Weakuca. bath for’ theintendet of those advanced rocketeers 
r ed, 


complete educational background to answer tiem accurately and 


who are familiar with calculus and because there is simply no 
completely, 


using the most advanced and general methods available la 


other way of discussing these matters accurately. 
epee y a small fraction of our readers 


very well, however, that onl 


The mathematical equations that would have to be solved advanced mathematics, 


can be expected to have any Knowledge of 


to compute theoretically exact answers ted our presentation accordingly. You should 


to the questions of 


adjus 
model rocket flight and we have j 


performance are among the most difficult 


aged 1f you cannot follow the 
known to the physical eA anowe: 


not, therefore, become discour 


Various mathematical treatments describin 
s a practical model rocketeer you will be most 


Complete, exact, and unique g how the solutions 


solutions to these equations have never been obtained by 


are obtained. A 
anyone, whether model rocketeer or professional sclentist 
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interested in the final results of these presentations -=- the 


solutions themselves. And in every caseé 


solutions can be worked out numerically using relatively 


simple numerical substitutions in tne algebraic formulae which 


have been obtained, plus a handbook of mathematical tables. 


In this chapter the general problem of computing model 


rocket flight performance will be considered, and the various 


techniques used to cast these problems into forms capable of 


closed-form, analytic solution will be discussed. The forces 
which influence the motion of model rockets will be briefly 
described and the methods by which the performance problems will 
be attacked in subsequent chapters will be introduced, while 

the presentation of the detailed solutions themselves will be 


left for tne chapters reserved for them. 


1.1 Point-Mass and Rigid-Body Dynamics 

The problem of computing in detail the motion of a model 
rocket in flight is one of analytical dynamics and kinematics. 
By “kinematics” is meant the mathematical study of movement 
itself, while "dynamics" can, for the purposes of this boox, be 
taken to mean the physical and mathematical study of the 
relationships between movement and the various forces and 
moments which produce it. In general, one can distinguish two 
classes of motion of which rigid, extended bodies are capable; 
the translational motion of the body considered as 4 point 
mass concentrated at its center of Mass and the rotational 
motion described by the body about its center of mass. 


Since, 


ft 
or all purposes of interest to model rocketeers, the center of 


you will find that these 
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mass of an object can be considered equivalent to its center of 
gravity, the notation C.G. will hereafter be used to refer to 

a model rocket's center of mass or center of gravity. The 
concepts of translation and rotation are illustrated by example 
in Figure l. 

In the absence of any physical interrelation between the 
motion of the C.G. itself and the rotation of tue model about 
its 0.G. the differential equations describing tue rocaet's 
motion would possess a certuin very useful and velusable property: 
the equations describing the rigid-body rotations would be 
decouvled from those describing the point-mass wotions- That 
4s to say that, if the rotation of the model about its C.G. in 
flight did not affect the net forces acting on it, and 1f the 
translational motion of the rocket as a point mass did not 
affect the moments tending to rotute the model about lts C.G., 
the equations of motion of the C.G. and the equations of motion 
for the rigid-body rotations could be solved indeoendently of 
one another. The practical effect of such a state of affairs 
would be to greatly simplify the mathematics involvec, since 
the translational motion could be solved while ignoring rotation 
and the rotutional motion could be solved while ignoring 


translation. 


For any extended body moving through the atmosphere in 


the Barth's gravitational field, however, there are external 


forces and moments which couple the rigid-body rotation to tae 


C.G. translation. These external forces and moments arise 


from the various components of atmospheric resistance, or drag, 


wt 6 te 


© 


Figure 1; Translational and rotational motion. The center of 


gravity of the rocket in illustration (a) has translated from 


position 1 to position 2; the rocket has not rotated at all during 


the motion. The rocket of illustration (b) has rotated from 


position 1 to position 2 about its ceater of gravity without 
undergoing any translation. 
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acting on the body which affect bots toe 0.G. motion ana the 
rigid-body motion. If tne model snould undergo rigid-vody 
motion due to aerodynamic or other forces, toe coanges in ite 
angle to the incident airflow resulting frog such sotion will 
change the drag experienced by the venicle, thus affecting the 
total force on it. In the presence of gravity, toe rigid-body 
rotations Will also cnange tne angle of the torast vector 

with respect to the local vertical and will toerefore cuange 
the vertical and norizontal components of tne gorce on the 
model due to the thrust. The point-mass motion also influences 
the rigid-body motion, since the magnitude of the drag components 
which act to rotate the vehicle vary strongly witao tne velocity 
of the O.G. The differential equations of motion of a sodel 
rocket travelling through the atmosphere under the influence of 


gravity are, therefore, a coupled set of equations. 


1.2 Separation of the Differential Equations of Motion 
Since, as we have remarked, it is generally muco easier 
to solve a system of mutually independent equations than it is 
to solve a coupled set, tue autaors of the various chapters 
have followed the procedure generally used in full-scale science 
and engineering for problems of this type by adopting various 


simplifying approximations which permit the point-mass and 


rigid-body equations of motion to be decoupled (and also greatly 


simplify the solution of each of the decoupled sets). Such a 


separation cannot result in exact solutions; it will yield 


solutions of acceptable accuracy only io 508 -SONRAERE PSEM Sen 
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The analyses of model rocket flight presented in this book will 
therefore be restricted to cases of weak coupling. As will 


be shown in Chapter 2, and later in Chapter 4, the coupling is 
in fact slight for all rockets that can be considered well-designed, 
so such a restriction is not unreasonable. One may therefore 
decouple the equations of motion under the assumption that the 
forces on the C.G. due to the rigid-body rotations are small 
compared to the other forces influencing the point-mass motion. 

Once the separate solutions to the decoupled equations of 
motion have been obtained, approximate methods will be used to 
re-introduce coupling for the purpose of obtaining a "first-order" 
idea of the effect of rigid-body motions on the altitude capability 
of any given model rocket. 

The remaining sections of this chapter will be devoted to 
brief discussions of each of the forces and moments which 


influence the rigid-body and point-mass motion of model rockets. 


2- Description of the Plight Forces 

This section will enumerate and consider the forces on the 
model which give rise to the motion of its center of mass. 
Such forces will hereafter be referred to as flight forces, 


as opposed to those forces encountered during the course of a 
model's flight whose moments give rise to rigid-body rotations. 


These latter forces will be referred to as perturbing forces. 


2.1 Thrust 
Thrust is the term applied to the force produced by a 
model rocket engine due to the rapid exit of exhaust gases 


-1}. 


n 4ts nozzle. The engine 
fro 


itself 18 no more tnan an 
fais in which the fuel igs burned to Produce a hot 


enclosed 


@4e which 
,hen exits under extreme pressure fron * aall nozzle specially 


gnaped so as to produce the Sreatest possible velocity of the 
exnaust stream. A chemical rocket, however, ig a bignly 
specialized type of furnace in that tue oxygen required for the 


combustion of the fuel is obtained not from tie air, but from 


a oxygen-rich chemical, or oxidizer, carried along with tne 


fuel in the rocket itself. For this reason a rocket will con- 


tinue to burn in the vacuum of outer space, and uence chemical 
rockets are used in spaceflight. In the case of the solid- 
propellant model rocket engine the fuel and oxidizer are mixed 
together to form a homogeneous propellant grain. 

To gain some understanding of how a rocket engine produces 
thrust, suppose we examine the hypothetical rocxst of Pigure 2, 
which is emitting gas at a constant exhaust velocity of magnitude 
c in the negative y direction. In some short interval of time, 
say At, a mass of exhaust gas dmg leaves the nozzle, so that 
the mass of the rocket engine changes by the amount Amy = -ADe- 


t as to be 
If the time interval is permitted to become so pee 


may be denoted 


alculus as the 
by dt, also referred to in the Language of calc 


e t ‘ erienced 
jal of time In this case tne mass change 6XP 
differen 7 


————————_— to be considered a 
by the rocket will also become 8° aS 


py -dm,- The instantaneous rate 
differential quantity, denoted Dy “""e 


cket is changing 18 then 
s change to tae aifferential 


-{ven by 
i=) 
at which the mass of tue ro 


s 
the ratio of tae differential m 


doi 


time interval over which tuat cnange occurs. This ratio is also 


called the derivutive of the rocket's nass wita respect to time: 
4 rate of mass change = -dm, 
“at 


g derivative of mass with respect 
“~ to time 


The above explanation of the derivative as a ratio of 
differentials is useful in forming a mental picture of what 
a derivative physically represents, but it provides no information 
about how derivatives are actually computed. They are not 


calculated by somehow finding each differential and taking the 


ratio of the two; they are, rather, done “all at once” by one 


of two possible methods. The first such method is usable when 


Figure 2: Origin of rocket thrust. In 4 time interval At the the dependent variable (in this case mass) 1s given as an 


analytic function of the independent variable (in this case 
rocket expels the quantity of mass Am, at the exhaust velocity ad 7 te = ( 


£3 time); that is, when the dependent variable is expr ed as 
© in the (-y) direction. "In the limit" as At becomes dt and ); ’ D a s press 


Ame becomes dm, the rate of mass expulsion -- or "mass flow rate" -- BONS alee hre he eee Ln semis oe the Ae eer ns 


e = In such cases the derivative is itself an algebraic formula 
is dm,/dt (also written m). The thrust F is given by the equation 


7: -é(am,/at) gna thas ectecan the Wey) aizection. | which is computable from the original function by means of tne 
limiting arguments used in differential calculus. You will not 
need to know how to perform any such calculations to understand 
this book; wherever the derivative of an algebraic expression 
is needed we will supply it already written out. The second 

4 method is an approximate one and is used when the function whose 


derivative is to be taken is supplied in graph or table form. 


In the case of a graph, the derivative at any given tine t' 


is just the slope of the tangent line touching the graph at 
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aning of these terms 1s indicated py 
e 


m 
f time. Tne 
so describes the procedures fo, 


that value 0° ; 
3 which 4 
the example in Figure 7» sae: 


om graphs and ta 


derivatives fr 
ng n the time derivative of a rocket's 


obtaini 


betwee 
the connection 
— in the fact that the 


of its engine lies 


equal to the rate at which it is 


in which it 1s mounted. 


mass and the thrust 


thrust of 2 rocket motor is 


t 
transferring momentum to the rocke 
Those of you who have had some exposure to elementary physics 
will be familiar with the concept of momentum; some of you, 
moreover, may already know that the rate of momentum transfer 

’ 
resulting from the expulsion of mass from a body depends upon 


two quantities: the rate at which mass is being expelled 


and the velocity with which it is being ejected. In Chapter 


4 4t will be shown by more detailed momentum considerations 


that the relationship involved is 


r= -¢ Ame 
(1) F=ze-c ae 


where P denotes the thrust produced by the motor and ce is the 
velocity of the exhaust gases as measured by an observer moving 
with the rocket. Both the thrust force and the exhaust velocity, 
students of physics will note, are vector quantities; that is, 
both their magnitudes and the directions in which they act 
a be specified to describe them completely. Mass (and its 
me 
Gerivative), on the other hand, is a scalar quantity; it 


can have only a magni tude, 


In a properl 
¥Y designed ana constructed model envek- whens 


engine is not suff 
ering from any malfunction the exhaust streal 


sah Mi ie Ia ro 


Tangent line 


© 
t_(sec) |m_ (9) Am =11.3-15.1=-3.89 
0.0 21.0 Ot=06-0.2=0.4 sec 
0.2 15.1 dm =-9.5 g/sec 


Gt Ji. 


04 


At 0.4 12.8 Am 


tos |ua—l 


0.8 10.2 
1.0 9.4 
1.2 9.0 


© 
Figure 3: The concept of a derivative, as illustrated by the 
rate of mass change of a model rocket engine due to the expulsion 
of exhaust gases. Two approximate methods for the computation 


of derivatives are illustrated: graphical solution by the use of 


a "tangent" line (a) and numerical solution using a table (b). 


Note that Am is negative because mass decreases as tine iacreuses. 


dm/dt as illustrated here is Just the negative of dm,/dt. 
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In such a case we can replace the full 
n : 


ted dead astern. 
is direc elocity with a simpler, fore-and-afy 


for force and V 
vector notation 
hich vector quantities directed forward | 


Ww 
sign convention in 
1 axis are considered positive, 


along the vehicle longitudina 


while those dire 


ected rearward are considered negative. According 


to this convention. 


cz-c 
eq that | 
dme | 
(2) F=C Zt 
Professional rocket engineers refer to the derivative dm,/dt as 


the mass flow rate and sometimes write it as m, the superscrint 
dot denoting differentiation with respect to time (an alternate 
calculus notation for the time derivative which is sometimes 
used to save writing). Note that, since positive quantities 
only are involved in the right-hand side of equation (2), the 
thrust is a positive quantity also -- confirming what we as 
practical model rocketeers already know to be the case; namely 


that the thrust is directed forward along the rocket's centerline. 
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In theory, then, if you were given the exnaust velocity 
and mass flow rate of any given rocket motor as functions of 
time, you could compute the thrust of that motor as a function 
of time. It is also theoretically possible to calculate both 
the exhaust velocity and the mass flow rate from the combustion 
characteristics and thermodynamic properties of tne propellant 
and the size and shape of the combustion caoamber aad tue nozzle. 

In practice, however, rocket engineers generally compute tne 

turust directly from the propellant, casing and nozzle coaracter- 
istics and obtain the exnaust velocity and mass flow rate as 
byproducts of tnis calculation. The thrustsof model rocket 

engines as functions of time are always supplied by the manufacturers 
in graphical form: the so-called thrust-time curves, which are 
derived from averaging a large number of traces recorded during 
static firings of engines of the same type. The thrust-time curves 
of individual model rocket motors may differ somewhat from the 
average for their type. This variation is not too severe, however, 
in motor types which have received Safety Certification or 

Contest Certification from the Standards and Testing Committee 

of the National Association of Rocketry. 

In any one given engine, one generally finds that variations 
in thrust with time are due more to variations in the mass flow 
rate than variations in the exhaust velocity. In fact, itis 
almost always accurate enough for model rocketry purposes to 
assume the exuaust velocity to be constant during the entire 
burning period. The mass flow rate can then be easily computed 
from equation (2) if you are careful with units. Suppose, for 


Ch. or ae 


tenety 
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tine — ~e-—ercammagesieainellin remem, .* 
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thrust is given in newtons and the exhaust 


{nstance, that the 
Remembering that one newton is 


velocity in meters/second. | 
one kilogram-meter/(second®), one then obtains the mass flow 
rate in kilograms/second, which can easily be converted to erans/ 
pecond by multiplying by @ thousand. An easy method of calculating 


the average exhaust velocity will be described a little later on, 


Model rocket engines come in a wide variety of sizes and 


configurations, permitting the modeler to choose any desired 


average thrust from as low as 3 newtons to as high as 100 newtons,/ 


A knowledge of the average thrust alone, however, is not 
sufficient to enable one to predict the overall effect of the 
engine on the rocket's performance. It is also necessary to 
know how the thrust varies as a function of time and the length 
of time for which the engine will burn. Knowing these the 
modeler can compute the total momentum cnange which the engine 
will impart to the rocket, also called the total impulse, 


according to the relation 


ty 
(3) It = (F(t)at 


where I; is the total imoulse, F(t) is the calculus notation 
for "thrust as a function of time", and tp is the total burning 


time (not counting the delay/tracking Charge) of the engine. 


Equation (3) is the first we have encountered so far needing 


the techniques of integral Calculus for its solution. The 


symbol { is referred 
red to as an integral Sign. The quantity to 


a 
be "integrated" (in this case F(t)) is called the integrand, and 
the variable with respect to which the integration is to be 


performed; that 1, the independent variable (in tnis case 


time, or t) 1s referred to ag tne Yarlable of integration, or 
running variable. The differential of the ruoning variable is 


always written after tne integrand to identify the running 
variable; hence the "dt" after P(t). The time values O and ty 
are the limits of integration, and tne integration is said to 
be performed between O and tp, or from O to tp. 

As far as model rocketeers are concerned taere are two 
ways in which an actual number for It can be obtained from 
equation (3). The first of these can be used only if F(t) is 
given by some well-defined algebraic formula, in which case 
mathematicians have shown that there also exists an algebraic 
formula for §w(t)dt (the integral written without limits is 
called an "indefinite integral" and is used to refer to the 
general functional form of the integral as opposed to the inte- 
gral written with limits, or “definite integral", which refers 
to the actual value of the integral taken between specific 
limits). The integrals of a great many specific functions nave 


been tabulated and listed in such books as Burington's Handbook 


of Mathematical Tables and Formulae and the CRC Standard 
Mathematical Tables, which are used as references by students 
of science and engineering. For instance, if the functional 


form of F(t) is given by 
F(t) = at? 


Where A and n are constants, then 


+1) 
(ret s At” +c 


meres, ~ 


290s 


i “constant of integration" which must generally be 
where Cis 4 ; | 
hy sical considerations called the {nitial 


determined by P 
Of particular {nterest is the Case 


conditions” of the problem. 


which describes @ thrust that is constant over the burn 


nds 0; 
time: 
F(t) » At? 
= A 
Then \R(t)at Oe 


It will be found that, in all problems of computing total impulse, 
Cis zero. Now it is a basic rule of calculus that the value 
of a definite integral is equal to the value of the integral 
taken at the upper limit minus the value taken at the lower 


limit. That is, in this case, 


ty 

{ F(t)at = at) - at]. 
= Atp - A°0 
= Atp 


So you can see that for the case of constant thrust the total 
impulse is just equal to the thrust multiplied by the burn time. 


In fact, the total impulse is always equal to the average thrust 


multiplied by the burn time, but for all cases other than that 


of constant thrust the average thrust itself must be calculated 


from the total impulse, which has been determined from (3) 
’ 


according to 


Fla 


ae 


You can also see that total impulse hag units of (foros x time). 
Since model rocket thrust 18 measured in newtons and time in 
seconds, total impulse 1s given in newton-seconds. 

But suppose there is no simple algebraic formule that describes 
F(t). Suppose there is either no known formula et all or one 
so complicated that 1ts integral would literally cover pages. 
In such cases the total impulse can be computed numerically, 
without integral formulae. To see how this is done suppose we 
take as an example the thrust-time curve of Pigure 4a, wuich 
ig typical of many of the smaller classes of model rocket engines: 
there is an initial "spike" at ignition followed by a drop-off 
to a fairly constant thrust for the rest of the burn time. In 
Figure 4b the exact thrust-time curve has been approximated by 
a series of eight adjacent rectangles. There are many mathe- 
matically "fancier" and more precise ways to do this, but in 
Figure 4b it has been done "by eye” and indeed such an intuitive, 
physical approach will be found sufficiently accurate for 
virtually a11 model rocketry work. The total impulse according 


to this method is given approximately by 


I¢ = PLOt, + Fobto + Fshtz + Pybty + Pobts + Pe bts + 
Frht7 + Fg htg 


It 1s evident that more than eight rectangles can be used, and 
that the approximation will get better as the nuaber of rectangles. 
increases and they get narrower and narrower. “In the limit", 
as the rectangles get infinitesimally thin, the approximation 


will become exact -- and in fact this is just the definition of 


ie 


348 +.234 +.213 
oe See 2440 +.330 23.115 
= 5.20 N-sec 
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ot of integration. Panel (a) 


Total impulse and the conce 
time curve of the NAR Type B4 engine. The total 


Figure 4: 


shows the thrust- 
s equal to the integral of its thrust-time 


The other 


impulse I; of the engine i 
curve; that is, to the area (in N-sec) enclosed by it. 
three panels show some approximate methods of obtaining this integral, 
In (b) the curve has been approximated by a series of rectangles and — 
I; has been computed as the sum of the areas (in N-sec) of the | 
rectangles. In (c) each square of the grid represents O.1 N-sec 

and I; is found by determining the approximate number of squares 

enclosed by the curve. In (d) the weight in gram-forces of a piece 
of cardboard 1 sec long and 1 N high has been determined and I, has 
been found by comparing it with the weight of a cardboard cutout of 
the curve. Method (d) was most accurate in this case, as the actual | 


I_ of the BA engine is 5.0 N-sec. 


274.97 N-sec 


ra nt et ttt nt, 


@ 


—— 


biased cae 


eee ss ee 


=eb- 
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notation 1s 


mn t 
dim SPybty = | Pvt 
~~? @ i] iv) 
sthod consists of Yoounting the sulleres 


A similar nuoerical m 
y tue turustetine ourve alld the 


on the graph paper" e.closed b 


The nunbder of newton-seconds re 
m a knowledge of the vertioul und hori Zoubal 


presented by euch oyuare 
axes. 


can be found fro 


graph scales. Tue impulse per equare Lp then wultiplied by 


the number of squares to give the totul dmpulpe, ae vilown in 


Figure 4c. 4n instrument called we pluntueter ie often aved to 
compute total impulse in this manner. ‘The inelrunent hao u 
stylus which 1s used to trace the boundury of the Lurugl-tine 
curve, resulting in a meusurewent of the areuw enclosed by the 
curve. The total impulse is directly proportional to thie 
area, the constant of proportionulity being equal to the auount 
of impulse represented by a unit area of the graph paper. 
Persons who do not have a planimeter can still maxe a good 
planimetric determination of total impulse using the method of 
Figure 4d. In this technique the thrust-time ourve io traced 
onto cardboard, cut out, and weighed on a good luwboratory gram 
balance. 4 rectungle of the sume kind of ourdboard out to the 
size that represents a single newton-second of impulse in the 


scale to woich the tirust-time curve ig druwn 19 also weighed 


Th 
e weight of the curve cutout divided by the welwht of the one 


newton-second rectangle ig then equal to the total impulse 


You can see thut ull tiese nuuério«l metiiods rely on the 


a 


enoentiul relationaiip between the Jutesreah oF @ funobson and 
Lhe wares enoloaad between the wyreyh of that function and the 
coomlinute axea With reapeot to whioh that greph ta drew, 
Appewly Lo the intuitive notion of un integral e@ ® tne sree 
under the ourve" of the Jutesrand ere in fact often ueed in 
Louohing owlLoulug ab the mseaulur hil sohool and undergreduete 
voolleage level. 

The partiouler Cunotlonel forme of P(t) enovuntered in 
model rookatry full into geversl webl-defined oleagnes, These 
ouleories are represented by the sanple Lupuetetise ourves of 
Miyures ba, Yb, and Lo. The ourve of Pieure Sea exemplifies 
Lhe behuvior of w Lyplowl end=burukog gotor. Tne veet wejori ty 
of the NAR Olase $4 through D enyines, ae well ee some of the 


Lurgor onvines, have thrustetine vurves of thie type. ueh 


engines wre produced with a solid propellent vwraln heaving @ alight 


{indentution ut the rear, immediately inside the nosesle. The 
indentution serves a dual purpome! it provides @ vounventent 
ouvity into which the eleotrioul Leuiter may be packed and it 
46 ulsoo responsible for inoressing the burning surfece ares of 
the propellant grain in the fraction of w second imuediately 


following tenition, thereby producing the “spike” in the 


thrust-time ourve shown in Pigure 5a. This short period of nigher 


thruet 16 ueeful in acoeleratiny, the wodel rapidly to velocities 


at whioh tue stubilizing fine beovme effective. Tre reafter 


the thrust decreases tu the Virtually constant Level Gharecter- 


Letio of w true end-buruing, or “olgarette-burning", grein 


until burnout ooours. 
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Figure 5: Major classes of model rocket thrust-time curves. 


(a): Curve of Type B4 engine, representative of end-burning engines 


with initial peak. (b): Curve of Type Bl4 engine, a core-burning 
engine with a constant-diameter port. (c): Ourve of Type B62 
engine, an ammonium perchlorate/polyurethane engine also having 

a coustant-diameter port. Its high-energy propellant is slow- 
burning, enabling it to produce thrust-time characteristics that 


would require a tapered port in a blackpowder engine. 


=e 


Figure 5b represents tne thrust-time curve of the NAR 
type Bl4 motor, a high-thrust, short-time engine used to accel- 
erate heavy rockets and multistaged models. These engines 
have a hollow core, or port, along the central axis of the grain, 
causing burning to progress radially outward toward the wall 
of the casing rather than forward as in the end-buraing motors. 
The burning surface area of the core-burning motor is thus much 
greater than that of the end-burner and its torust-time curve 
consists of a single, high-thrust spike. Tne rapidity with which 
these engines can accelerate a model has been described by stating 
that they deliver a "sledge-hammer blow" or “kick in tae tai?” 
to the rocket in which they are installed. 

Many of the largest model rocket engines -- those in LhaR 
Classes B and F -=- have thrust-time curves like that of Pigure 
Se. These engines are also port-burners but, unlike the B14, 
they have tapered ports; their grain configurations are said 
to be “three-dimensional". Although they also exhibit a charac- 
teristic peak in their thrust-time behavior, this peak is attained 
more gradually than is the case with the Bl4 engines and occurs 
near the end of the burning period. 

Since the invention of the rocket in China during the 
Middle Ages a great many varieties of solid propellant have 
been developed. The first rockets used black gunpowder, an 
improved form of which is still the major constituent of most 
model rocket propellants. Gnokeless powder was introduced at 
the beginning of the twentieth century, followed by “double-base" 
propellants -- essentially variutions of nitroglycerin- and 


nitrocellulose-type compounds -- and “composite" propellants 
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rethane/sammonium perchlorate mixtures used in the 
yu 


guided missiles and man 
eting 4 propellant from umong the 


like the pol 


dad Minuteman y sounding rockets 
Polaris an nutem 


aj 1 able t es one of the fi rst questio 1s t e€ rocket 
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many av < > 


“How powerful is ite" 
called the specific impulse of the 


The answer to this 
engineer asxs is, 


question lies jn a quantity 


that is, the total impulse obtainable from the 
’ 


propellant; 


combustion of = unit mass of propellant. Specific impulse is 


thus a measure of a propellant's efficiency. Strictly speaking, 


the mathematical definition of specific impulse is 


where Mp is the mass of propellant consumed in providing the 
total impulse Iy- The strictly consistent physical units for 
Tsp in the MKS system used in model rocketry are therefore 
newton-seconds per kilogram. Rocket engineers, however, use 
weight measure when computing specific impulse, using the 
definition 


(6) Isp = I4/we 


where Wp is the weight of propellant required to produce the 

total impulse I4. According to this definition Isp has units 
of newton-seconds per newton -- or simply seconds. The engineering 
definition is especially convenient in that it relates I 


the exhaust velocity through the simple relation 


sp to 


(7) es 6Isp 
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where @ 18 the acceleration of the Barta's gravity field (9.8 
meters/sec.@). 

Model rocket engines using pressed blackpowder propellant 
grains exhibit values of specific impulse in the range of 48 to 
104 seconds. More recently, several types of engines using 
hign-perfornance, ammonium perchlorate/polyuretoane propellants 
have been introduced in model rocketry. These motors deliver 
specific impulses in the neignoornood of 175 seconds. There 
exist solid propellants which deliver speeific impulses in excess 
of 240 seconds when burned at nigh chamber pressures, but 
problems of temperature, pressure, ignition technology, and cost 
have so far prevented their use in model rocketry- 

The specific impulse delivered by any given model rocket 
motor is a quantity that 1s measured and published, either by 
the manufacturer of that motor himself or by the AR Standards 
and Testing Committee. It 1s therefore a simple matter to 
compute the average exhaust velocity of any given motor using 
equation (7), and to use the value of exhaust velocity thus 
obtained in computing the mass flow rate from equation (2) 


and a knowledge of the engine's tnorust-time curve. 


2.2 Weight 
The weight of a model rocket is the force exerted on it by 


the Barth's gravitational field. A rocket of mass m will have 


a weight given by 


(8) Ww: De 


where, as before, & ig the (vector) acceleration of the Barth's 


orn (eee, . - eure 


“9a 


gravity field. The weight force always pointe in sie) Rete eyion 


ter of the 
of the gravity field, which in this case 1s the cen 


1 vertical. Strictly 
Barth -- or “straight down" along the loca 


d 
gpeaking, the value of g decreases with increasing altitude 


the relation 
above tue Barth's surface according to 


2 
e & Ee 
where Ry is the radius of the Earth, @ is the magnitude of & 
at the Earth's surface, Ris any radius greater than R, and 
g is the magnitude of g at that radius. Even a 20 ,000-foot 
model rocket flight (about 6,000 meters -- much higher than 
any ever officially confirmed), however, would result in an 
apogee value of R only one tenth of one percent greater than 
Ro- The effect of altitude on the weight of a model rocket is, 
therefore, wholly negligible. In all the calculations in this 
book & will be taxen to have the magnitude gp). 

The weight of a model rocket does vary during its flight, 
though. This in-flight weight variation is due to the expulsion 
of mass from the rocket motor as it produces thrust. In Section 
2-1 the relationship between thrust and the rate of mass expulsion 
was established as equation (2). Equation (2) can now be used 


to determine the model's mass as a function of time in the form 


(10) D =m, - (2) : 
ec 


When the engine ceases burning at time th, the mass of the 


rocket igs 


-3} 
ty 
(11) My & My ~ (Pee) at or, since 
ty 
(12) Me = { 2) ae 
is] 


where mg 16 the total mass of propellant in the engine before 
ignition, 


(13) Dp = My = le 


Accordingly, the welght of the rocket decreases continuously 


during the engine burn and the model igs ligoter after burnout 

than at ignition. In large guided missiles and space boosters 

the propellant constitutes most of the liftoff mass of the veuicle, 

so that such # rocket at burnout hag only a small fraction of 

the mass it had at ignition. In model rockets, nowever, tne 

mass change due to the expeaditure of the propellant is relatively 

slight. This fact, as will be shown in Chapter 4, considerably 

simplifies the calculation of model rocket altitude performance. 
Unlike the thrust, the direction of tae weignt vector remainos 

invarignt wnen the rocket rotates or "tips" away from the vertical. 

The weight of a model rocket, or for that matter aay object, 

appears to originate from a point called the center of mass, 

which for all practical purposes within the scope of this book 

may be taken as identical to the ceater of gravity, or balance 

point: the point by which the object may be suspended without 

showing any tendency to rotate in any direction. all rotations 

of a model in flignot occur about the 0.G., and the weight vector 


always acts through the C.G. downward along tue local vertical. 
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2.3 Drag and Side Force 


t qnteresting» and certainly the most 
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P y loulate, force acting on « body moving 


odynamic resistance 


The drag of 


lex and aifficult to ca 
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tmosphere ig the aer 
s and engineers call drag: 
‘ rn ; 
a body is a function of the density and viscosity of the medium 
its size and shape, the velocity with 


s detailed surface 


through the & 
gage, which physicist 


through which it moves, 
which it moves, the quality of its finish, it 


characteristics, and its angle of attack. 
cal mechanisms by which 


Detailed discussions of the physi 


all these factors influence the drag of a model rocket will be 


presented in Chapter 3- For the present it will be enough to 


write down just a few of the most fundamental facts about drag 


as it pertains to model rockets. First of all, the total drag 


on a model rocket moving through air of density f at a velocity 


of magnitude v is given by 
(14) Ds 4S 0ps,ve 


where Ay is a reference area wnich is usually taien to be the 
cross-sectional area of the largest diameter body tube used in 
the rocket and Op is the drag coefficient, a dimensionless 
parameter which depends on the shape of the model and its angle 
of attack, and also (more generally) on the Reynolds number at 
which it is operating. 


The 
angle of attack, usually denoted by the symbol «, is 


the le bet 
=v emween the instantaneous velocity vector of the model's 


C.G. with respect 
Pp to the air and the orientation of the rocket's 
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longitudinal axis. The concept of angle of attack is illustrated 
in Figure 6. As the angle of attack of a model rocket increases 
from zero its drag coefficient also increases, since tiie effective 
area normal -- that 1s, perpendicular -- to tue airflow which 
{t presents becomes larger than the reference area A, used in 
calculating the drag, and the effective shape of tne rocket 
becomes more difficult for the airflow to negotiate. 

The Reynolds number, named for the Bnglish physicist 
Osborne Reynolds (1842-1912), is usually denoted by R, and is 


a dimensionless aerodynamic scaling factor given by the relation 


(15) Re i 


where (again) f is the density of the air, Ais the viscosity 
of the air, v is the magnitude of the velocity vector and L 
ig the length of the rocket or other object of interest. There 


is also a kinematic viscosity, defined as 


i Ste 
(16) ye 7 


so that the Reynolds number is sometimes written as 


(17) Re = VL 
v 


The concept of viscosity will be more fully discussed and explained 


in Chapter 3. For the present, the {importance of equations (15) 


and (17) can be summed up in two statements: 


(a) The flow about two geometrically similar oblects 


is dynamically similar if the Reynolds numbers for 
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the two cases sare identical; and 


(b) The Reynolds number exnresses tne ratio of 
inertial force to viscous 

force in any given fluid-flow situation. The 
effects of viscosity predominate at Reynolds 
numbers less than 1.0, while inertial effects 


predominate at Reynolds numbers greater tnoan 1.0. 


Statement (a) 1s important to the field of aerodynamic testing 
in which models are used, such as wind-tunnel testing. It 
means, for instance, that a quarter-scale model of an airplane 
placed in a wind tunnel will yield accurate information about 
the full-scale prototype if the tunnel airspeed is maintained 
at four times the flight speed of the prototype, so that the 
product vL is the same for the two cases (or if the tunnel is 
pressurized or some other fluid than air is used, so that the 


kinematic viscosity 1s decreased and a lower speed may be used). 


Conversely, data taken on a model rocket placed in a wind tunnel 


which can only generate an airspeed of 5 meters per second 


may not apply to that same model when it is flying 150 meters 


per second. 


Statement (b) is important when considering the effect of 
varying Reynolds number on the drag coefficient. The density 


of sea-level air is 1.225 x 1073 gram/com., while its viscosity 


at room temperature (18° ¢@) is 1.827 x 10-" gram/(cm.-sec.). 


The unit combination gram/(cm.-sec.-) is also kmown as the poise. 


In any case, this makes the value of P/a in CGS units equal to 


el 
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with the length of a typical noe! TOCKAS aE 


2 
6.69 sec./om. 
a flight velocity of 150 w 


about 30 centimeters, 
(15,000 em./sec-) produces a Rey 


An airspeed of 5 meters/second, 


Both number 
1 forees are much greater than 


ieters/sec. 


nolds number of about 3 x 10°, 


on the other hand, gives an 


5 gs are considerably greater than 
R, of only 1 x 10°. 


one, of course, SO that inertia 
forees in all cases anvolving model rockets. Still, 


r by more than an order of magnitude, so that 


viscous 
the two cases diffe 


viscous effects are thirty times mo 
Consequently, the flow behavior observed 


re important in the wind-tunnel 


test than in flight. 
in tne wind-tunnel test may be different from that actually 


encountered in flight. The drag coefficient, in particular, may 


be somewhat different. 


Bach component of a model rocket -- nosecone, body tube, 
fins, and so on -=- contributes in some measure to the overall 
drag on the model, and hence to its drag coefficient. Each 
contributes both pressure drag due to the effect of its shape 
in displacing the airflow patterm about the rocket and friction 
drag due to the viscous shearing stress, or "friction", of the 


air directly adjacent to its lateral surfaces. The effect of 


' the components in modifying the flow about each other also 


produces a small amount of additional drag, called the inter- 


ference drag. Changes in Reynolds number over x great enough 
range can ohwnge the value of tue overall drag coefficient 


through the phenomenon of transition, which alters the charac-~- 


es F 


teristics of'the airflow about tue rocket. At lower Reynolds 


numbers (less than 5 x 109), wnere viscous forces are more 


cn 8 ee er creel Rh STR leet te De 


~3y- 


4mportant, the flow in tin 


boundary dauzyer directly adjaceat to 


toe model is likely to be arranged in neat smooth, micro 
’ ’ ed 


scopically-thin layers and ig thu 
® said to be laminar. at 


pigher Seynolds:sumbers (greater toan 5 x 10°) the importance 


of viscosity diminishes and the boundary layer is licely t 
erizs saicely to 


undergo transition and become turbulent; tie once-gmoota layers 


mixing snd swirling down the side of tae model in a rough 
? 

chaotic manner. The friction drag of an opiect with a turbulent 

poundery tayer ts much Aighar than thet of ne’ wits a Daeenay 


boundary layer, but a turbulent boundary layer follows tae 


. contour of an object's surface better taan a laminar one and is 


less likely to separate from the surface, so it may lower the 
pressure drag. Detailed discussions of precisely how such 
Reynolds number changes, with their associated trunsition 
phenomena, alter a model rocket's drag coefficient will be 
presented in Chapter 3. The present brief discussion should be 
sufficient to give you a general idea of why toe Reynolds number 
is important and how it can change tue drag coefficient. Over 
the range of Re usually encountered in practice, values of Cp 
for most model rockets range from 0.35 to about 1.0, averasing 
O.7 to 0.75 for sport rockets of average design and finish 
quality. 

Ohapter 3 will also present a tuorough treatnent of metnods 
for calculating how a model rocket's drag coefficient increases 
with angle of attack. A slightly different approach, but one 


Which gives very nearly the same numerical results, will be 


y 


Used in Chapter 4 for determining the effect of dynamic oscillations 
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2 : 
("wobbling" of the rocket on the way up) on # model's maximum 
1titude According to this treatment, the coefficient of drag 
a ° 


at zero angle of attack is written Cp,- A SPAS NERS ye Sao: Shen 


be defined such that 


Men one can represent the drag as a function of angle of 


attack by 
(19) De {x+ €£(«)}v? 


where € is a constant and f(x) is some function of the angle of 
attack that decreases to zero as the angle of attack itself 
goes to zero. According to the method of analysis developed by 
James Barrowman, which is discussed in detail in Chapter 2, a 
rocket flying at a nonzero angle of attack exveriences a normal 


force (i.e., one perpendicular to the model's centerline) whose 


magnitude is given by 


(20) N= 3fC,.4,ve 


where Cy, is the normal force coefficient, whose computation by 


the Barrowman method is described in Chapter 2. The component 


of force Nsinx is an additional contribution to the drag, while 


the component Ncosx is a side force tending to deflect the rocket's 


path by causing an acceleration component normal to the current 


direction of flight. The resolution of the normal force is 


shown in Figure 7. 


Now at small angles of attuck (less tnan about 15°) sine 


i 


tte es? 


Figure 7: Resol 
& ution of normal force into side force and "drag 
" 
due to lift". The normal force and its Components a 
re con 


Sidered 
to act through the center of pressure 


Nis Perpendicular to the 
longitudinal axis of the rocket, 3 is Perpendicular to t¢ 
pert 2 the v 


as elocity 
vector, and Dy is parallel to the velocity vector 


A case of 
no wind has again been assumed. 


i, 


-42- 


f in radians 
ly equal to the value of « itsel 
4s very near 
an equals 57. 


one can make th 


30), while cose is very neardy -ranen te 


(one radi 2 small-angle approximations 


1.0. Accordingly: 


Nsin& = Not 


(21) 
(22) S = Ncos% 
=N 
where S denotes the magnitude of the side force. Now by 


inspection of eouations (19), (20), and (21), one might be tempted 


to deduce that 
€ = 8 Chedr and 
f(a) 2° 


Unfortunately, things are not quite that simple. The drag 
{increase due to the normal force is only one of several contri- 
butions to the increase in drag produced by a nonzero angle of 
attack. As explained in Chapter 3, viscous cross-flow and 
increased interference effects cause the increase in drag due 

to angle of attack to be somewhat greater than one would predict 
from Barrowman analysis alone. It will, however, be found 

quite accurate to represent f(a) by ec, and this property 

will be used in Chapter 4 to estimate the effects of the 


oscillatory responses to various in-flight perturbations on 
altitude capability. 


Be IE IE OE I 
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In Figure 8 
& complete vector diagram of all the forces 
influencing the center-of-mags motion of a model ket 1 
rocket in 


flight is presented. ‘he making of 
a) 


such a drawing, called a 


one to readily vi 
y sualize all the components of the forces required 


to write down the equations of motion. You may find it helpful 
elpfu 
to consult Figure 8 of this chapter again 


" when reading Chapter 


3. Description of the Perturbing Forces 


This section will consider those forces encountered by 


a model rocket in flight that produce moments which rotate the 


n a model rocket in flight. Thrust, drag, 
° 
Figure 8: Forces 


de force, as well as the velocity vector, have been 

nt, and side . 

eee ket in general flight attitude (that is, the rocket 

shown for @ roc k). ~ 
ither flying vertically nor at zero angle of attack). Wind 

is ne r 


e ed. 
free conditions have been assul 


al, 


model about its center of CFevity. the Cuanges in angle of 
attack produced by such rotations result 


» 28 we paw in Seotion 
ENO Sere ct he SOROU TMM se oad: ray give rise to side 


4f they Persigt for a long Cuvaya time 
a 9 
t irb the rocke t's flignt path. 


forces which, 


Can seriouoly 


The pextarticg forceg generaily 
arise from irregularities in thas 


Hatruction of ¢ 


aodel, 
launching and staging 


possible to the perturbing forces, ang to return to straight 
ang Shae AetGny MR B00n Sa Dombi y ehlen Gis ai gett 4c 
passed. Accordingly, the analyses of Chapters 2 and 4 will 
present in detail information useful in designing disturbance=- 
resistant rockets. 


Bel Aerodynamic Disturbances 


Aerodynamic effects that tend to rotate a rocket venicle 
about its C.G. can arise from winds, misaligned fins or otaer 


components, "fluttering" of the fins, or protrusions such as 


launch lugs which cause asymmetries in tae vehicle's snape. 
Winds may either blow continuously or arise in momentary gusts. 
In Chapter 2 it will be shown that a constaat wind that persists 
for a long period of time can produce Weathercocking, a phenomenon 
in which the model tends to tin toward the direction from which 

© wind is coming and fly off at an angle determined by the 
, 3tor sum of the wind velocity and the vertical velocity of 

> rocket at the time it began to exoerience the wind. 


Weather- 


°cKing 1s illustrated in Pigure 9. A gust of wind, on the other 


Figure 9: 
vertical v 


v. It the 


T+ (-0) and "weathercocks" 


because the wind acts through the cen 


any stable 


anew 
xe) 
ke) <=. 
= eer 
© 
© 
Weathercocking. The rocket leaves the launcher (a) at 


elocity V and encounters 4 horizontal wind of velocity 


n tends to fly off in the direction of the vector 
(b), or flies into the wind. This 1s 


ter of pressure which, for 


rocket, is behind the center of gravity. 


‘we iet™ 


hy 


pander Maye euCol ea Le temporarily deflecting tae venicle and 

will generally cause it to oscillate in rotation about its C.G., 
with its angle of attack passing back and forth tnrough zero. 
Fin flutter is a periodic force. That is, tae fins are 


undergoing rapid vibrations from side to side (sometimes tnese 


vibrations are audible as a wnirr, or buzz) waoich induce forces 
and moments on the model that are sinusoidal (i.e., if tuaeir 
magnitudes were graphed versus time tne resulting graphs would 
look like sine waves). Flutter will be present in fins waich 
are too thin to possess sufficient rigidity; 1t is evideuce of 
poor design since it is perfectly possible (indeed, easy) to 
design fins which do not flutter at all. If you do encounter 
a case of fin flutter, though, you will want your roc«et to 
survive it so you will have a chance to replace the model's fins. 
Consequently, the rocket as a whole should be designed for 
minimal response to any possible flutter. 

Misaligned fins or other comvonents and asymmetrical surface 
protrusions will cause forces and moments which are constant 
in direction in « rocket that is not spinning (or “rolling") 
about its centerline, and which are sinusoidal in nature in 
one that is spinning. The angular frequency of the sine functions 
in the latter case is equal to tae roll rate of the vehicle in 


rudians per second. 


3.2 Mechanical Disturbances 


Mechanical perturbing forces and moments «re distinguished 


from aerodynamic disturbances in that taney in no way depend 


Upon the aerodynamic coupling of tne point-mass motion to 


Figure 10: Examples of aerodynamic and mechanical disturbanceg, 
A horizontal wind (a) produces step forcing of constant intensity, 
step aisturbance of intensity 


while mismounted fins (b) cause & 


quare of the airspeed: If only one fin is 


proportional to the s 


canted the rocket will spin, producing roll- 


Torsionally vibrating fins (c) P 


he square of the airsp A misuounted or 


eed. 


proportional to t 
malfunctioning engine (d) produces step forcing proportional to 
the thrust level. Launch rod whip at departure (e) causes an 


as does staging (f)- 
w-through/ignition sequence, 


{mpulse disturbance, Since the lower stage 


to the right by the blo 
tage is pushed to the left. Cases (a), (b), 


has been blown 
the base of the upper § 
and (c) are aerodynamic disturbances, while (d), (e), and (f) are 


mechanical disturbances. 


coupled sinusoidal foro} 
Ng 


roduce sinusoidal forcing of intens; 
y 
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tations, and that taey do not originate 
s rigid-body ro 


erturbations 
namic sources at all. p 


the model' se emugit 


from any aerody 


would arise even 4f one 


ter space: 
hard vacuum of ou P to imperfect engine 


ed by thrust misalignment due 


ener eee opulsive {nstabilities ' ‘. 
ounting or nozzle abnormalities, prot 
: g thrust vector, force transients 


tin 
sulti in an oscilla 3 
7 7 launch rod or tower, and ! 2. 


arising as the vehicle leaves the 


staging ignition sequence. 


forces due to @ 
es arising from launch departure | 3, 


Mechanical di sturbanc 


effects or staging are unidirectional in nature and are of 


extremely short duration, while those arising from thrust 


misalignment or thrust vector oscillation are of relatively 


long duration. Turust oscillation effects are sinusoidal with 


an angular frequency determined by the rapidity of the oscillation 


itself. In the case of a spinning rocket the frequency of the 
thrust oscillation will be superimposed upon the model's roll 
rate. A constant thrust misalignment will be unidirectional | 
in nature if the vehicle is not spinning, and sinusoidal with 
an angular frequency equal to the roll rate if it is. | 
All the perturbing effects mentioned here and in Section 
3.1 will be discussed in detail, modeled matnematically, and 
treated as input moments ("inputs" or "forcing functions") causing 
the model to undergo various rigid-body rotations in Ohapter 2. 
While reading Chapter 2 you may wish to consult Figure 10, 
in which a number of situations which will produce aerodynamic 


or mechanical disturbances have been illustrated. 
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CHAPTER 2 


A UNIFIED APPROACH TO AERODYNAMIC STABILITY 


Gordon K. Mandell 


ee ei i ne a Fe rR 


( Oy.) 2(B) 


at fad 


SYMBOLS 


Meaning 


initial amplitude 


Space axes 


roots of quartic equation used to ieterminze 
angular frequencies of pitch and yaw in 
cases of rolling rockets 


roots of cubic equation used to determine 
angular pitch and yaw frequencies of a 
rolling rocket undergoing force-free precession 


amplitude of sinusoidal forcing 


amplitude of response to sinusoidal forcing 


initial amplitude of first mode of critically 


damped or overdamped motion; al initial 
amplitude of first mode of roli-coupled motion 


{initial amplitude of second mode of critically 
damped or overdamped motion; initial . 
amplitude or second mode of roll-coupled motion 


amplitude ratio 


amplitude ratio of roll-coupled motion 


resonant amplitude ratio of roll-coupled motion 


resonant amplitude ratio 


aspect 
normal 
normal 
normal 
normal 
normal 


normal 
in the 


ratio 

force coefficient 
force coefficient 
force coefficient 
force coefficient 
force coefficient 


force coefficient 


of boattail 

of nose 

of shoulder 

of tailfin assembly 


of tailfin assembly 


presence of the body 


weha 


Meanin 


normal force coefficient of one fin 


corrective moment coefficient 


nt coefficient 
moment coefficient 


damping mome 
aerodynamic damping 


pulsive damping moment coefficient 


pro 
inverse time constant 


body axes 
inverse time constant of first mode in 
roll-coupled motion 


inverse time constant of second mode in 
roll-coupled motion 


thrust 

force 

function of pitch angle 

abbreviated notation for a function of the 
dynamic parameters used in writing the angular 
frequencies of roll-coupled motion 
function of pitch angular velocity 
strength of impulse 

moment of inertia 

moment of inertia about D axis 

moment of inertia about E& axis 

moment of inertia about F axis 


longitudinal moment of inertia 


longitudinal moment 
cylindrical anoneae? tnertia of a hollow 


longitudinal moment of 


cylindrical object inertia of a solid 


lo 
ngitudinal moment of inertia of any object 


longi tudinal 
moment of 
about its own center of patie Pie Paves 
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Meaning 


radial moment of inertia 


radial moment of inertia of a hollow cylinder 


radial moment of inertia of a solid cylinder 
radial moment of inertia of a single fin 
radial moment of inertia of the nose 


radial moment of inertia of a complete set 
of fins 


moment of inertia of reference standard 
particular response to step forcing 
tail-body interference coefficient 
length 

distance of nozzle exit from tip of nose 
moment, torque; also mass of any component 
moment about D axis 

moment about E axis 

moment about FP axis 

mass of boattail 

corrective moment; also mass of cylinder 
damping moment 


mass of engine 


mass of the fins as used in computing C.G. 
location; also mass of one fin as used in 
computing Tre 


mass of nose 


mass of any object 


mass of payload section including contents 
mass of rigged and packed recovery system 


step moment; also mass of shoulder 
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Meaning 


mass of body tube 


moment about Xx axis 


about y axis 


out z axis 


moment 
moment ab 
normal fore 
radius 

inner radius 
outer radius 
period 
avis horteontel 
period o 


axis vertical 


period of torsional oscillation of reference 


standard 

airspeed 

exhaust velocity 
longitudinal position 
longitudinal position 


longitudinal position 
component 


longitudinal position 
longitudinal position 
longitudinal position 
longitudinal position 
longitudinal position 
longitudinal position 
longi tudinal position 
longi tudinal position 


of 
of 
of 


of 
of 
of 
of 
of 
of 
of 
of 


e; also number of fins 


f torsional oscillation of a rocket 
aed on a torsion wire with its longituding 


f torsional oscillation of a rocket 
suspended on a torsion wire with its longitudina) 


complete vehicle 0.G. 
boattail C.G. 
C.G. of a cylindrical 


engine C.G. 
fin 0.G. 


nose C.G. 


the C.G. of any object 
payload section 0.G. 
recovery system C.G. 
shoulder 0.G. 


body tube 0.G. 


ee a ee. Cee ee ee ee 


Me ch 


aes 


Be 
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Meaning | 
intermediate axes; a abbreviations for 
functions of the iyantt. parameters used in 
analysis of roll-coupled motion 
radial position of C.P. of a single fin 
longitudinal position of complete vehicle C.?. 
longitudinal position of conical boattail C.P. 
longitudinal position of conical shoulder C.P. 
longitudinal position of nose O.P. 
longitudinal position of tailfin C.P. 


dummy variable used in analysis of roll-coupled 
motion 


linear acceleration 


y-intercept of a straight line; also @ 
variable used in analysis of roll-coupled motion 


fin chord at root 

fin chord at tip 

derivative of ( ) with respect to time 

second derivative of ( ) with respect to time 


base of the Napierian logarithm systen, 
numerically equal to approximately 2.718 


pitch forcing function 

yaw forcing function 

roll damping interference coefficient 
roll forcing interference coefficient 


mass; also constant of proportionality in 
the equation of a straight line 


mass expulsion rate 
mass of propellant 
peak number 


reference radius 


— - 


oe yg oe ae 


ARES 


ett nt Oe 


a 


FON eee 
=> 


7 om 
we 


Symbol 


Xxo 


Xy 
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Meaning 
radius of body section to wh 
are joined 


ich the fins 


span of one fin, root to tip 


time 


burning time of rocket engine 
time at which maximum angle of attack occurs 


time of occurrence of maximum overshoot angle 


independent variable 


longitudinal distance from leading edge of 
fin root to leading edge of fin tip 


dependent variable 

mid-chord sweep angle 

sum of all ( ) 

angular velocity component about X axis 
yaw angular velocity at t = 0 

angular velocity component about Y axis 
pitch angular velocity at t = 0 

angular velocity component about Z axis 
angular displacement, angle of attack 


angular displacement (Euler's angle) about 
D axis 


angular displacement (Euler's angle) about 
E axis 


angular displacement (Euler' 
are p ( er's angle) about 


yaw angle 

maximum yaw angle 
yaw angle at t = 0 
pitch angle 
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Meaning 


initial angle of attack 


maximum overshoot angle 

frequency ratio 

coupled frequency ratio 

resonant coupled frequency ratio 

resonant frequency ratio 

angular acceleration 

damping ratio 

coupled damping ratio 

angle of fin cant 

cz/c, ratio 

mass density of the atmosphere 

ratio (s + ry)/r;y 

time constant of first mode of overdamped motion 
time constant of second mode of overdamped motion 
phase angle 


phase angle of first mode of roll-coupled 
motion 


phase angle of second mode of roll-coupled 
motion 


angular velocity; also angular frequency 
of oscillatory response 


component of angular velocity about D axis 
component of angular velocity about s axis 
component of angular velocity about F axis 
critical angular frequency 


resonant coupled angular frequency 


a) 
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Meaning 


angular frequency of si 
natural frequency 
coupled natural frequency 


re sonant frequency 


roll rate 


ular frequency of first mode of 
sei1-coupled motion 


requency of second mode of 


Eee : d motion 


roll-couple 


absolute value of ( ) 


nusoidal forcing 


A UNIFIED APPROACH TO AZRODYNAMIC STABILITY 


Introduction 
eee .00"an 


Model rocketeers have been familiar with the concept of 
aerodynamic stability for quite some time. As early as 1958 
G. Harry Stine had published simplified treatments of aerodynamic 
stability as 1t pertains to model rocket design, in which the 
hobbyist was first made aware of the existence of a center of 
pressure (C.P.) and of the all-important relationship between 
4t and the model's center of gravity (0.G.). In these early 
treatments the center of pressure was approximated by the center 
of lateral area, and for the next eight years the "cardboard 
cutout" method remained the standard model builder's technique 
for estimating the location of the O.pP. 

The next major advance in the field came in 1966 at the 
Eighth National Association of Rocketry Annual Meet, where 
James Barrowman of the National Aeronautics and Space Adminis- 
tration's Sounding Rocket Branch unveiled an algebraic method 
based on the theory of potential flow capable of determining the 
center of pressure of a model rocket flying subsonically and 
at small angles of attack to a high order of accuracy. Barrowman 
showed that the actual 0.P. of a model rocket lies some distance 
aft of the location predicted by the cutout method, and that 
therefore model rocketeers had been designing their vehicles 


too conservatively. 
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et stability had thus fay 


k 
All consideration of model roc 
y to its static manifestations, with 


been confined exclusivel 


the nature of the C.P.-C-Gs 
once deflected from facin 


relationship being used to determing 


g directly into 


whether & rocket, 
would experience 4 moment tending to 


the relative airstreal, 
o the undeflected state (in 
one tending to further deflect it (in 


* which case it would be 
return i 


considered stable) or 


d unstable). Little attention 


which case it would be considere 


had been paid to the details of the process by which a stable 


rocket, once disturbed in its flight, restores itself to alignmen; 


with its intended flight path, or to the process by which an 
unstable rocket goes head over heels (unless, strangely enough, 


4t is spinning rapidly enough about its centerline). The 


statics of stability had been treated in admirable detail, but 


its dynamics remained virtually ignored. 
This is not to say that our hobby had had no exposure to 
Luther W. 


stability considered in a dynamic context. Gurkin 


of the National Aeronautics and Space Administration's Wallops 
Station had presented an excellent short treatment of rocket 
dynamics to the contestants at the Sixth National Association 


of Rocketry Annual Meet in 1964, Although copies of Gurkin's 


Li 
Basic Missile Aerodynamic Stability" were distributed to a 


number of interested persons at the meet, however, little was 


d 
one to apply his results specifically to model rockets for } 


ne 
arly four years. our vehicles continued to be subject to 


uzz1 
P ing anomalies of behavior that could not be satisfactorily 


ex 
plained by considerations of static stability alone 


mes | 
they "weathercockea" Some ti , 


-- flew directly into the prevailing wind 


at launch. In other cases they would mysteriously tip to some 
random orientation at launch ana Subsequently fly straight 
and true. Some models would oscillate excessively on the 
way UD; others hardly at all, and still Others would experieace 
a sort of “semi-instability" in which the nose circled violently 
about the intended axis of flight. 

This writer began to investigate the problem of dynamic 
stability early in 1968, working from a general consideration 
of the dynamical equations governing the rotational motions of 
a streamlined projectile about its center of gravity during 
free flight. Although the mathematical details of such an 
approach are sometimes formidable, I felt that the greatest 
amount of information could only be obtained from the most 
general analysis. In this section I am going to endeavor to 
present the results of this analysis and to apply them to model 
rockets by the use of the Barrowman equations, concluding with 
some suggestions which should help the model rocketeer formulate i 
designs which will both fly stably and exhibit favorable dynamic | 


behavior. 

The dynamical equations describing the behavior we are 
interested in are necessarily of a type called differential 
equations, and as such require the techniques of calculus for 


their solution. I want to emphasize as strongly as I can, 


however, that it is not necessary that the reader understand 


calculus in order to follow the presentation. To the engineer, 


calculus is fundamentally a tool that enables him to obtain 


algebraic equations describing the behavfor of the system lie is 


investigating. Oare has therefore been taxen to emphasize the 
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1eulus-dependent derivations, With the 
f ca 


g considered as formulae for altering 


algebraic results ° 
lus operations bein 
1 equations to alg 


year of high scho 
should have any difficulty in 


ebraic equations. No reader who 


ol algebra, and perhaps Sone 


calcu 
aifferentia 
has had his second 


exposure to analytic geometry, 


understanding the text. 


As the exact forms of the equat 
{les subject to aerodynamic moments are quite 


fons governing the rotationa) 


motions of project 


complex and introduce fundamental mathematical barriers to our 


obtaining physical solutions, I have made a number of SPProximation, 
to cast the equations 4nto a more readily soluble forn, 


in order 
e kind made here are quite common in the 


Approximations of th 
solution of the differential equations encountered in all branches 


Called linearizations, they involve 


of mathematical physics. 
physical and/or geometrical reasoning by which the investigator 


can neglect or modify certain of the characteristics of his 


mathematics in ways not immediately determinable or obvious 


from the mathematics itself. I have taken care to identify each 


such approximation and to give its physical justification in 
order to keep the treatment as basic as possible. 

Certain portions of this analysis parallel Luther Gurkin's 
"Basic Missile Aerodynamic Stability", while others use informa- 
tion contained in James Barrowman's "Calculating the Center of 
Pressure of a Rocket", a National Aeronautics and Space Admin- 
nie nndntc uae 
correlation of this treatment oe Ea 

h theirs, appropriate references 


have been included. 
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1. The Dynamical Equationg 
. 1.1 Buler'’s Angles 

Suppose we have a rooket which has been rotated about 
gome set of mutually perpendicular axes fixed in spaces A, 
p, and 0. We can speak of this rotational displacement in a 
quantitative way 1f we consider a second set of axes, D, 2, and 
pr, to have been fixed in the rocket, with origin at the rocket's 
o.G., and with directions coincident with A,B, and © before the 
rotation began, and to have remained fixed in the rocket as 
We can always uniquely determine the final orientation 
that, 


4t rotated. 
of the rocket if we agree to abide by the following rule: 


4n undergoing any given rotation, the rocket first yaws through 
an angle %,) about axis D; then pitches through an angle &,_ about 


and finally rolls through an angle XW, about axis P. 


axis 5; 
This process is illustrated in Pigure l. 


The body axes D,E, and F first rotate about D through angle 


%p - Throughout this first rotation D coincides with axis A 


of the space axes and E and F remain in the plane defined by 
At its completion axis FP coincides with the dashed 


B and C. 
Next the body axes rotate about 


line Of and axis E with Oe. 
the new position of EB (that is, about Qe) through an angle 
Xe. This rotation occurs in the plane of A and Of, and at 
its conclusion axis FP is in its final position as shown and 
course, is still along Qe. 
Xe about 


axis D lies along line Qd. 8, of 


Finally the body axes execute the roll through angle 
F, in the plane defined by Qe and Qd, bringing all the axes 


into their final positions. 


It 1s important that this order of rotations be observed; 


tenk é 


Figure 1: 
positio 
angle of pitch, and Xp i 


coordinate system is tak 


A set of Buler' 


n of a model rocket. Xp 4 


gs angles for specifying the rotational 
s the angle of yaw, Xp 1s the 


s the angle of roll. The origin of the 


en as the center of gravity of the rocket, 


smb cepectin,_ -stem acssil eeeretaa 


a. err 
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4f the order in which the yaw, pitoh, and roll ocour is changed 


the final position of the rooket will be different. A mathematician 


would say that angular displacements, or rotations, are pot 
vector quantities because, although they specify both a magnitude 
and a direction, they do not Commute in addition. The three 
"Locating angles" Ky , Xe » and Xe, for specifying the rota- 
tional displacement of a solid body are called a set of Euler's 
angles after their discoverer, the Swiss mathematician and 
physicist Leonhard Euler (1707-1783). You can see that if for 
any reason we Wish to postulate an intermediate set of axes 
which will perform some, but not all, of the movements of the 
rocket, we can find the rocket's final position by determining 
first the position of the intermediate axes with respect to the 
space axes, and then the position of the body axes with respect 
to the intermediate axes. At this point such a procedure seems 


a meaningless complication, but 1t will be very useful later on. 


1.2 Angular Velocity 


If you imagine the Euler's angles of a certain rotation 
becoming very small, so that the rocket is barely turned from 
its original position, you may notice a curious and very useful 
fact: the order of the angular displacements is no longer of 
such great importance. If, when the angles were large, the 
rocket was considered to first pitch, then yaw, and finally 
roll or to perform the rotations in any order other than the 
Prescribed one of yaw, pitch, roll, we obtained a different 


final orientation in each case, Now, however, the effeot of 


“such alterations in the order of rotations is very slight; 


ob 

nearly the same result is - 
f 
which the rotations occur. I 


1 
become anfinitesimally small, 


exact. Thus, 


possess both 
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tained no matter what the order iy 
e rotations are allowed to 

so that they are, in the termin- 
the equality becomes 
aifferential rotations are vector quantities; they 


a magnitude (though slight, to be sure) and a 


rec , y t 


denoted by 4 lower-case letter d in front of the quantity 
are deno 


in question; 


aifferential anguler displacements are BAH Msgs 


dX_— ’ and dade * 


wow suppose the rocket is turning continuously, so that 


. his ca 
4ts Euler's angles keep changing as time goes on This n be 


represented mathematically by stating that, in every differential 


element of time dt, the rocket experiences differential angular 


displacements dny+ dade» and dd&,- We then form the fractions 


- ArxDd 
Q) p = Atk 
(1) _ aXe 
eo ae 
~ dX 
Wie Sa 
and define G)p) = angular velocity about D, or D-component of 
angular velocity 
We = angular velocity about E, or E-component of 
angular velocity 
We = 


Angular velocity is called the derivative with re spect to time 
of angular displacement ms 


displacement. 


angular velocity about F, or F- 
of angular velocity , ila ace 


2 «epee 


» or the time rate of change of angular 
Angular velocities are vector quantities: they 


vn aeetite, Lina DP ow — 
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pave both magnitude and sign, 


they do commute in addition, 
and all vector operations such @8 cross product, dot product 
’ ’ 


and coordinate transformation apply to them Specifically, we 
° , 

represent them in 4 so-called Tight-aanded coordinate sy sten 

as positive about a given axis woen they cause a rotation such 


that a screw with right-handed threads would advance along that 


axis in the positive direction, negative woen such a progression 
would be in the negative direction. a4 right-handed system 


itself, such as our A,B,0 axis set, is established by the require- 
ment that the right-handed screw turned about its axis from A 


toward B advance positively along C. This convention is illustrated 
in Pigure 2, while Figure 3 shows a rocket undergoing a rotation 


4n which all components of angular velocity are positive. an 
angular velocity is conveniently represented by an arrow along 


the axis about which it occurs, of direction determined by the 
sign of the component, and of length proportional to its magnitude. 


This allows all the common vector operations to be performed. 


Figure 4 shows this convention in operation. 


It is now necessary to go back and pick up a few loose ends 


in order to introduce some concepts which will be useful later 


on. First, there is the matter of defining positive and negative 


rotations; this must be done to obtain physically meaningful 
results from any investigation of rocket motion even though 


angular displacements do not have all the properties required of 


Vectors. This is accomplished directly by the analogy of the 


right-handed screw through replacing the "turning direction” of 


the screw with the angular displacement. Secondly, the derivative 


relationship of angular velocity to angular displacement needs 


4 

j 
| 
ee 


Fw. 


handed coordinate system. Turnj 
ng 


Definition of a right- 
ght-hand threads as if axis A were being turneq 


a screw with ri 
toward axis B causes the screw to advance positively along axis components. Compare with Figures 2 and 3 t 
Oo see how this repre- 
sentation is suggested by the direction of advance of 1 
of a rignt- 


Cc. 


‘A. 4 
dy oy 


We 


s 


Os 
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a li 1 4 usi 
1 xp anation- while physical reasoning using 
ttle more ®& 
al uantities leads direotly to the general form t 
differenti Q 


technique 4s not very useful when the Westion 
this te 


equations (1), 


function of time 
lacement as & 
is: “given the angular disp 


? zular vel 
la), compute the angu Ocityn 
ly tical formu , 
(that is, in an ane 


In this case the relation 


meaning of this notation ig 
is taken to mean: “civen a(t) (the 


* & as a function of time" and it is read Wx of t"), apply 

a known rule, or formula, for differentiating it with respect 

to time and obtain W (t)". The expression, or formula, for 

om (t) is subject to certain restrictions for this method to 
work properly, but these need not concern you in anything discussed 
here. I am going to list the formulae for the derivatives needed 
in this treatment wherever they appear, so that it will not be 


necessary to know them in order to follow the discussion. 


1.3 Applied Moments, Angular Accelerations, and Moment 
of Inertia 


Moment, or torque, is to rotational motion as force is to 


linear motion. It is the cause of all changes in the state of 


the rotational motion of a physical body. The simplest kind 


of relation between an applied moment and the resulting angular 


motion is identical in form to Newton's second law of motion 


for translational displacement: Ps ma. To see this consider 


a flywheel, initially at rest, mounted in an axle held in 


frictionless bearings. At some time arbitrarily designated as 
t = O we begin to apply a constant moment about the shaft. 


~The 


wn angular velooity will then 


®rise whion Starts from sero and 


gnoresnes Line 


arly (1.e., ate Constant rate) with time. The 
pate 1u direotly proportional to the Spplied moment and inversely 
proportional to a property of tne Mase distribution io the wheel 
called its moment of jnerti & about its azis of radial eyaumetry. 


qhe relitionship between an applied moment and the resulting 
angulir acceleration 1s written 


(2) M=z=I18 
where Ms applied moment 
I = moment of inertia 
os angular acceleration 


Note that the angular acceleration ¥ is the time rate of change 


of the angular velocity UW), just as w is the time rate of 
change of the angular displacement % . This sequence of 


derivative relationships is written 


¥=-22 


arp b 


(3) = 


where the expression a2/at? 18 read, “the second derivative of 
X with respect to t". Prom a practical standpoint it means 
that the rule for differentiating % (t) has been applied twice 
in succession in order to obtain W(t). Thus 8, W, and 
ot are all related by derivatives with respect to time, a 
Property of great value to analysis. In the case of a constant 
applied moment, for instance, the angular acceleration is given 
by 


y= 7 
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hematician coulda tell you Shae. Phe  Sugatar WSLSBL G 
while any mathem 


is 
a Be 


WwW 


tis 
a the angular displacement after a time 
an 


2 
a= apt ee 
These relations are illustrated in Figure 5. ote also that a 
es . 

t and angular acceleration are vectors, while moment of 
momen 


is a scalar. Moment of inertia gets its 


inertia, like mass, 
name not from the fact that an object exerts an equal and Oppost ty 


moment on the cause of 
but from the fact that it is, mathematically speaking, the 


“second moment” of mass about a given axis, a term arising 

from the calculus formula for I. This analysis will not present 
the integral form that must be used to calculate I for the most 
general case, but the results for a few particular objects will 


appear later in the treatment. 


1.4 Euler's Dynamical Equations 
The general three-dimensional angular motion of rigid bodies 


in response to general applied moments is far more complicated 
than the simple flywheel example given above. Their derivation 
is of no interest to model rocketeers, and I have therefore 
omitted it entirely from this presentation. The results of 
interest to us are the dynamical equations for a body which 
has sufficient symmetry for the directions of the so-called 
ncipal axes to be geometrically obvious, and which is free 


to rotate about its center of mass in any direction. These 


equations, fora body with priacipal body axes D,E,F, rotating 


with respect to axes 4,B,C fixed in space, are 


{ts angular acceleration (although it does) 
’ 


pigure 5: Angular acceleration ofa flywheel At tise t 1°] 
. e = ~ 


constant moment M is applied to a flywheel wnose coneat of isertia 


about tne axis is I, producing an angular acceleration J = M/I 


oe 
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Awd _(T;, oie) We Wer 

ar 

ae - (Ip -Ip) We Wd 

AWE _ - Wp W 

Me = Te Go Te Te) Wo We 

and Mp are moments about D,E, and F impregseg by 


where Mp» Mz: 


external agencies and Ip, Ig, and Ip are the moments of inerti, 


taken about axes D,E, and F respectively. These equations, 
also due to Buler, were a landmark in the history of classica) 
dynamics and are named Euler's dynamical equations in his honop, 
For bodies having trigonal or greater mass symmetry about the 
longitudinal axis (this category includes most rockets) we 


have 


H 
i=] 
i 
Lan 
te 
1] 
H 
tH 


It wil 
1 become clear in a little while that these forms of the 


Euler equations are a bit inconvenient to use. 


preferable It will be 


t 

> 9 construct an intermediate system of axes X, 
Which follow the rocket in yaw and pitch 
Z always | 


y, and Z 


unless Ce = O. Therefore, 


Ky = Ky 
Ay ze 
Az =0 tx, 


This set of axes is shown in Pigure 6. Since the rocket is 


symmetrical about 2, the intermediate axes remain principal 
regardless of the roll angle %-. Let the angular velocity 
components of the intermediate axes be denoted by My, Ny, 


and fls- Then we have 


P 
tw 
" 
°o 
+1 
£ 


Since the Z axis always coincides with the P axis, the notation 
can be simplified to include only three coordinate variables 
by writing 

Ws, = We 
but we must be careful not to confuse Wy (the roll rate of the 
rocket) with Os (the roll rate of the intermediate coordinates, 
which is kept zero). The dynamical equations now become, fora 


body with trigonal or greater mass symmetry about 2, 


IL. EAK +g My Ws 


Ty Spt In 2x We 


tees 
ak 


as 
< 
( {l 


(6) 


ee 
tw 
i 


oe 


tt 


ct 
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Figure 6: space axes, intermediate axes, and body axes. The 


space axes (A,B,C) are rotationally fixed with respect to inertia) 
space. The body axes (D,E,F) are fixed in the sirframe of the 
rocket and follow it in yaw, pitch, and roll, while the intermediate 
axes (X,Y,Z) follow the rocket in yaw and pitch but maintain a 


zero roll angle. 
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2. The Linearized Theory 


= 


2.1 Corrective and Damping Moment 
In considering the dynamics of a free-flyinc, fin-stabilized 
ballistic missile we are dealing principally with applied moments 


due to aerodynamic forces, Suppose that you have a model rocket 


which you have launched vertically, for instance. The model has 
pegun its flight straight and true, but has subsequently been 
disturbed in some unknown manner such that it is rotated about 


its X axis. What happens next? 


Sty and Wy are both zero, and there is no My or Mz involved. 


The dynamical equations thus reduce to 


Now if the rocket is statically stable a corrective moment My, 
will be generated, of sign opposite to the displacement. Due 

to center of pressure travel, separation, and interference 
effects the precise dependence of corrective moment on angular 
displacement is quite complicated analytically. It is observed 
that the functional form of this relation is similar in appearance 
to Figure 7. As the rocket develops an angular velocity in 
response to the corrective moment, a damping moment My will 

also arise due to the consequent additional component of the 
relative velocity of the airstream normal (that is, perpendicular) 
to the longitudinal axis of the rocket. This moment will be 
Opposite in sign to the angular velocity and has a functional 
form roughly as shown in Figure 8. 


Suppose we denote My as an unspecified function of angular 


———————“ 


0.3 


Corrective moment M, (dyn-cm) 
ie) 
on 
(oe) 
e 


oO! 02 
Angular deflection ox (rad) 


Figure 7: Variation of corrective moment with angular deflection 


for a typical model rocket at constant airspeed. 


2x10 


1x10® 


Damping moment M, (dyn-cm) 


ie) 50 100 150 
Angular velocity 2, (rad/sec) 


Figure 8: Variation of damping moment with angular velocity for 


a typical model rocket at constant airspeed. 


\ ie 
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displucement by writing Mo = Ply) and Wy we an unayevified 
funotion of angular velooity by writing 4g e G(Ng) Then we oan 


wri te 


My = My due tom, + My due to ores 
--M,- Md 


=-F(4,)- 6( ny) 


Substituting these expressions in the dynamical equations, we 


have jn 
I, rad =-F (4,)-G6(N,) 
or 
a Ax 
(7) ore + Fld) + 6( =O 


An equation of this kind is called a homogeneous, nonlinear, 
differential equation -- “differential” because derivatives of 


Xx are involved; “homogeneous” because, when every term 
depending on x or its derivatives 1s moved to the left side 

of the equal sign, the right side of the equation is zero; and 
"nonlinear" because functions which may not be of the form 

"y = mx+ b" (the equation of a straight line) may be involved 

in relating corrective moment to angular displacement and damping 
moment to angular velocity. The "nonlinear" part is of particular 
importance: it means that, in general, the equation cannot be 
solved by any known means; it means that we have no assurance 


that a solution even exists, and, if 1t does, that there may not 


be more than one. It even means that the assumption that My and 
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E 4x10", 
as incorrect. i= 
M, could simply be added to obtain Mx W Z <3! ison 
d > | —-Range of salidity 99 pr osimnation 
roximations v 
2.2 mhe Linearization SPPETS ee : ae 
-form mathematical so ution ¢ x 
In order to obtain 4 closed dopt b : e 
necessary to adopt a number of - | 
eee ET _ ing behind th Ps 1x10"! 
. The reasoning ese prog OU 
linearization approximations pee ; Cady Cat anon 
entin an 
as follows: although the functions repres i Mq are S of : : 
é u mx+ db", they may be approximated by such O 01 oo 
not of ‘the form “7 © Angular deflection a, (rad) “r 
forms over limited ranges of the values of their independent 
variables. An approximation of this kind is the tangent line 2 x10°, 
Linear 


interest. Since the approx 
imation 


to the exact function at some point of 


stable rocket will all occur about lL —Range of validity ——»: 


motions of a statically- 


a 20, ax /dt = 0, and dex /at2 = 0, zero is our tangent-point 


The linearization approximation for 


1x10%4 


for these approximations. 


corrective moment states that 
C3=125 x10* 


dyn-cm-sec ' 


Damping moment M, (dyn-cm) 


~[dMe a 
(3) Me= bee ae ea a °6 
SO 100 150 
acs , ; Angular velocity 2, (rad/sec) 
whic s read: M. is approximately equa 
praNnee ¢ PP y equal to %, times its . Figure 9: Linearization approximations used to determine correcti 
vative respect to at = o*~ ens 
Xx Xx (@) Similarly, the moment coefficient and damping moment coefficient for the nodel 
e 


linearized damping moment is writt 
en 
rocket of Pigures 7 and 8. The corrective mowent can be considered 


LM linearly proporti 
i) Md = | a p onal to the yaw deflection x, for yaw angles less 


fay “al 
proportional to the yaw rate for yaw rates below 87 rad/sec. 


The linearization procedure is illustrated in Mgure 9. You 

Can see that the approximations are just the slopes of the 

n 

api at %y and Qy = 0, respectively, multiplied by 
x» Tespectively. nother physical interpretation 


of the conce Vv Vv Vv 
pt of the derivative is thus to lew it as 1 
the loca 
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tion of the function whoge 
nical representa 
slope of the grap 


derivative is being taken- 
The linearized moment coefficients of this treatment are 


identical to those given in the Gurkin report. The Corre spondens, 


between the two is as follows: 


Gurkin Report 
AMc | — M 
a < 


present Treatment 


AMc = Ci; LA» 

ai eis LMa =™ 
ad Md | - — = 

any Inx=0 7 C2 A Xx In,=0 a 


Within the ranges of validity of the linearization approxima. 


tions it is permissible to express the total applied moment 


about the X axis 45 


La 
Me =o S 7 Ca ae 


These approximations are valid for %, and da&x/dt sufficiently 
small: this means that the theory is restricted to cases of 
relatively small angular displacements and angular velocities; 
4t is a so-called small-perturbation theory. This restriction 
is acceptable in statically stable rockets for two reasons: 

4n the vast majority of cases, the yaw and pitch disturbances 
encountered during flight will be sufficiently small for a 
valid linear description and the angular velocities involved 
will not be out of the linear range of Mg. Secondly, should 
nonlinear behavior be encountered the description of the linear 
theory will still be qualitatively correct and, in any case, 
the motion will eventually damp down to within the linear displace 


dependence range. Furthermore, should you ever obtain from this 
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gneory 4 solution indicating continued large and 

(for which the theory itself bé tiles coael violent motions 
gongs obtained all the information you aan ee 
that tne rocket in question Ought to be eae a 


Lt 
The miting numerical values of yaw and pitch that can be 
vy 


ereates MERESS this theory are about 12 degrees (about 0.2 


radian) either side of zero. The maximum permissible ancul 
cular 


yelocity will vary with the length of tae rocket in question, 

tne placement of its fins, and the speed at which it is travelling. 
As a practial matter, the inertial and aerodynamic coaractaristics 
of a well-designed rocket will invariably satisfy the angular 
vyelocity limit for that roc«et. 


The great advantage of using the intermediate axis system 
now becomes clear: the angular displacements of the rocket 
about the X and Y axes will generally be snall perturbations, 
but since there is no restoring moment about the roll axis of 
a ballistic rocket the angular displacements about the Z axis 
will often not be small. The intermediate axes remove the necessity 
of keeping track of tue third Buler's angle %p and result in 
considerable analytical simplification. They allow us to view 


the motions in yaw and pitch from 4 position fixed in roll, 


without having to rotate with the roccet whenever it spins about 


its longitudinal axis. We can thus observe the yawing and pitching 


motions from @ perspective relative to the space axes that is 


constant within the linear tneory and can compute them directly 


f the longitudinal axis from the direction of 


as deviations 0 


flight. 
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Returning to the dynamical equation for our case of yaw 


t and substituting the linearized form of the applieg 


displacemen 


moment Ky, we find that 


a A Ax = 
res +C,“, =O 
(a0) 1, re +Coz at | x 


This is now a homogeneous linear differential equation with 


constant coefficients. It is known that such equations alwayg 
constant coefficients 


have a solution and that the solution is unique (1.e., that 


there is only one). Furthermore, the functional tom ofthe SOlutio, 


to this particular equation is well known and the solution 
itself is readily obtainable by @& substitution technique called 
the method of undetermined coefficients. If the rocket under 


consideration has four identical fins, the equation describing 


the pitching motion will be precisely analogous to that describing 


the yawing motion, the two having the same linear moment coefficient, 


ma dX 
aero, Part aC Ry ep 


The pitch and yaw linear moment coefficients of a three-finned 
rocket may be expected to be slightly different and there will 
be some slight aerodynamic rolling moments arising from pitch 
and yaw angular displacements and angular velocities. Reasoning 
from the observed flight behavior of such rockets, though, it 
appears that these effects are slight and we shall restrict 
ourselves here to considering pitching behavior with the same 


constants as yawing behavior, both being aerodynamically 
decoupled from roll. 
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2-3 Qoupled and Decoupled Mlateas of goustions 
Once the linearization 7 


“PrOximations have been made the 


1 
mical equations of a rooket Wolcao im not rolling about it 
u 8 
centerline become 


dyna 


doe, La 
beg Fe i * Lye = 
dravy 
(12) Ty, ae + C24 Cay 2g 


For cases in which the rocket ig Spinning with some roll rate 


WW, we have 


A_%x d Xx 
La * Co *G4, + Tw, 4 = 0 
A*Ky Ad 
aa I. ae * Cp = TC %y = Le Ws i = 0 


Equations (11) are said to be decoupled because “x and its time 
derivatives do not appear in the same equation with “y and its 
time derivatives. Equations (12), however, have been coupled 
together by the presence of the terms due to Wy . Bach equation 
of a decoupled system of equations can be solved independently 
of any others, but coupled systems must be solved simultaneously 
(1.e., by using various mathematical techniques to combine them 
so that they can both be considered at once). In both systems, 
if the roll rate W, is constant, the third dynamical equation 
is identitally zero and I have not written it down. It is important 
to notice that, in a radially symmetrical body like a rocket, 
Pitch can be coupled to yaw by the presence of roll but roll itself 
is never inertially coupled either to pitch or to yaw. 


. 


-90- 


2 Homog. qus ticular, and gSteady-State Solutions 
r discussion of the linearization 


Recall that we began ou 
ith an example in wuich we considered a rocket 
s W 


mation 
oe cerned ourselves 


d con 
which had been gnitially displaced an 


to alignment. The only moments APPlieg 


with its subsequent return 
<et were those due to the angular deflection itself 
ket W 


to the rec 
Motions of this kind are called 


and its time derivatives. 


homogeneous, force-free, OF characteristic responses. The 
homoge’)? —_— 


state of the rocket at the time th 
kmown as the set of {nitial conditions; these must 


e observation of its behavioy 


begins is 


be known in order to obtain a complete solution to the motion, 


Both the initial angular deflection and the initial angular 


velocity must be specified to complete the set. 


Now suppose that there are additional moments acting on the 
rocket, and that these moments are functions of time due to 
causes other than angular displacement and its time derivatives. 
They might, for instance, be due to aerodynamic imbalances such 
as drag on the launch lug, misaligned fins, or the movement 
of control surfaces on the fins. They might also be due to off- 
center engine mounting, angled thrust, or the momentary expulsion 
of solid residue from the rocket nozzle. Such moments are 
called inputs, or forcing functions, and they appear on the 


right-hand side of the dynamical equations, which are therefore 


no longer homogeneous. 


in yaw and pitch we have 


ee we 
I, oy +c, aa Sar ae 


=, (2k) 
(13) . 
“ 
+0, Bee, dy = fy (k) 


For the case of zero roll rate with forcing 
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e fy(t) is read, "¢ 
where +x 7 Sunotion of tine, ebout the f£-axie” and 
ty() is read, "function of time 


» @bout the Y-azis”. #ith the 
presence of a constant roll rate the equations be 
cone 
pi AR 
tc ae Co ii * Cima + Ip tag SF = £, (4) 
(14) d*dy +c day 
L dhe 22 City ~Ipw, Ss ¢ (+) 
Y 


Ene Peep pro of the rocket to these moments is the sup of tre 


characteristic motion and a motion called the particular res>2038 
which is directly attributable to the effect of the forcing. 

the initial angular positions and velocities in yaw and pitch 

must be specified, as before, to obtain the complete motion; 

in this case, however, it is the sum of the characteristic 

and particular responses which must satisfy the initial conditions. 
For a rocket flying straight and evenly upward before encountering 
a disturbance, these conditions are zero. Prom this you can 
see how the initial conditions of the characteristic motion 
arise: the rocket, initially undisturbed, is subjected to a 
forcing function which arises, persists for some interval of 
time, and then dies away to zero again. After the forcing bas 
passed the rocket possesses some angular displacement and 
velocity -- the initial conditions of the characteristic response, 
which then ensues. As will be snown later, the characteristic 
response of a statically stable rocket decreases with time and 


finally becomes effectively zero. Thus after some time the 


Condition of straight and true flight is restored. 
Both the linearity of the dynamical equations and the 


decaying behavior of the oharacteristic response are extremely 


> ae 
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erty of su 
tial equations possess the ProP EME SEROS1 thoy 
Linear differen ‘ ¢ inputs appliea : 
umber 0 f 
ponse to any 2 


aning that the res 
me um of the particular responses due 


simultaneously is just the s 


to each one separately, plus the homogeneous response. The 


ffect of each disturbance can be computed separately and the 
effe 


total effect found by summing the individual effects. This ig 


certainly far easier than solving an equation with one huge 


onse ap 
right-hand side! and since the characteristic response alproaches 


zero with time, any forcing function which continues for a long 


enough time will cause the complete solution to approach the 


particular solution alone: after enough time has passed, the 
particular response is all that remains. You will thus see 
references in the literature of dynamics to the steady-state, 
or forced, response to this type of input, the term being most 
often applied when the input is specifically a smooth, periodic 


function of time such as a sine wave. 


2. sa = the Dynamical Equations for Particular Cases 
of res 


Having given the reader some background from which to 


proceed, I am going to compute the properties of some solutions 


to the dynamical equations which are of particular interest to 


the model rocketeer. The presentation will be divided into two 


parts: one which will treat rockets having a zero roll rate 


d 
and a second which will consider the behavior of models spinning 
about their centerlines. Each section will consider the four 
basié dynamic responses; 


homogeneous, step, impulse, and steady- 
state sinusoidal, 


It 
can be shown mathematically that there 18 
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onse that co 
no resp annot be Synthesized by adding together various 


combinations of these, so that by investigating the "basic four" 


a designer can obtain all the information he will ever need about 


the dynamic characteristics of hig pooket 
ht 
I wish to emphasize here that you should not become concerned 
af you find it difficult to follow the detailed course of each 


calculation. You will not have to kmow how to solve the aifferential 


equations in order to design model rockets properly, and tne 
mathematical derivations have been presented solely for the 
interest of those readers desiring a rigorous treatment. hat 


you should try to concentrate on are the algebraic solutions 


obtained in each case, for it is from these that the response 
to any disturbance can be directly computed and it is on them 
that the dynamical characteristics of any given model roc«et 


depend. 


3-1 Dynamical Behavior at Zero Roll Rate 


Zell Generalized Homogeneous Response 


The homogeneous response for generalized initial conditions 


describes the motion executed by a rocket in response to some 
transient disturbance which has since died away. Since there 

is no roll coupling only one of the equations (11) need be solved. 
The other, which is similar, will have an analogous solution for 
its own initial conditions. Suppose that, throughout this section, 
we adopt the convention that the rocket is considered to have 

been disturbed in yaw alone. In each of the four decoupled 
problems the pitching behavior is precisely analogous to the yawing 
behavior; an analysis of pitching motion can add nothing to the 


information already obtained from an analysis of yawing motion 


- aT 
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All you need remember on thig 


and I have therefore omitted it. 
ay about yaw applies also to pitch, 


score is that every thing Is 
Th ation to be solved for the characteristic yaw responge 
e equ 


is 
14 a os oes 


Over a certain range of relative values of Iz, 0, and Op the 


solution is known to be of the form 


-bt 


iy ce he a (Ore e 


where e is the base of the Naperian, or natural logarithm system 
and is numerically equal to about 2.718. +t denotes time and 

A, D, W and @ are constants to be determined. By "time" I 
mean the time elapsed since the observation of the dynamic response 
has begun, not the time elapsed since the rocket was launched. To 
reference equation (15) to liftoff, call the time elapsed since 
launch t' and the time interval between launch and the beginning 
of the observation t',. Then replace t in formula (15) by 

the quantity (t'-t',). 441s called the initial amplitude, D 

is defined as the inverse time constant, qw) (not literally an 
angular velocity of the rocket's motion) is the angular frequency 
in radiane/second (for time reckoned in seconds), and f is the 


phase angle, or simply "phase", in radians. 4 radian, the fundamentel 


natural unit of angle measure, ig approximately equal to 57.3 


degrees. The formulae for the time derivatives of hat era on 


described by equation (15) are; 


ae 


~t5- 
=D 
LAR = -ADxz AMM 
Uk =n } 
ah ( +O) + Aude tor (ut + 9) 
wan = A (pt-w?) 24. 
dt Am (Wtre)-2 Aw dee. (ut + 0) 


substituting these relations in the yaw equation gives 


— bk 


Aim (Wt +?) - 22, Awp 27 


jee lak 4:9) > 


PA wt) 2 


— dt in (Wk + ¢) + Co Awe co, (wt + @) % 


Since ae~Dt is nonzero and appears in every term, we can divide 


by it and obtain 
Li ( p2 - w* ) im (wt+%) -2I, wWDcoa (wt +4) - Ca D evn (wt + ¢) 
+ C2 W cor (Wht 4) + Cy ain (wk +”) = 0 

Since sine and cosine vary differeutly with time tae only way in 


which a function involving both can be zero for all time is 


for the sine and cosine terms to sum {ndependently to zero: 
Ip (nt w2) aim (wt + ¢) ~ Cad ain (wk +t) *Cr sen l(wae #) = 0 


“20. wD ca hegewhy + Coup en (Wk > @) = 0 


Dividing the first of these dy sin(wtr¢), the second by 


Weos(wt+P), we obtain 


' 
So 


L, (t= 2) - C20 * SF 


' 
.o] 


-2I,p*C2 = 
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raic equations for PD and W Elves 


Solving these two alged 


(16) Jaen A 


share co 


re now determined from th 
at t - O and let Oyo be the value 


Pi e two initial conditions, 
A and a Se ee 


Let <xo be the value of Xx 


of dox/dt at t = 0. Setting t to zero in the formulae for «, 


and dux/dt results in the following two expressions; 


Ko = Aan 
NQxo = -ADanePp+ AW coe 


= —Dayo + Aw cot P 


from which 
. _ Kyo 
Ay” gp = A 
D&xo + Oxo 
tot F? = —~— ZT. @© 


Aw 


We now make use of the following trigonometric identity to 
evaluate Aand p ; 


Adm & 
7) = ham 4 
From this we have 
(18) — _Xxo W 
_— —-_—. 
bane SPs we seen (ae arccheon (see we ) 
where the notation "arctan! : 


h y 
as the interpretation, "that angle 


i ae 
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who se tangent is..." 


From the @Xpression for ging? it is also 
evident that 


(19) A= Ang 


and thus we have all the information we require to completely 
describe the rocket's angular motion. Motion of this «ind is 
called an exponentially-damped sinusoid and its behavior is 


determined by the relative values of Ip, Cy, and O5- 


For Cp = O, the case of Zero damping, the expression for 


yaw becomes 
XK = A Aan (war + @) 


Cc. 
where Wm= T - Gm is known as the natural frequency of 


the rocket at the given airspeed. The yaw response is simple 
harmonic motion: sinusoidal oscillations of angular frequency 
Wma at constant amplitude A, as shown in Figure 10. This motion 
never really occurs, as there always exists some degree of 
aerodynamic damping; it 1s a so-called limiting case, meaning 


that it is closely approximated for very small values of Op/ary- 


Such vanishingly small damping is not desirable, for it means 
that the oscillations of the rocket will persist for many cycles 


Without dying away. Under such conditions the rocket will present 


a greater average frontal area to the airstream; consequently 


the drag will be increased. Since there 1s also a side force 


on a yawed or pitched rocket, some altitude will be lost due to 


the resulting "ripple" in the flight path as the side force 


Causes a side-to-side movement of the rocket considered as a 


> ae 


/\I\ AI ZK ZN 


ee eee eee | 
® oO © @ © ® 


Pigure 10: Model rocket with zero damping undergoing simple 
harmonic motion in homogeneous response to general initial conditions 
in yaw. The time to reach the first zero, the period of the 
oscillation, and the relation of the initial conditions to the 


properties of the response are shown. A guide to interpreting 


the 
graph is presented below it, Showing the rocket as it would 


Constant airspeed, s0 


that C) and o, g 
2 CO not change during the response. 


~99- 


whole: For zero damping true alignment would never be regained. 
I might remark at this point that Gurkin's "Zagic Missile 
aerodynamic Stability" contains references to quantities which 
are analogous to the natural frequency and the inverse time 
constant as defined in the present treatment. The correspondence 


petween my forms and those of Gurkin is as follows: 


Present Treatment Gurkin Report 


ey [2 
Natural Frequency Wy = i ics ie 
Inverse Time — — M$ 
Constant 2z, 21 


2 
For values of (Cj, Cp, and Iz such that << z= we have 


the case of underdamped motion. The oscillations have the 


appearance of a sine curve confined within a decaying exponential 
curve, as shown in Figure ll. The angular frequency W is 


smaller than the natural frequency and the amplitude of the oscil- 


lations decreases toward zero with increasing time. The character- 
istics of almost all model rockets are such that the homogeneous 


response will be of this nature at any reasonable airspeed. This 


is a desirable type of behavior, for it is in this range of values 


of C,/2Iz, that the quickest restoration of the rocket to the 


intended direction of flight occurs. If we define a damping ratio 


54 by 


C2 
ss ¥ = FyeT 


and agree to consider straigot flight to have been restored when 
w and never again exceeds 5% of 


the magnitude of %,x drops belo 


2 
most rapid restoration occurs when ¢= =o ; 


A, we find that the 


> ae 


t (sec) 


stic response to general initia) 


Underdamped characteri 
The amplitude of the sinusoidal oscillation 


Figure 11: 


conditions in yaw. 
is confined within an exponentially-decaying "envelope" as shown 


by the dotted line. Also jllustrated are the relation between the 


initial conditions and the characteristics of the response, the 


time to reach the first zero, and one-half the period required for 


one full oscillation. 
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or about -7071. We therefore have the peeit 


optimum damping= 4 = 2 


(21) r 


gurprisinely> o> Es results in a slower restoration. This 

4g because the decrease in angular frequency becomes more important 
than the é¢ecrease in the number of cycles required. This decrease 
4n angular frequency has another, more serious effect: it 


gnvalidates one of the assumptions on which this analysis is 


pased- 
The reader will recall my references to "side forces" and 


the side-to-side lateral motion of the rocxet which they produce 
when angular oscillation is occurring. This lateral motion 
necessarily involves tne presence of velocity components normal 
(that is, at right angles) to the intended direction of flight. 
Such velocity components, in turn, have the effect of reducing 
the apparent yaw angle "sensed" by the deflected roccet with the 
result that the effective corrective moment is reduced and tae 
frequency of tne oscillations is decreased below that predicted 


by the linearized theory which considers the CG of the rocket 


to undergo no lateral displacement. Luckily, the frequencies 


at which most model rockets oscillate are such that the effect 


of lateral motion is far too small to be noticeable; however, 


should a given rocket have a very low frequency of oscillation 


for its mass (as it would if ite damping ratio were nigh) the 


lateral displacements would become very large, so large, in fact, 
that the rocket might be very seriously deflected from its intended 


Too high a damping ratio 4s thus a dangerous 


vertical trajectory: 
Condition and should be avoided at all costs. 


> ie 


-102- 


learer picture of the effects of excessive 


To obtain a4 ¢ 


damping, We can examine the 
2 


2 
~ increases past & 


predicted behavior of the rocket as 


Now we can express WwW in terms of th 
t) 


damping ratio 4s 


QW = Wm |-¢* 


For optimum damping at any airspeed, W is just -7071Wm. dg 


Z approaches 1.0, W approaches zero, and when a unity damping 


to is reached, the case of critical damping, the motion ceases 


The form of solution given by equation (15) 


rat 
to be oscillatory. 


4s no longer valid. 
For the case $ = 1, corresponding to On2/4I7° = C1/Iz, the 


solution to the dynamical equation has the form 


(22) tee eh 


The formulae for the time derivatives of %x are 


- 


A = 
Te Ace = DCA ae) 


ah 


ue = DUA, + AL) 2 “20,52 * 


bd 


Substituting these in the dynamical equation and removing the 


common factor e~Dt gives 


Lib? (A; - 
: +A2t) -2I,A,) +CoA2- Crd (A,+A,t) +C1(A,+A,t) =0 


The terms in 
volving t must sum to zero independently of those 


not invol 
ving t. Imposing this condition, we obtain 
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2 
eran, A, ae Ty Ph + C 
Vee he i hy + ci hy eO 
2 
Ted Az ~C2adaz + C, Az = 0 
moving Ap from the second equation and solving for D, we have 


—, £2: —- IS C 
D= at — Vat - i 


put in this case we ulready know that Cp*/41,2 = (,/Iy. The 


Re 


expression under the radical sign is zero and 


2iI. as before. 


If you substitute 0,/Iy for D in the first equation, you will 


find that the terms involving A, sum to zero. It is then 


possible to remove the now-common factor of A, and obtain 


But if we divide this by Iy we see that 1t is equivalent to 


Cir. oy = 0 
rT 412 
which we already know is true, since this is the case for which we 


are solving. The differential equation therefore tepeses: Be 


constraint on A, and A); these are determined by the {nitial 
conditions. Setting t = O in the expressions for %x and dx /dt, 


we have 
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Qxro = ie DA 


Then 
A, = Xxo 
(23) 
es red @ Se DX xo 


The motion for tuis case is jllustrated in Figure 12. Note that 


in this cuse “x never crosses to the opposite side of the t axis 


from that on waich it originates. This behavior is said to 


exnibit no overshoot. If “wn and 2x, are both positive (as 
shown) or both negative there will be a single "peak" in the 
curve of yaw angle versus time before the angulsr displacement 
dies away; otherwise it dies away directly to zero. Despite the 
fact that A,t increases as time goes on, the decay of e~Dt wild 
eventually force the function as a whole to zero. Oritically 
damped motion is a4 good deal less desirable than motion of the 
oscillatory, underdamped variety. The time to restore alignment 
is longer and the rocket will be shifted appreciably to one side 
by the action of tue side force in one direction only for a 
substantial period of time. The velocity involved in this 
lateral displacement will cause the rocket's fligot path to 
take a noticeable "set", accuiring an inclination away from the 


intended vertical trajectory. 


2 
For the class of cases in which ir > et , OF Fd 1, the 
r a 


homogeneous response is of the form 


= 
ais eee cle ot Wa Sa 


Slope=2xo 


t (Sec) 


Figure 12: Critically damped characteristic response to general 


jnitial conditions in yaw. The yaw angle does not oscillate 
about zero, but approaches it asymptotically from above. The 
relation of the initial conditions to the properties of the response 


has been shown. 


-106- 


ana %, are called the time constunts of the TE SPON gg 


where 7, 
{The derivative formulae are ; 
LS -——_— 
dax = ot Ar 2 % ee Se LR a<y 
ao.|.tC~S 2 
are: 
2 Ai a + 2 9 4 
dX = oa LR e, 


i3* 
Substituting these expressions in the dynamical equation Gives 


zg A LS _ 2 
A ~ 2 T Av 5 Az Te 
tee * ae <7 = T ae Ca ae . 


Lk _k 
tQAe " +CA,2 = 9 


k kt 
Those terms involving A,e~% and those involving Ape~%, must 


sum to zero independently. The two algebraic equations thug 


obtained, with common factors removed, are identical. fMThe form 


is 


I c 
Ho Etc =o 


Solving for l/r , we obtain 
a = <2 + oF Cc 
A 2x. = 41,7 ad a 
| 
v= =—_— 
or = +t C2? Ci 


2 
Pa MAES OS SE 


We choose 
( » Called the large time constant, as corresponding 


to the negat 
gative root. TY, , the small time constant, corresponds 
to the positive root; 


ar Vee 
4te z 
(25 
a ! 
EY caer re 
é 
: we LS) hake mg 
condition 4 > - for the Validit 
The 1 L y of tris solution t-: seen 


to be the requirement that the aequare root of @ oeputive nusber 
not occur, and that there be two different tine constants. 

; a, &! 
In the same way, the condition tr? ant for the validity of the 
ginusoidal solutions was that the square root of a negative 
number not occur, and that there be both @ nonzero WwW and a 


value of D. The constants A) and Ay in equation (25) are set 


py the initial conditions. Writing o., and Ay, by setting 


t = O in the expressions for a, and da,/dt, we obtain 
Axo = A, + Az 
DQixo = 


Solving for Ay and A, gives 


A. = Thee + T,Ta Sing 
' 


t,-7 

(26) tae 
Tra Kuo + v, TT, SL x0 

A2 = ‘1. =s 


T- Tb 


A response of this kind is called overdamped; ite behavior ie 


Shown in Figure 13. Like the eritically-damsped gotion, the 
it also decays sore slowly 


Overdamped response has no overshoot; 
These features make overdamping 


than 4 critically-damped response. 
With overdamping large caanges 


ie extremely hazardous condition. 
thoee resulting from neutral 


in the flight path almost as severe 48 


ee ee ee ee Ps 


Slope= Stxo 


Oxo 


t (sec) 
| 


ao, (rad) 


13: Overdamped characteristic response to general initia) 
Figure : 


lation of the initial conditions 


conditions in yaw, showing the re 


jes of the response. Tne yaw angle returns to zero 


itically damped case, and in the limit 


to the propert 


more slowly than in the cr 


of infinite damping ratio the rocket would instantly lose its 


initial yaw rate and remain "stuck" at the initial yaw angle 


, as if encased in very thick glue or tar. 


aticall 1 
A stati Y OME VebLe Pockat' (ane Whose corrective t 
| momen 
coefficient is negative) algo responds to a disturb 
rbance in a 
aaane? described by equation (24), 


Although the damping ratio 


ig undefined for negative C1, both time Constants and both 


initial amplitudes are computable from equations (25) and (26) 


If you carry out these computations you will find that T, Ddecomes 


negative when C, is less than zero, go that oF becomes e 
raised to 4 positive power. The "exponential mode" associated 


with Tt, thus increases with time, meaning that the yaw angle 
of the rocket grows larger and larger as time goes on. This 
is the dynamic description of a statically unstable rocket 
"going ape". Such an unstable, or divergent, response is 
{llustrated in Figure 14. The statement “C) must be greater 
than zero" for a rocket to be stable is the dynamic equivalent 
of the statement "the center of pressure must lie aft of the 
center of gravity". No matter what the phraseology employed 
to say it, positive static stability is toe prime requirement 
of a successful rocket design. 
3.1.2 Oomplete Response to Step Input 
Suppose that a rocket waich has been flying straight and 


true in calm air suddenly breaks into 2 region of the sky in 


Which a wind of constant velocity is blowing parallel to the 


shear). 


Ground (such a phenonemon is called @ discontinuous wind 


Or suppose such a rocket having four fins, each aE Eee ROneee 


tab, experiences a condition whereby the tabs on two opposing 


> ae 


/ 


/ 


Slopes xo 
___— t (sec) 


oa, (rad) 


| 


Figure 14: Cha 


racteristic response of a statically unstable 


rocket to general initial conditions in yaw, showing the relation 


of the initiel conditions to the properties of the response. The 


yaw angle does not return to zero, but rather increases with tine, 


so that the rocket will eventually flip end over end and exeoute 


completely unpredictable maneuvers. Negative static stability 


4s thus a dangerous condition and should always be avoided when 


designing model rockets. 


s 


Yawing moment Mx 
(dyn-cm) 


t (sec) 


Pigure 15; a4 step disturbance of iatensity Ms. Before t = 0 the 


yawing moment is zero; after t= 0 it ig Mg dyn-cm 


“lie 


guddenly deflect an @ 


ane ual 
t 4 “20uat in the game direotion. 


Finally, consider wnat would Lappeu Lf gus « rocket experiences 
‘ e 


an engine OF engine mounting aul function In waleu tne turuet 
i 


pine suddenly @8sumes an angle relative to tae rocaet'a venteriine. 
su rrencas h ue tie c 
ooourrences Buc Se fall into the cate 
evry of gtoy duazube, 
a nuue derived from the graphical appearance of thelr variation 


with respect to time. The moment-versue-tise graph of @ repre- 


gontutive step funotlon appeare in Pieure 15. 

A step input, for the purposes of thie analyele, taces the 
form of «n upplied moment whose value ts sero before a given tise 
and whone value ie @ conatunt after that time. The time at 
which tue "step" ocours 1a conaidered to be tg 0. #ith thie 
convention we oun define a step input in yaw mathematically ae 
follows? 

(t< 0) 


(t 2 0) 


f(t) 20 

fy(t) 2 Mg 
A function of this form 1s, of course, un idealization. You 
couldn't expect to observe a perfectly sharp step in any real 
physioal quantity; nevertheless an analysis of the response of 
a rocket to a step input (hereafter abbreviated “step response”) 


provides the designer with toformation of conelderable value, 


for step-response analysis ie one of the two standard methods of 


defining the relutive ease with which a given rooaet oan be 


displaced from true alignment with lte intended flight path. 


We reoall thut the differential equation Jescribing the 


response of a non-rolling rocket to forcing in yaw ie 


TL, St +, it ike = f(t) 


> ae 
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netituting our definition of the vey Sep 0 he hs Neue 
Subs 


(ata) =i den 4 6, ETC 7? (£< 0) 
L 
diary ¢, Bet Cids = Ms (420) 


(27>) Ly ga? 


N I stipulated that the rocket under consideration be flying 
ow Is 

traight and evenly at the time the step is applled. This is 
stra 
equivalent to stating that the yaw angle and all its time 


s are zero for all time preceding the application of 


The rocket is said to be in a rotationally quiescent 
h a condition identically 


derivative 


the step. 
state for t< O and you can see that suc 


satisfies equation (27a). 
Equation (27b) is solved by the sum of the characteristic 


and particular responses (cf. Section 2.4). The characteristic 


response, obtained in Section 3.1.1, is given by equation (15), 

equation (22), or equation (24), depending on the value of the 

quantity - C27 . The particular response in this case is 
L 41; 


I,2 


(28) dx = K 


where K is a constant. Since a constant cannot (by its very 
definition) vary with time, all of its time derivatives are 
zero. Upon substitution of K for X, , equation (27b) thus 


becomes 


from which 


phe complete step-responge for tie o. 
Cages in woich Co. gy “Gre 


therefore 


Ky, = -t A 


gnere D is given by equation (16) ana w by e ti (17) 
guation : 


section 3.1.1, t) 
As in vec » Uhe values of A 
and are deterzined 


the initial conditions, ; 
by 8- It can be So0wn toat, for a roccet 


quiescent pefore the application of the step insat,. ates: 
= a ’ u tae 


angular displacement <x and the angular velocity da, /dt are 
+ {os A 


zero at t= O- Now setting time equal to Zero in toe expressions 


for «, and d Xx /dt results in 


. M 
Xo = Asin P + ZF sexi 


Pie aN (w corp — Dain ¥) 
which, when x. and Oxo are set equal to zero, zive us 


Ms 
leas <e and 


Il 


A arm 
Dam P = Wee 


From the second of these we can obtain 


(31a) P = arrcken ($) from which we have 
M 
(lb) A= -aae 


The motion described by equation (30) is an exponeatially- 


damped sinusoid which oscillates about the offset norizontal line 


“x = M,/0,. For the case of zero damping it 1s simple harmonic 


Sa eel 


> we 


a, (rad) 


t (sec) 


Wh 


46% ‘Undamped response to « step disturbance in: yew. the 
Figure : 


Ket oscillates indefinitely about the yaw angle Ms/Q,+ Also 
roc 


re the maximum yaw angle and the time at which it is firgt 
shown & 


attained. 


t (sec) 


Figure 17: Underdamped response to a step disturbance in yaw. 
after a sufficiently long time the model will come to rest at the 


yaw angle Ms/0,. Also shown are the maximum yaw angle and the time 
at which it occurs. 
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potion about , = M/0, 88 shown in Pigure 16 


oscillation varies in acy 
from zero “a 


underdamped case, which is aeain the desirable one for rocket 


penavior, oe: Csveu in Figure 17. The angular displacement 
, 


again starting with zero Magnitude and slope, "somes in" in 


an oscillatory manner on the displaceg axis at ML/Q. It is 


2 t I 
of interest to compute the value of the first "peak" of such an 


oscillation and the tine at which it occurs, since this information 
4s useful in evaluating the merits of a given rocket design with 


respect to dynamic behavior. 


The first peak will occur at the smallest nonzero value 
of time for which the angular velocity is zero, i.e., for wiich 
dex, /dt = O. Performing the operation of differentiation and 


setting the resulting expression equal to zero gives us 


af Ne eee (wk+ ¢) + Rigo ee (wt + @) =0 


from which, dividing by Ae"Dt, we obtain 


-D wn (Wk+e) + wm (Wt +@) =) 


This requires that 


The (wk+ ) = 9 


Now if you take the inverse trigonometric function of both sides 


of this equation, you will wind up with 


‘shige mee) = 


ne oe ee ee; 
— a 


= oe 


> we 
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so ae 
t = oxdan(G)-# 


gp = arctan (W/D), the only solution obtutnable fron 


But since 
while tnis is indeed a solution (our 


this equation is t = 0. 


it does n 
initial condition, O, = 0» 18 based on it), ot identizy 


the time of occurrence of the first peak. The general solution 


for the time at which the nth peak occurs is obtained by intro. 


ducing the trigonometric identity 
(n an integer) 


tam (wt + +mT) = kar (wt +#) 


Now if we take the inverse trigonometric functions we obtain 


wed +m] = arctan (2) 


from which bt Se 


The first peak occurs at the time associated with the value n = 1: 


(32a) 2 = x 


The value of o, at the first peak ig computed by substituting 
this value of t into equation (30): 


By the use of tue trigonometric identity 


am (t+ e) = = ine 


nd ecuation (31b) 
a i 


(320) x 


tei 


the step-response. 


reases as Cy, increases, 


ad we conclude that a large value of Cy 


duce the severit j 
will re y of a rocket's step response. 


In the case where tue values of (1, Cy, and Ij, are such that 
~) 


a condition of critical damping exists the complete step-response 


4s given by 


—bk 
(33) xy = (A,+A,4+) 2 + = 


wnere Dis again given by equation (16). Applying the initial 


conditions, we have 


AXxo = A, + 
=.0 and 


DQyo = A, — DA, 
=0 


from which we obtain 


(34a) A, = - Os 


= 


$ 
(340) A, =-De 
A critically-damped step-response {gs shown in Figure 18. 


The complete expression for an overdamped step response is 


oS Ms 
_k - % —2 
(35) X y — A,2 %, + A,X a Cy, 


> we 


a, (rad) 


t (sec) 


Figure 18: Critically damped response to a step disturbance in yay, 


The yaw angle approaches @ value of M/C, asymptotically from beloy, 


fe) t (sec) 


Pigure 19: Overdamped response to a step disturbance in yaw. 
The yaw angle M,p/0y is again approached asymptotically from below, 
but more slowly than is the case for the critically damped response. 


“lly 


a and “C, are 
pere ' ca Given by e¢ 
Ww y q4ationg (25) 


ppe imposition of initial conaieson, 
re 


M 
Gan eh hate 


- In toils cage 


Bilts in toe ez,res.ions 


_A,_A 
iso: = ", oe and 
= Q 
from wnich we have 
A thin. ee: Ms, 
(364) 1 Ti (%—Ta) oat 
M, Tz 
(36d) Az =  tCe-t%y 


Figure 19 illustrates an overdamped step-response. 

Toe critically-damped and overdamped step responses are 
poth slower than the underdamped resjonse, and in this sense 
the former are somewnoat less sensitive to step inputs than tae 
latter. Consider what would happen, though, if the step were to 
arise, persist for a considerable length of tine, and then drop 
to zero again. An overdamped roccet would algo be slow in 
returning to true alignment from a yaw angle of nearly Mg/0) 


radians. Moreover, since overdamped responses exhibit no overshoot, 


the deflection of the flight path from the vertical would be 


substantially greater than in the case of underdamped motion. 


It is therefore best to decrese 4 rocket's sensitivity to step 


inouts by the use of a large corrective moment coefficient rataer 


than high damping. 


3.1.3 Qomplete 
ou will, that the rocket cons 


Re sponse to Impulse Invut 
Imagi if idered in Section 
é ne, y 
3-1.2 encounters a step input that does not persist for all time 


> ze 
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t= 0, but ratner “steps down" to zero again after some interya) 
= ’ 


The graphical representatio 


forms a rectangle whose area is Mgt). Now 


n of this forcing f 
of time t,- MnCtlon, 


as shown in Figure 20, 


{magine the interval of 
shorter and shorter as the magnitude of the applied step input 
eater in such & way that the product Kgty, 


the area of the rectangle, remains constant. If we carry this 


process to its logical conclusion, 
t ty is zero and Mg is infinity. In this 


becomes greater and er 
we will ultimately arrive at 


a configuration such tha 
however, M, must be considered a rather special "type" of 


case, 
infinity, since the product of "this" infinity with zero has 

a definite value: Mgtj, which I shall hereafter denote by H. 

A forcing function of this kind is called an imoulse of strength 
H, and the response of a given rocket to such an input offers 

a second criterion by which the resistance of the rocket to 


transient disturbances may be evaluated. An impulsive input in 


yaw may be defined as follows: 


f,(t) = 0 (t = 0) 
f,(t) = co (t = 0) 
O*f,(t) = EH (t = 0) 


While there are more rigorous definitions of impulse inputs 
obtainable from the so-called limiting arguments of the theory 
of singularity functions (which includes, among other things, 
the study of steps and impulses), such formal precision is not 
necessary to an understanding of tue effects of impulsive 
disturbances on physical systems. Like the step, the impulse 

is an idealization of physical reality. You know very well that 


a rocket can never encounter disturbing moments of infinite 


time during which the step persists becoming 


D 


@ © 
€ 6 t 
: ¢ 9 
c a ¢ 
ca mM 
2 2 2 Strength « 
x > 
> > 
= Area 
Msi a = 
Area=H 
— ~ + 
y, O Ta 0 
t (sec) t (sec) tee) 


figure 20: Development of the concept of an impulse from a series 
of steps of finite duration. The step in (a) has an ictensity 

Me and persists for a time 1); the product M,17, 18 equal to 

H dyn-cm-sec.- The step in (b) has an intensity M,5 greater tnan 
Mgj» but a duration To less than % such that the product MgoTt> is 
still H dyn-cm-sec. The limiting case of this behavior is the 
{impulse (c), a step of infinite inteusity but infinitesimal duration 
such that the product of the intensity and the duration -- called 


the "strength" of the impulse -- is still H dyn-cm-sec. 


ner 
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intensity and zero duration; any strong disturbance of short 


duration, however, can be treated as an impulse to a high Ordey 


of accuracy. Momentary fluctuutions in the direction of the 


thrust line, oblique ejection or solid residue from the rocket 
nozzle, moments arising due to launcher contact during liftorr, 
and disturbances encountered during staging are exumvles of 
forcing functions which are virtually im,ulsive. 

The response to an impulsive input is conceytuully somewhat 
more difficult to grasp taan the responses to other types of 
imputs. In order to facilitate a consideration of the impulge 
response let ue return to our discussion of the angular acceleration 
of the flywheel as illustrated in Figure 5. Recall that, for 
a frictionless flywheel of inertial moment I to which a constant 
moment M is applied for a time t, the resulting angular velocity 


of the wheel is 


Mt 


—aieaais 


and the resulting angular displacement from the original rotative 


position is 


mM 42 
a=itt 


Suppose, now, that the moment M approaches infinity and the 
time t upproaches zero in suci a way that tue product Mt remains 
constant at the value H. The angular velocity imparted to the 
wheel by the woment during tne interval t will, under these 


conditions remain constant at tne value 


ales 


> we 


~ley 
gne angular displacement ~  , 
’ 1OWever F 
4+ 18 given by Bia deorease, since 
2H 
=" OT t 


qnen the limiting case ig reached, the angular 4 
ar dissiacement wil] 
be zero: The sole effect of an impulsive in t 
p put to toe flyws 


js thus to cause a finite angular velocity ~ 


. SO a>pear i-stantan- 
eously at the time of application of the impul 
se. 
The problem of the yawing rocket is precisely ozous 
analozous, 
provided the damping and corrective Moments are both zero: 


an impulse of strength H will cause an angular velocity 


H 
DO. =] 


to arise instantaneously, while the angular displacement at time 
equal to zero will be zero. Does the presence of nonzero corrective 
and damping moments in any way alter the state of the rocxet at 
t = 0? 

Well, it is clear that there cannot be any effect due to 
static stability, as no angular displacement of the rocket has 


yet occured; hence the corrective moment at t = 0 is itself 
zero. And, although there does arise a damping moment simultaneously 


with the angular velocity increment due to tne imoulse, this 


Moment is finite and therefore can produce no change in eitner 


the angular displacement or the angular velocity in a zero amount 


of time. It thus turns out that the presence of aerodynamic 


initial 
et produces the following set 


the rocket of 
Moments does not modify the effect upon 


an impulsive input. This effe 


ad 
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of initial conditions: 


(37a) Ayo = O 


(37b) 2X xo = A 


Unlike the step, the impulse input has associated with it 
no particular response for t>O. More properly speaking, the 
particular response is zero, for as you can see from its definition 
the impulse itself is zero for all positive values of time. 4 
complete impulse response is actually a homogeneous response 
with a special set of initial conditions: those giveao by 
equations (37). 

The impulse-response of an underdamped rocket is given by 
equations (15) through (19). Applying the initial conditions 
given in equations (37) results in the following values for 


the phase angle and the initial amplitude: 


@ = anckan (0) 
=O 


The characteristic response to an impulsive disturbance is then 


given by 


H bt 
(38) Xx =pg5*% snwkt 


where W and D are determined by equations (16) and (17). 
This motion is shown in Figure 21. 


The critically-damped impulse response is described by 


equations (22) and (23). tn this case we have 


3 
& 
3 
- -H - Barctan(¥) : 
Aim = Tage Sinfarctantay 
arctan(-.) 
tm = a 
21: 


pigure Underdamped response to an impulse of st gtd 
re in yaw. 
tial angular velocity 4 
gne int y imparted by the ip 
pulse, the maximum 
yaw angle attained, and the time at which it occurs are sho 
wo. 
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form 
and the characteristic motion assumes the r 


H ~ pt 
(39) &x = TA 


wnere Dis again given by equation (16)- The imoulse response 


of a critically-damped rocket is jllustrated by Tigure 22, 


Overdamped motion resulting from impulsive forcing obeys 


(26). Applying the initial conditions 


s the re sults 


equations (24) through 


to these equations give 


A = H T, TT 
Ii (€\-T) 
H TT ar% 
A, = 7, Ce) 


where C, and Tz 4re determined by equation (25)- An overdamped 


rocket will thus exhibit an impulse-response described by 


k £ 
st teas _-—- >, — 
(40) X x eee es ee | 


as illustrated in Figure 23. 

Equation (37b) shows that the jnitial angular velocity 
resulting from an impulsive disturbance is inversely proportional 
to tne longitudinal moment of inertia of the rocket which is 
being disturbed, and equations (38) through (40) reveal an 
4nverse dependence of the initial amplitude factors on the 


value of Iy- It would thus seem that a large Ij, is desirable to 


reduce the severity of a rocket's impulse response. We can 


Ox 


a, rad) 


$ CGriticall 
figure 22 y damped response to an impul 
pulse of stren 
aws gth H 
jin ¥ the maxinum yaw angle 
tne time at which the maximum yaw angle oce¢ ae 
urs. 


showing the initial yaw rate 
’ 


Slope = 


Ie 


Xam 


a, (rad) 


G 
H%T2 %\ 78 


can = HT (8) 


_ Htenlu/te) 
% — T2 


Overdamped response to an impulse of strength H in 
the maximum yaw angle, and the 


Figure 23: 


yaw, showing the initial yaw rate, 


time at which the maximum yaw angle is attained. The maximum 


aller than is the case 


deflection occurs sooner and 4ts value is sm 


for the critically damped response, and the return to zero yaw 


angle is also more gradual. 
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quantities governl 


investigate the 
iving the maximum ané 


‘ular displ 
more thoroughly by der ; splacement 
associated with each case 0 
alues of t= at wauieh they 0 
ero and determining the s 


f impulse-response- These maxima, 


A the: y ceur, can be computed by 
an e 
setting dx,/dt to 2 


t that will satisfy the re 


mallest value of 


sulting equation. 


The equation resulting from imposing the condition of zero 


angular velocity on the underdamped case is 


- dt 
=p og wH je. SO 
Iw L sin wh + I, w 
from which we obtain 
(41a) tm = —w so that 


gang. ancien (E)) 


(41d) Xcm = Tw 


For the critically-damped motion we have 


H j-bm DH y dt 
le ~ I, oa = 0 from which 
! 
(42a) ee =D and 


H 
(42d) Xxm = TDL 
Finally, in the case of overdamped motion the applicable 


equation is 


_kH 2 


& 
~& c 7 
I, (t,-T,) “ + xt Pe 3 


I, (t,-T,) = @) 


which gives us 


ng the severity of the respong 
e@ 


- 
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— ut Ln (}) 
(434) K we Rj = es 


re the notation "ln" stands foy the 


= W.. < 
natural logart tim of" 


the qua 
caritt 
jertam Peer oot See the mathematica] inver 
ge 


tity in parenthese 
ntity £ Ss. Natura] Ogart 
: lso called 


Na . 
of exponential 


etions and may be found in tables coraicaa 4 
~" 10 Much the same 


are tables of trigonometric function 
s. 


fun 


way 35 
From equations 


a (40) we can obtain, ar 
(43a) a2 » after some algebrai 
¢ manipulation, 


45 
eA (= i 
(430) XK xm 4 I, (%-T,) T> = eS) : ] 

Now if you substitute the expressions derived in Section 
3.1.1 for ou)», D, T and Tt into equations (41b), (42b), and 

2 
(43d) you will make the following discoveries; 


For underdamped motion, an increase in Ij, decreases wx 
GECTEASES Xme 


For critically-damped motion, changes i 
effect On xm - ? g n Izy, have no 


For overdamped motion, an increase in I; increases xX, m+ 


These results might seem at first to indicate tnat lurge values 
of I, are desirable only in the case of underdamped xotion. 


This is not the whole story, however, for if we examine equation 


(20), in which the damping ratio & is given as 


gz Pi ee 
2 VC 7 Ty 
we see that an increase in Ij, invariably reduces the damping ratio. 


In Particular, increasing Iz can cause overdamped or critically- 


damped responses (which have already been shown to be undesirable 


a 


iT 
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e underdamped, after woich further 


in themselves) to becol 
everity of the impulse response 


increases in I, will lessen tue §S 
analysis, tnen, that a large Value 


de can conclude from our 
gn characteristic in a model rocket, 


of I, is a desirable desi 
f inertia helps both to suard 


as a large longitudinal moment oOo 
t's sensitivity to 


against overdamping and to reduce the rocke 
impulsive forcing. 


3.1.4 Steady State 


In the previous sections we were concern 
transient or discontinuous nature. 


Response to Sinusoidal Forcing 


ed wits responses 


ray 
a 


to forcing functions of 
The behavior of a model rocket in these cases was such taat 
both tne homoseneous response and tue particular response were 
of significant importance in determining the character of the 
resulting motion. In cases where the disturbing moments are 


of a prolonged and periodic nature, 
hich, for positive static stability 


however, the benavior of the 


charact2ristic response (w 


and finite dampins, dies away with time) soon creates a situation 


4n which the particular response alone is of signi 


In the renainder of this section I an going to be talking about 


the properties of the particular response of a rocket having 


a zero roll rate to an input of the form 


ty (t) . Ag sim Wek 


The analysis will be based on the assumption that this 
"sinusoidal" input has been going on for a time sufficiently 1006 
that all transient phenomena have died away, so tnat the complete 
response is identical to the particular response alone. Tne 


result obtained from an analysis based on such an assumption 18 


ficant interest. 
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red to as the 


en rete? Steady-state 
Teg 
inusoidal Onge t¢ 
ply the Sinusoidal ste 28 
Steady state, augeidel forcing, 


3u 
Ch physical phenomena 


oft 

of ca 
odic instability 4 

peri y in the torust v1 


na tHe aerodynamic "fluttepn 
a 


gubstituting the expression eigen ak 
4Dove 
for f(t) into 


jquation (13) sives us the differential 
1 equation for ti 
in the form ae yawing 


pgsereet On 
2 
aS: AAx _ | 
I. a2 as ak + OC, a, = Again Wet 


phe particular solution to this equation 
is known to be o 
f the 


form 


(44) &, = Ar asim (Wet +9) 


The rocket responds to the sinusoidal forcing with a sinusoidal 
motion of its own whose frequency is identical to the frequency 


of the disturbance. The amplitude is different, however, and 


the response "leads" the forcing function by a phase angle of 


? radians. The time derivatives of the response thus described 


are 


LAy _ 
= Wels cot (wet) 


dex, _ P 
gke WH A, ain (wet +9) 


the values of A, and @ are determined by 
me derivatives jnto th 


substituting the 
8x 
pressions for Xx and its ti e differential 


ee ee 


ene ee en 
te oe se 

eee ae a 

rr 

ee a 


ere nee 


ee he econ 2 
7 ee ew, Ww 


2 ete “nee 


-, ~.e 
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equation. When this is done we obtain 
~Ty wg? Ar ain (wet +P) + CoWe Ar coe (Wet +) + 
CiArainm (wet +4) = Ag am Wet 


It is necessary to make use of the following trigonometric 


{identities in order to solve this equation: 


Me GEE DY = AA ER coe PE Cot EE cg 


coe (WrA +) = Cor Wek oi f — tim wyk ain ¢ 


Substitution of the quantities on the right sides of these 


identities for those on the left sides in the differential 


equation casts it into the form 
-Liw,ZA; lam Wek oa gp + Cot Wet arm P ] 
+CaWsAr [ coe Wek coe” — Lm Wet Pie 2 


+C, Ay [sim wet wr + corwst sin @ | Ag dm wet 


Now the terms containing sin W,t and those containing cos Wet 
must be independent. This gives us two algebraic 


equations for A, and f 3; 
-Ivw,? Aran Wek cor P - Cs W¢ Ar sim Wot Un ~ 
+ Ci Ap anwyetowerp = Ag an wyt 
~I_ wy? Ar Cot Wet ain P + Cr Wp Ay wot Wek eve Ff 


+C,) Ny Crewsk an? = CO 


pividing toe first equation bY sin w,t 
#%, ti 
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1@ second by 4 
Second by Apcos wet 


gimplifies these equations to 


-Iiwy Ay wag 62% Ar sin g +CiAr ing =A 


a: ‘ 
a (ev) AMM 
Ii Ws sl od ae er ¢=0 
Now the second equation can be divided by COS, producine a 
’ e 


formulation containing the single trigonometric function tan@ 


Pere tae hs + C, Wr= 0 


The pnase angle is then determined as 


oe C2W¢ 
(45a) P= arcLan ate] 
The first equation may be divided by cos @ to yield 


Ay (Cat?) = obey |= a 


The trigonometric identities 


| 
ALP = By and 


ALK FG = Nika ft | 


then permit us to write 


C,* w,* ba te ee W,* 
Ay [ (c, - od a Faas J= A, (oe —a) 


gs this expression to 


ae 


Some algebraic manipulation trausforu 


ee ee 


gee 
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a 2 C2we 
Aline =e) +Ciw? | = bVGwepoeye ret 


from which we conclude that 


he ee 


(45b) Ay = Vitwwe-a)y + C2 we 


lutions 
Now although equations (45) are perfectly acceptable 80 
results 
for p and A, there is a standard formulation of these 
1 from 
which greatly simplifies their interpretation. Recal 


t is 
Section 3.1.1 that the natural frequency of the rocke 


Gq 
Wm = I, 


while the damping ratio 2% is given by equation (20): 


given by 


Co 
s = 2 V Cy Ei 
If we define a frequency ratio p as 


WF 
(46) B= Oe 


and an amplitude ratio AR as 


A 
(47) AR = ne 


we can, after some rearrangement, obtain the forms 


2 oP 
(48a) ¢ = oreclan [ p2 =| 


(48b) AR = Cy f(pend*+ (260) 


Graphs of the vurlation of phase angle and amplitude ratio 


with frequency ratio for various values of ¥ are given in 
Figures 24 and 25. In Figure 24 the definition of the arctungent 


function has been artificially extended to run from ¢ = 0 to 


P -=-TT radians so tout tne phase soift wil) appeur as a 


continuous function of B + Notice that for 311 nonzero 


frequencies of disturbance the motion of the rocket lags behind 


the input (that is, P is negative). sas B 


to infinity ( varies from zero to - 


varies from zero 


T redians, passing through 
the value (-1/2) when B 2 1.0, 


The more lightly damped the rocket, the more abrupt the 


transition from = 0 to P = -T; in the limiting cause of 


zero damping the transition becomes discontinuous. 


AD examination 
of Figure 25 will reveal that, for rockets whose damping ratlog 


are less than 2/2, there exists u range 


about B =1 in which the amplitude rutio has a value 


Sreater 
than 1/0), its value for BP =0. 


Thies behavior Le referred to 
®8 Fesonunce; the greatest value of AR attained ig called 


the Fegonanoe peak and the value of Ws ut which 1t ocoure ig 


termed the Fesonant frequenoy. These quantities are computed 
by locating the regonance peak analytically, ueing the 


fact 
that the slope of the amplitude-rutio ourve Le sero there, 
The slope, or derivative of AR with respect to B , 1 given 


by the equation 


A(AR) _ -[(6%1) +2 $4] (28) 
48 Ci [(82-1)" + (28)? ] 


le 


of values of B distributed 


_—— = 


<o-Srgpipe— 
Re = 


tery eee oS ete 


1.75 200 


OS 25 50 75 100 125 150 
B 
Figure 24: Variation of phase angle with frequency ratio for 


cing. 
cases of steady-state response to sinusoidal for 8 


AR [rad/(dyn-cm)| 


0 25 50 7 100 125 150 175 2.00 
B 


Figure 25: Variation of amplitude ratio with frequency ratio for 
cases of steady-state response to sinusoidal forcing. Resonant 
behavior can be seen for damping ratios less than 2/2, but does 


not occur at damping ratios greater than this value. 


wnich is zero when its numerator ig zero; that is when 


p°>-|+2¢7 = 0 


The value of B at resonance ig therefore 


(49a) Prep = Vl-2e" 


and the resonaut frequency, Wres » 18 given by 


(49b) Wreg = Pres On. 


By substituting B,., for B in the equation for AR, we find 


that the resonance peak obeys the relation 


| 
(50) ARves = 202TH 


The value of ARnes can be quite large if the rocket is only 
lightly damped, meaning that the amplitude of the response can 
be much greater than that of tne forelng function. In fact, 
equation (50) shows that the response amplitude increases 
Without bound as the damping ratio decreases and becomes infinite 
at 2 =0. Resonance, therefore, can be an extrerely dangerous 
state, resulting in violent oscillation of the rocket and 
consequent deflection of its trajectory. The designer of model 
rockets should spare no effort to minimize the effects of 
resonance. The use of an adequate corrective moment coefficient 
(large enough static stability margin and udeguate alrspeed), 
the maintenance of a sufficient amount of damping, and the 


use of a flight velocity profile whereby the rocket passes quickly 
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through the resonant state due to the resulting variation in 
Wm are three techniques generally employed in various Combination, 
for this purpose. 

As you can see from equations (49), the resonant frequenoy 
decreases from Wm toward zero asp the damping ratio of the rocket 
increases from zero toward 2/2. This same variation in damping 
ratio causes the value of the resonance peak to decrease from 
infinity to 1/0,, and for ¢ >2/2, there is no resonance peak 
at all; the value of AR is always less than 1/01. Damping ratios 
greater than 0.7071 therefore result in the least severe response 
to disturbances of a steady sinusoidal nature. 

3-2 Dynamical Behavior at a Oonstant, Nonzero Roll Rate 

3:2-1 Generalized Homogeneous Response 


The presence of a constant roll rate causes the pitching 
and yawing movements of the rocket to become coupled (cf. Section 
2.3), so that the differential equations for pitch and yaw must 
be solved simultaneously. We recall that the homogeneous 
differential equations for this case are 


1, Sa +C, ~ + Cy Xx + IpWe Ge = 0 
Sy dadAy dex 
le ge T Cage t+ Cixe = Ip Wz Ge = fo) 


Although the general form of the solutions to these equations 
is somewhat similar to the solutions of the decoupled case, the 
complete solutions themselves are a good deal more complicated. 


The most generally applicable ones are given by 
at , 


ul 


Ks Apa ten (0,44 @) + As 2 tain (ed + 9) 


(51) 


a“ 


Ky We Sed (w,4+9,) + Koa eee (wt + 9) 


~TpW: ADe 


- C3 A D2 * gin (wt +¢) +Cr Awe 


Now it is clear that the derivative forzulae for those j:arts 
of equations (51) which carry the subscript "2" will te idectical 
4n form to those for the terms woich are subscripted with a "1°. 
I can therefore save a great deal of writing if, for now, I 


leave off the subscripts and just write down the jerivatives 


of one term of each equation's right-hand member: 


dds = — Aye yim(we+e) + Awe coe (wt +?) 


didx — A (d?-Ww?) oF in (wk +) - ahaa” ee. (wt + ¢) 


dev © ~ Ape coe (WEF ®) — Awe 


—Y = Bn lake@) 


con (WE+4) +2A wD 2 Main (wt +4) 


dedy _ 2_ @?) ,-~* 
Tt ae A (p?-w*) 2 


This amounts to pretending, for the present, that trere is only 
one initial amplitude, only one inverse time const-nt, only one 
angular frequency and only one phase angle in the solution. Such 
an intentional error is perfectly permissible, just as it was 
in deriving equations (25), for the mathematics of tne derivation 
will later point out that there are in fact two each of these 
quantities. 

Upon substitution of the simplified derivative relations 


the first (yaw) differeitial equation becomes 


Ti A( Dt- w2) 2 ain (d+ ¢) - 20 LAW) 2 cee (Wt + @) 


ott 
Va lokst Th Nwe ” ca (Odo) 


—bt 


Removing the common factor ae~Dt we have, from the requirement 


cot (WE+h) $C, AQ ernlwt+u) = 0 


Oe ree ee em ee ee 
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that sine terms sum independently to zero, 


LT, (p?- w?) - TrewdzW -Ceb +O =O 


and from the requirewent that cosine terms sum independently to 


ZeTo, 


-~21LLW)- LleWz D + C3 W =O 


Substituting the expressions for & » aax/dt, and a2 /dt* into 


the second (pitch) equation gives 
TA (pw) 27 coe (wt +@) +210 Aw) ar taim (wt + #) 


+1, Wa Ad2- him (wk + #) —IpWehwe” woe (wt +¢) 


— Co AD 27% cea (wk +®) co hisar pe iat Oo har cna (tee) = 
from which the cosine terms give us 


Eb Ww?) ~Tpwegw- Cad +i =0 


and the sine terms require that 


2TLwd + Igwz D- C2W = 0 


Now the sine equation from the first aifferential equation is 


4dentical to the cosine equation from the second, and the cosine 


equation from the first just equals the negative of the sine 
equation from tne second and is therefore equivalent to it. 
Tois confirms that a coupled solution of tae form (51) does in 


fact exist and that we can proceed to solve for W and D. 
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From the last equation above we can obtain Din terms of W ag 


ks ee 
21,WH + I,wy 


Substituting this expression for D into the second to last 
e 8 


equation above yields 


ees) I, w? Catw 
41,;7W*4+ 41 I Q) GW) +I ,2 yi pw cat | WzW — = -_ 
tlpeWz R We ar~2 2I,w+iIgw, "7 SI - . 


Multiplying the left and right sides of this equation b 
7 


I? w? + Sus 
(41, 4TLIRW2W +g W3 ) » collecting terms and dividing 


th 
e resulting equation by a factor of (-41,7) to cast the ti 
equation 
into a form having a coefficient of 1 for the highest powe f 
ro 


Ww woich appears (this is called normalizing), we obtain 


4 Ir [Ss C2 51. 2 2 
fandl SS 3 [- (oe) 
Or) +2 : W,zW + 7 ai +7 2 GQ) 
I I Ty 


AI 
+[-$ Bu,+ SB Te” artis 
5 ee ps we >] mt : 
c Ie  S Caaan o 2 41,3 Wz mane S73 in Ws" = O 
L 


nm 


of such 
equations is generally quite difficult, but we can reduce 


the com lexi ty somewhat in taois case by phy 
D. considering the sic 
8 


B " 
y “limiting behavior" I mean just this: snould I, ws db 
R Wz become 


vanish 
ingly small compared to I, the solution of the coupled 


motio 
n will be very nearly identical to the solution of the 


deco 
Upled case. A matuematician would say that the coupled 


solu é acl 
tion approaches the decoupled solution in the limit ag 


i 


—_—~— 


a 
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that we recover the solution of the 


—— 


Te Wz 
as: ae goes to zero, so 
decoupled case from the more general so 


Similarly, for the case in woich 0, and Cy 
small compared to Iz, we obtain the so-called force-free precession 


cyroscopic instruments; 


lution of coupled motion, 


become vanis.vingly 


which is familiar to the designers of 


the coupled solution approaches a force-free precession in the 


limit as a and = go to zero. I am going to try to put these 
L 


properties to use after making the following substitutions in 


order to simplify the algebra of the angular frequency equation; 


x = 


L 
ce og, 
1 em 
- oe 
Z = att 


The equation for W then becomes 
4 3 [ ae a - 2 
(say “WOT 2i@ago FLT 2* ZA. Oz 1 
ye 
[kw + Ekwe + FP ]o + freee =0 


Now since this is a fourth-degree polynomial equation, we «now 
tnat there are four possible values of Q) which will satisfy 

it (the roots of the equation). Let these values be A,B,C, and D- 
The equation can then be written as 


(w-A)(w-B)(w-c)(w-D) =0 


which, when multiplied out, becomes 
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(san) (ASB aCe wy? 
C ) WD + [AB+ Cb + (Are (C+D) | o)2 


TLCUATBE) + ARCHED Cy 4 APCD. =O 


at 
Now equations (52a) and (52b) are just different representations 


of tue same equation. Thig being the case, the coefficient of 


a given pow:r of W in equation (52a) must be ideatical to 


the coettigtedt. of that: game. power of “W tn eqdation (52d) 
2 -) ° 


This allows us to write 


es) At BCD So pigs. 


(530) [AB+CD +(A+B)(c+p)] =[Yez + = X*w,? | 


(53c) C oa 
[CD (A+B) AB (C)] = = CV kang # 2h ng + Leap 


(53a) ABCD = xr X?w,% 


Equations (53) are sufficient to determine tue roots A,B,C, 
and D in teras of the constants X, Y, and Z. Tais, however, 
would be an extrenely difficult task if done by formal uathenatics 
alone. Instead I am going to examine the limitins behavior of 
this particular dynamical system -- a model rocket -=- to see if 
I cannot find some analytical "siort cut" that will help me to 
Pe 


gvess the roots. 
For se ORS 0, equation (52a) becomes 
L 


w* + (Y+z) Gg* = 0 


Factoring this expression, we obtain 


Se, te er ee 
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prlwee vee) ee O 


= Tne remaining two are 
thug w =O. 
Two of the roots are 


\+ 
| 
a 
< 
+ 
TN 
we 


WwW = 


or W= 


which are just cases of decoupled, underdamped oscillation, 


Cpe tr _ . : 
For the limiting case es —0, we have Y= Z2=0 


and equation (52a) becomes 


ee 
Gi 2h 52 G9 2X? we w? + qo vrw = 0 
Factoring gives us 


ae ee x" 
w (w+ 2Xwew*+ FX wWew+ | 


One of the four roots is seen to be W=OQO,. The remaining 


factor is a cubic equation and will therefore have three roots. 


Let these be denoted by A',B', and C'. Then 


(w-A')(w-B')(w-c’) = oO 


which, when expanded, becomes 


w= (Ae bec) w* + [ae 8) C+ AB] w — NBC! = 0 


Then, equating coefficients of like powers, we have 


SCAB Se) Sos, 


14, 


(N+ BI C+AB = 2X2 W2 
3 


J td xX 
-ABC = 7 W2 


I can now exercise on a reduced scale the tecaaigues wuica I 
shall have to apply to solve the general Guartic equztion (52a). 
The sum of the roots of the cubic equation must ecual -2Xw,, 
while their product must equal -x° ri fide From this I conclude 
that A',B', and O' each contain a factor of XwW,- If I 
attempt, reasoning from symmetry, to vostulete three egual roots 
you can see that the coefficient equations will not be satisfied. 
If, however, I postulate two identical roots and a different 


third root, the sum and product conditions will allow me to 


write 
f_ X W 
A OTS > 
ez X wW 
B= > 
/ 
C = ~XW, 


These roots also satisfy the center coefficient equation and 

are therefore the roots of the cubic equation. I am now faced 
with the problem of determining which of these roots are physical 
(1.e., which can really be observed in the physical universe) and 


Which are “spurious” or “extraneous” roots not aoplicable to the 


Physical problem being solved. In omer to ascertain the 


Physical roots I return to the equation obtained from the cosine 


see ae 


a 
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terms of the pitch differential equation and set C} = Cp = 0. 


This sets D to zero and leaves me with 


-I, w2-ITpW2W = O 


from wnuich I obtain the two roots 


Ww = 0 
ia, OR GD 
Ww = ti Zz 


Tne first value represents a static displacement in vitch and yaw, 
and is the root already obtained by factoring the quartic. The 


second value represeats the force-free precessional angular 


frequency of the rocket. Both values represent observable physical 


states of the rocket; in fact, for general initial conditions a 
combination of both states will occur. There will taus be two 
angular frequencies of oscillation associated with coupled 
motion, and we must be prepared to accept two of tne four roots 
of the general quartic equation as physical possibilities. 

In the reduced case of Y = Z =O these two roots are % =O and 
root C' of the cubic equation. Roots A’ and B! are non-physical 
and must be discarded. 

Having thus obtained complete information as to the limiting 
behavior of equation (52a), I am prepared to vostulate solutions 
to the general quartic equation. Symmetry considerations and 
equation (53a) motivate me to guess that tae roots are of the 


following form: 


-147- 


A 3 
Ba ee 
C 

p 


You can see that tnese values identically satisfy equation (53a). 


Equation (53b) becomes 


nor a 2 = 2 
go NEA Sa a Vee Se eee 


from which we obtain 


f= = 4 Z) 4 eel a” 


Equation (53c) now appears as 


HEE IA) + (BEE at Loken) |= glee 


4 
and, upon substitution of the expression for pb? obtained in 
(53b), is seen to be identically satisfied. The final coefficient 
equation, (53d), becomes 


( Rowe’ a) eee) = b 6 ewe 


a 4 


Substituting for b© the expression obtained in (53b) we can obtain, 


after some reurraagement, 


4 eS 2 u.* 
oe Or] pe ap SE & 
[Y+2Z rs | ae Sacer O 


Now this is a special kind of quartic equation known as a 


ee 


- We amen 2. 


ee ar 


he lic = 2 


a 


Ld 


te emer 8 
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biquadratic equation. It can be solved as a quadratic equation 
biquaare’-= 


for a’ to give 


2 = +z tL 2w—_t\2 
Gate aie (¥+Z-2E ) + ZX? wz 


8 


Solving for »? as obtained in (53b), we have 


2 2 2 Za. 
gon Ree eb ey (re z- Reef rex we 


Now there is an option here in that we can choose the upper or 


lower sign for the square root terms. Having chosen a sign for 


the square root in ae, however, we are obliged to choose the 


corresponding sign for that in b@. Choosing the upper sign in 


each case, we have the following expressions for the complete 


roots of the quartic equation: 


A= -<F+ 


ry 8g z= 


We must determine which of these give us the correct limiting 


behavior. This is a rather tricky procedure in this case and 


must be carefully carried out step by step if inconsistencies 


are to be avoided. For the case Xw,=0, the roots assume the 


As V-Seeny vee 


form 


iw 4 
| 
Me 
Ww 
! 
~ 
*1E 
tw 
X) 
| 
< 
nla 
tw 
] 
NE 
a 
+ 
WN 
! ! 
” N 
+2 - 
™N 
ee S 
N N 
+ 
W | 
=< 
p 
& 
me | 
3} 4 
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B=-¥-Serifinae 
DV tina 


In simplifying these results we must bear in mind alw ys the 


following rule of algebra: when a .Wantity 1s squared, and the 
square root of the nuuber thus obtained is taxen, all coowledce 
of the algebraic sign of the Original quantit; 1s irrevocably 

lost. The final result of such a sequence of Operations is the 
absolute value of the original quantity, whica is by definition 


a positive number. In our example here, 


Ey a 1G 


= "the absolute value of (¥Y+zZ)" 
Now ly+zZ| - y+z24£ (¥+2Z)>0, but 
}Y+z| = 7(¥+2Z) if (¥+2z)<0 
In discussing statically-stable rockets, we are referring always 
to the case in which Y is negative (that is, 0, is positive). 


If we further stipulate that tne motion be underdamped, we will 


always have (Y+ Z) negative. Then 


Virezy = ~ (Y+2) 


and the roots become 


A 
B 


4 -(Y+2) 


uf 


Se 


ee eee ceri 


2 Ce ee igte es a ae Oe 


A and B are tne roots which correctly describe the motion 
Thus 

£ underdamped, statically-stable rocket in the limit of 

of an t 

11 coupling equal to zero. For the opposite limit, that of 
ro 


Y=-22 0, we have 


A = -ASE+ oe 2 4 
X20 a _ K2W3\2 
B= -*S- at 2 VC a) 
K*We K2 Wy) g*\2 
c= eee fa) 
_ _ Xwe_ , /X* Wz" _ | Ford, 
D ae ry 8 2 4 


Now in this case 


TJ OO Qo > 
il 
I 
| 
| 


Also, (ee = Kye if Ws>0, but 
(ro a as if W,< 0 


go that if Wz? O's 


A=0 
B= -Xws 
while if W3z<0O, 


A= -XWz 
B=0 


Thus A and B are the physical roots in the limit of force-free 
precession as well as in the limit of decoupled motion. C and 
Dare spurious roots and must be discarded. The two angular 
frequencies A and B describe the complete spectrum of dynamic 
behavior as we proceed continuously from motion dominated by 
roll coupling to motion dominated by aerodynamic moments (except 
in a few very special cases to be pointed out later). 

From this point on I am going to refer to root 4 ag angular 
frequency w, and to root Bas angular frequency W2,. The 
larger of the two will be called "the fast mode", the smaller 
"the slow mode". If wy 1s positive, W, will be the slow 
Mode and G)> the fast mode; if W, 1s negative, the reverse 
will be true (recall that a positive wz means that toe rocket 
is Spinning clockwise as viewed from astern). 


I am also going to adopt the abbreviation 


eat aed) 


Which may be written in terms of the rocket's dynamic constants as 


=152- 
eg Ws gs Ci. ee 
(5) Faas Tae 


Under this convention the two angular frequencies appear ag 


2 C ar 2u),2 
| "Ip Wz 
(56a) Wy, = - ie 7 $+y es +i 
7 et ae fe ee ee oe 
(Seb) wy ae kee Soy st FS mee 


Zp 
Since a complete description of tne coupled motion of the rocket 
for general initial conditions must contain both modes, each 

with its own initial amplitude and its own phase angle, equations 
(51) must indeed be the solution to the problem. Substituting 


WW, and Wa, , in turn, into the equation 


Ets 


D= 


obtained earlier, we obtain the values 


2 
2T, \%,+ re Wz 


(572), 

wa 
57 aes Ga } 
D, ~ 20, We + ok We 


for tne two inverse time constants. Note that these both reduce 
to C,/(2Iz) for the case where the roll rate is zero. 
The values of A, Ay, Y, , and P, are determined by the 


four initial conditions, which are; 


Kyo = Value of Ky, at t= 0 
Ayo = value of Ay at t-0 
Xo = Value of dx /dt at t = 0 
Qyy = Value of duy/dt at t = 0 


From equations (51) 


Axo = 


AYo 


Qxo = 


|\ 


Devo 


-A,D, aan? + AW, oe @, ~A,Dd, 
-A,Dewn® 


and their time derivatives we have that 


Ay aim , + Az sm ¥, 


= A, 2% + Aron &, 


tin YP, + A2w, Cot f, 


- AW, 42m, — As), con , ~ A.W, 4% ¥, 


This system of four independent equations in four unknowns is 


reduced by eliminating terms between the equations one by one 


until explicit formulae for the initial amplitudes and phase 


angles are obtained. 


Beginning this process with the angular 


velocity equations, for instance, I can write 


D, 2X xo FwW,NXyo = 


D, Qyo + W, Qyo 


Now if you substitute yo— Az we, 


— A, aim (Di 02) — Aa ain , (0,D3* (0,602) + Ap-cn #,(040,-440,) 


= A, aim@, (),D2+w,w2) Azam (D2+w2) + A, coe, (cw, d,-w,D,) 


for A,cn@, in the second 


equation and subtract it from the first you will get 


Rxo (d,~D.) ae GS Yo (, = w, ) A, Aum ¢, (D,d2 +W, We - d*- w*) 


+ Xy¥o (WD, — wz D,) 


+A2en, (Da + we —D,Dz- ww, 


Multiplying the equation for xq dy the factor (db, +w2 — Dd, D.- w, we) 


and subtracting the result from this equation results in the 


®Xpression 


Main 2(D\Dz + 2, We) - D> 
bors Or ates 


Mxo(D,-D2) + Ayo (o, -W2) + Kyo (w, D,- We ) 


+ Axo (dD, dDa+ W,W2 — b,* - w 2") 


Te tee ee | 


Pe 2 ee. re ee | - 


nn a ae ee 


ee 


— a 


from which we can obtain 


pividing A, Avie Y, by A, cot, and taking tune inverse tangent function 


. of both sides of the regultiue equation will give us an explicit 
MILxo (D,-D,) + Qyo (w, Ws) + Xx 9 (D, dD, +W, Oo —pD : 


~ a 
' 27 W 2°) formula for ¥, in terms of the initial coaditions, angular 
‘ + % WwW, D2 —W2 D 
A um 9, = x0 ie 2D) : frequencies, and inverge time constants: 
2 2 2 
2(D, D.+ W) W2) —)7-p 5 -— w 2 w 
2 l 2 
| DL x9 (D,- d,) +N yo (w,- wa) +X xo (w,w, +D,d,—w,*— bd.) 


By a similar sequence of algebraic operations we can obtain the 


seit (oo eee 
i value of A. we Y, : (58a) Te" 


Oxo (W2-4}) +o (D,- D,) +&x0(W, dD, - Ww, i) 


W,Qxo —D, Ayo = Ay ce Y, (Wi? 4+ D7) +A,» ?, (v2 Di-w, dD.) + Ag coe P, (w,00, +D,,) + Xo (WW + DD, ~ w27- Dd,” ) 


W2 Ox — D2 Qyo = Ay Coa @, (02 +D,D2) + A, aim @,(, b—~W.d,)+A, Cot 2 (WA +)2) (>, is now computed from the relations 


Substituti ~ : £ A, 24 ' 
StLVUTINg Xxo ~ A,anG, for i4om%, and subtracting, No aan 0, = Keo = Ai en 

DXxo (w)-w,) +2Lyo (D.-D,) ad A, Cot ¢, C75. D- Ww We — d, Dd, ) 

+ Xxo (Ww, D2 - wz D,) 


I 


Ais toes RS Xyo — Ay cor 9, 


+ Az coe 9, (Ww. +d, dD. — w,2- p,>) 


This time, since A,«n, and Ajwr¥, are both quantities which 


we have already computed for use in finding , , we can 
Multiplying oy by (W1W2+D,p,-Ww2-p,? ) and subtracting e 
d t 
the result from the above gives us immediately write 
| w+ p+ wt+de 
Nino (4),-W2) + Dyo (d,-p,) ] + D, + 2 2 


Axo ae DT 
(58d) ?f, = anton | 2 | 


= AYO - A, tet e, 
+ Kxo (11 D2-W2D,) + Kyo (w2+d?-w,w,.-D,D,) Ait HI aus, w+ D, D2) 


Both phase angles are now known and their sine and cosine functions 
t 


Can be determined from trigonometric tables. Since we also know 
Multiplying both sides of this by (-1) and performing the appropriate 


the explicit formulae for A,an?, and A,an%, , we can 
division, we obtain 


compute the initial amplitudes as follows: 


Di xo(W2-%,) +9), (d,-D2) + XK x9 (we D, — w, D2) 


2 (59a) A = A, on a 

A, we Ff, = + X¥o (wi wz + dy D, - W2*- Dz ) | ain F, 
+ - Arwen? 

2 (Ww, We dD) ~d,*- Do - Ww)? - Ww 2” (59b) A, = Hatin 


Am PD 


eee eee 


LA eT Maes | father e ) 


2 ames a ad : 
_ ot oT. 
a ee Sere 
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Equations (51) and (55) through (59) contain all the information 


necessary to completely describe the angular oscillations of a 
rolling model rocket in pitch and yaw. For general initial 
conditions, both the pitching and yawing motions are sums of two 
different exponentially-damped sinusoids. The appearance of 
the motion is generally quite complicated. The slower mode 
sets the basic pattern: the nose of the rocket describes an 
inward spiral toward the position of zero deflection if the 
rocket is statically stable, an outward spiral if it is statically 
unstable, and a circle of constant radius if either (1) the 
corrective moment coefficient C, is zero, or (2) the corrective 
moment coefficient is positive but the damping moment coefficient 
Co is zero. The faster mode may impose intricate secondary motions 
called nutations upon the basic pattern if it is sufficiently 
high in frequency and its amplitude is small. As in the case of 
decoupled motion, however, the characteristics of the oscillations 
are dependent upon the relative values of the rocket's inertial 
and aerodynamic constants. 

For the case of zero damping (C, = 0) the function F becomes 


2 2 
y= te Wy +o 


From which we have 


a = 21, 41I,* Ii 
2 
Ir Wz te Wer St 


We2= 7 oS Tei 41? Li: 
as long as F is positive, which it certainly will be for 
statically-stable rockets. Since O02 is zero, Dy and Do will 


poth be 2ero and the expressions describing the motion become 


(60a) Xx = A, ain (wi t+) + A, acn (Wit + 2) 


(60b) “Y= A, coe (W449) + Ap coe (Wrt + Fz) 


Both pitch and yaw are the sum of two simple harmonic motions. 
The oscillations do not decay; they persist indefinitely at 
undiminished amplitudes as shown in Figure 26. Weedless to say, 
this condition is undesirable; as in the decoupled case, the 
restoration of the rocket to a position in which it is facing 
directly along the {ntended flight path never occurs. Since 
damping is always present in some degree, however slight, this 
case will not be literally observed for any real rocket. But, 
as in decoupled motion, too little damping can result in an 


oscillation that continues for an undesirably long time. 


For nonzero damping such that 


af x | 2 C27 Ip Ws > Ip? Wee 
aT sy t+ arr 40.2 


coupled, positively-stable motion described by the complete 
forms of equations (51) and (55) through (59) will occur. The 
angular frequency of the fast mode will be opposite in sign to 
that of the slow mode: the fast mode will be of opposite sign 
to the roll rate, while the sign of the slow mode will be the 
same as that of the roll rate. The damping coefficients Dy and 
Dp will both be positive, meaning that the amplitudes of both 
modes will decay exponentially with time. The inverse time 


constant associated with the slow mode will be smaller in magnitude 


than that associated with the fast mode; the slow mode will 


« OFF 4 ws 


Slope = Qyo 
5 
£ O t (sec) 
cf 
Slope = Qyo 
Ayo 
8 
&-O t (sec) 
o 


Figure 26: Undamped homogeneous response to general initial 
conditions in yaw and pitch of a model rocket spinning about 
{ts longitudinal axis at a nonzero roll rate W,. The relation 
of the initial conditions to the properties of the response has 
been illustrated, The pattern of pitching and yawing motions 
shown repeats itself periodically for all time, as there is no 


damping to dissipate the angular womentum of the oscillations. 
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tnerefore be a more slowly decaying mode tnan the fast mode. 
the fast mode decuys more rapidly than 4 decouyled oscillation 
with the same values of 0), C,, and Iy, while tne slow mode 
decays more slowly than such a decoupled oscillation. As a 
practical matter this means that the slow mode will be tae most 


jmportant part of the oscillation after a sufficient time has 


elapsed, so that roll coupling serves to reduce tae effectiveness 


of damping. A representative case of coupled, positively-stable 


motion is shown in Figure 27. It is in this range of relative 


values of (j, Co, and I, that the designer wants his model rocket 


to lie; under no other conditions do the oscillations subside, 
whether the rocket is rolling or not. 

The condition which must be satisfied for roll-coupled 
characteristic motion to be positively stable can be made more 
explicit by solving the inequality 
a ig? 


2 2 
4 | 2 C2? Ir Wz 
—— — 
ania | Fo + 41,4 # 41,7 


for ¥F . we can express this relation as 


2 Ci" Ig *tos TR We 
41,4 21° 


Squaring both sides and collecting terms, we have 


2 2 
cfitwst . ttost oy Ted 
4IV 4I,* * Ty 
from which it can be seen that 
> J Oe cr 
41° 4I, 


CS 


Slope = Qyo 


3 
c= t (sec) 
o 
Slope = Qyo 
Ayo 
ee) 
oO 
£ O t (sec) 
~ 
G 


Figure 27: Characteristic response of a model rocket with finite 
damping and nonzero roll rate to general initial conditions in 

yaw and pitch, showing the relation of the initial conditions to 

the properties of the response. Both the yawing and pitching 
oscillations eventually decay to zero and the model regains straight 


and true flight. 
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ypon examining the original expression for “F given in equation 


(55), we see that this is just the requirement that 


Cy > O 


positive static stability is thus required for positively stable 
characteristic motion, whether or not the rocket is spinning 


about its centerline. As the value of 


eer ia 


2 2 2 
ee is 2 Co Te Wz 
+ ns er 
2 2 od +I) 
iw 
decreases toward “ei (that 1s, as the corrective moment 


coefficient decreases toward zero), the angular frequency of the 
fast mode approaches a value of — “52s while toat of the 

slow mode approaches zero from above if Wg, is positive, from 
below if Wz, is negative. The inverse time constant of the 

fast mode approaches 0,/Ip, or twice the damping of the decoupled 
oscillation, but tuat of the slow mode approaches zero. At 

0, = O the rocket remains deflected indefinitely; it is neutrally 


stable, just as if it were not rolling. As 0, becomes negative, 


so that 
2 2 
¥F ae 2, Ce*Ie Wat a. ae 
S+zyF + 41,4 = 40. 


the inverse time constunt of the slow mode also becomes negative: 


the angular deflection of the rocket from its intended direction 


of flight increases with time. A rocket with a negative corrective 


lO 


moment coefficient is unstable, as emphasized above, whether it 


is rolling or not. 


There is no fundamental change in the cnaracter of the rocket's 
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motion as damping gains ascendancy over corrective moment, ag 


there is in the case of decoupled motion, 
s every bit as serious in the case of roll-coupleg 


but the effect of too 


much damping i 


oscillation as it is for decoupled response. The condition of 


critical damping for rockets whose roll rate is zero, you may 


remember, is 
2 


Che ee 
ip 41,7 


and therefore 


L 
l [tstwrgt (Take? 4 Se > Aptos 
ZV 40% \ 412 hh $1," 


It follows that 


2 2 
| 2 Co? Ig? Wa* Irn Wz 
= anes ces Tit = eit 


so that the motion is stable, no matter how great the value of 0, 
This, of course, is consistent with our result that the value 

of C, alone determines the stability of the oscillation. But 

the slow mode, you will recall, will have an inverse time constant 
whose value is less than that of the inverse time constant of an 
identical rocket which is not rolling; therefore the same condition 
whieh produces critical damping in @ non-rolling rocket will, 

in an identical rocket which ig rolling, produce an oscillation 
that decays more slowly than a critically-damped response. The 


condition 


which produces overdamping in rockets whiea ars aot rolling, will 
aggravate this undesirable gtate of affairs, macing tue rate 

at which the deflections subside even less. Deflection amplitudes 
which are large and whoich persist for dong periods of time can 
thus result from the same conditions waich yroduce eritically- 
damped or overdamped behavior in non-rolling rockets, so it 


remains good design practice to <eep 


<a c.* 
7; 41,2 


for any model rocket, rolling or not. 
2:2-2 Qomplete Response to Step Input 

In this section I am going to derive the equations describing 
the angular oscillations of a rolling model rocket subjected 
to a step input in yaw alone, of the same form as that considered 
in Section 3.1.2. This can be done without loss of generality 
because the principle of superposition (Section 2.4) permits 
us to obtain the solution of the effect of each component of 
&@ step input having both pitch and yaw components sepurately, and 
then to add the solutions thus obtained to form the complete 
SOlution. It is also true that the response to a step in pitch 
is analogous to the response to a step in yaw, 90 that everything 
&@ designer needs to know can be leammed by doing the yaw problem | 
G8lone. Por this same reason the impulse response of Section 


3.1.3 will be done assuming tae only disturbing moment to act 


4bout the yaw axis. 


Ce. ET eee ee 
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Before time equal to zero, when the value of the step 


disturbance is zero, the coupled dynamical equations appear ag 


aro hd hx 
Loot +O, 4+ OK, t+ pez Go = 
AK Xx 
Zi). —_ + = Ya Ci xy -~I[e We Akx = O 


As in Section 3.1.2, we are considering a rocket whose pitch 
and yaw states are quiescent before the application of the 


step. The solution to the above equations is therefore 


which, as you can see, identically satisfies them both. After 


the step disturbance rises to the value M, the equations become 


2 dha 
a + c, 4 +#C4, + pw, Ze = Ms 
Axx 


204 de 
Loge tC. Get Ciky ~Iewez G = 0 


The particular solution to this set of equations is known to be 


is: 
Ain = Gy 

(61) 
“<y = O 


The complete solution to the coupled step response for time greater 
than zero is then 


Ms 


-Ddk 0 C; 


(62a) &x = A,2 ‘Alm (w, t+ 9,) + Ao goad, . 


(62d) ky = Aan cee (wt + 4) + Ana Oh coe (wrk +%) 
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ynere wr and “2 are given by Cquationg (56 


) and 
sven by equations (57), dy D, and D, are 


‘ A, : 
2’ ‘1 » and Y, are determined by 


al conditions of th mn 
sie 4niti the Otion whi 
n , ch, for a quiescent stat 
e 


prior to the disturbance, are all zero; 


Xxo = Ay ain? 
ee, i+ A, ame, + Me 


io: = A, cot + Anum, 


=.0 

oy ie | 
QrYxo eee etl ee nes ea ee Mey ee A 
fryvo Aid cot ty ~ Ay aun? - Rade oe ta - Ay Wa am Ya 


These equations can be cast into the form of the initial condition 
equations used in Section 3.2.1 for determining the values of 

the initial amplitudes and phase angles given in equations (58) 
and (59) by rewriting them in the following manner: 


oe Span, eh dO: 
O = A, we, + Az cot 
O = —A, D, ang, +A,w, coe P, ~ArdD2 am, tArzwrcn®, 
O = -A\b, ce @, -A,w, sind Aah oe® ~Aaw, acne, 


By analogy with the corresponding solutions to the equations of 


Section 3.2.1 we can then write 


2 


Aisin @, — al (w2* + D2? - wiwa - Di D2) 


C, 2(d, dD, + WW) -Di2- Da - Wi - We 


Mm sess 


wT rere re 
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Ms | (W, Ds ~ Wa D, ) 


A, tt & = \ 2 (W, Wat dD, D2)—w,? - D7? - wz? - v3 


from which we obtain 


Pig Pies 
(650), = anctam [ 22 tPat — tor ias — Pa 
Then, using the relations 


A, wn &, = = Ni aan 2 ~ 4 


A> Cot em = A, Con Y | 
we have 
A : = Ms | wi? + d*- WwW, W2 — Di de 
2am o> Cc, 2(W, we. + DD) - ,7- b,*- Ww," - b2* 


a Ms! Wadi — Wi Dae 
Az tre Fp -~ Cc, 2(w, W2+D, d3)- w,*- Diz - GJ) 2? -b27 | 


and therefore, that 


(63d)  P, = arcken [| wi Ea wide Dida | 


W2 Dd, -w Do 


The values of the initial amplitudes are then obtained from the 


identities 
(64a) A, = fee 
(64>) Ap = Aatinte 


Aim 3 
The special case of zero damping is obtained by setting 
Dd = Do = O- The characteristic appearance of this kind of 


motion should by now be familiar to you, so I won't bother to 
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qllustrate it. The coupled step response of a stable rocket 
with nonzero damping is shown in Figure 28. As in Section 
3.1.2, the severity of the step response is inversely proportional 
to the (positive) magnitude of the corrective moment coefficient. 
The desirability of a large corrective moment coefficient is 
therefore undiminished by the presence of a nonzero roll rate. 
3.2.3 Oomplete Response to Impulse Input 

Should a rocket which is spinning about its longitudinal 
axis encounter an impulsive disturbance acting about its yaw 
axig and of strength H, it may be verified by an argument 
similar to the one used in Section 3.1.3 that the initial 
effect of the impulse is identical to the effect of the same 
impulse upon the rocket when 4t is not rolling: an initial 
yaw rate of value H/Iz arises instantaneously. The subsequent 
motion is a roll-coupled characteristic response governed by 


equations (51) and (55) through (59) with initial conditions 


Xxo »Xyo » and Qyp all equal to zero and initial condition 


Ny equal to H/I,. 
The impulse response is thus given by equations (51), 


Dak 


oe = A, a ein (t+ 0,) + Are ain (Wat + P2) 


Ay: = A ee (wt +@,) a A> reac Cot (wt + @,) 


where (, and WW, are given by equations (56) and D, and D, 
are computed according to equations (57). Substituting the 
values of the initial conditions into the equations used in 


deriving equation (58a), we have 


a, (rad) 


t (sec) 


ay (rad) 
ro) 


Figure 28: Roll-coupled response of a model rocket with finite 
damping to a step of intensity Ms, in yaw. Both yawing and pitching 
oscillations occur; the pitching motion, however, decays to zero 


while the yaw angle eventually approaches the value M;/0}.- 


a 
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im P= HO ls = Di - Dz | 
A, 44m | IL L 20D, D3 +, 2) — d,7- D,?-w,* —2* 


4 | Ww, - Wy | 
aan e 2 (DD, +H, w,)— D,? =D? - w,2- ,* 


from which we conclude that 


A, we &, 


Di,- D2 
jan — 
(65a) i = anrcton [ W,- Wy | 
The equations used in deriving (58b) become 


Nn am #2 = - A, An F, 


Ao cot Y = —Ay cree, 


and thus yield the result 


(655) Poa= &y 
A simplification of notation is then possible, in that the single 


value Pp = 7% = 2 may be applied to the phase angles of both 


modes. The equations for the initial amplitudes thus become 


A, won? 
4am 


- A, 


so that the initial amplitude of the first mode may be denoted 


(66a) Ay 


(66) Az 


by A, that of the second mode by (-A). The roll-coupled impulse 


response may then be written in the simplified form 


me we ee em - 


a. * 


——_———— 
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at. 
D oe (w, 4+ )| 


bat 


A Xx = A[ a tain (w+ 9) —2- 
(4 


a, (rad) 


ay = AL econ (Wit +9) 27 "coe (wrt + Q)] 


The coupled impulse response of a representative, statically- 
stable model rocket having a finite amount of damping is illustrateg 
in Pigure 29. 

Although the analytically explicit forms of the equations 
governing the maximun angular displacement experienced in a 
roll-coupled impulse response are prohibitively complicated, | 


4t will be found that a large value of the longitudinal moment 
t (sec) 


of inertia I, is desirable, as it was in the decoupled case, 
This charac- 


ay (rad) 
[@) 


in order to minimize the severity of the response. 
teristic of the behavior is (again as before) connected with the 


inverse dependence of the initial amplitude terms on I, 
f a model rocket witao finite 


3.2.4 Steady State Response to Sinusoidal Forcing 
—— See ee ee Figure 29: Roll-coupled response 0 


an impulse of strength H in yaw. again, both pitching 


at the Roll Rate 
damping to 


While it is certainl ossible for a rocket having a Zero 
: and yawing oscillations occur; the yawing motion, however, begins 


roll rate to experience sinusoidal forcing of the various types 
) : : ve instantaneously with an angular velocity of H/I,, while the initial 


described in Section 3.1.4, it turns out that the vast majority 
pitch rate is zero. 


of eases of sinusoidal motion encountered in practice are due to 


causes arising from the spinning of the rocket itself. Aerodynamic 


and inertial asymmetries and thrust misalignments, which appear 
as step disturbances to non-rolling rockets, become to a rolling 


rocket sinusoidal forcing functions whose angular frequency is 


identical to the rocket's roll rate. Yor this reason the roll- 


coupled piteh- and yaw-dynamics of cylindrical projectiles under 
ginusoidal forcing are usually analyzed only for the case ps We - 


Ais 


I shall adhere to this convention and treat, in the remainder 
of this section, the particular response of a rolling rocket 


to forcing functions of the form 
ee = Ag sim Wet 
fy (A) = As Cort. Wak 


The dynamical equations that must be solved become, in thig 


case, 


de x LXx Ay _ ‘ 
lege + 2g +C, Xx +ITpwy ae Pere st 


ok Ak 
a ~ + Ci dy — Ig wz a = Ag coe Wet 


Il. ae ea ar 


The particular solution to these equations is known to be of 


the form 
Xx = Ar sin (wrt + ¢ ) 


Ky = Ar Ct (od +q@) 


where A. and P are to be determined by substitution, as in 


Section 3.1.4. The time derivatives of these expressions are 


oan = Ar Wz tor (Wet +e) 


ms 


dae — Ar Wy ain (wet + 9) 


i 


ot = —Ar Ww, an (wit +¢) 
Pat = -Apw} cre (wet +9) 
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gubstituting these into the dynamical equations yields the following 


set of algebraic equations: 


_Tp Ar Wz 4m (wat +@) + CoAr We cor(wzt +o) + C, Ar tin (wet+ ¢) 


~ Ig hr wen (Wak + ®) = Azim wet 


-I, Ar We cor (Wek + #) —C2Arw, &n(wst+9) + Ci) Arcee (W2t +9) 


2 
Making use of the trigonometric identities 


ain (Wat +0) = sin Wak wil + Cot Wet 2m f 


cot (Wek +4) = Lot W zk Con. — vin Wek tin & 


we can obtain 


Ar Fee - w,?(I,+Le)| lain orgt tone? + cot Wet sin e| 


+C2ArWz [cou Wet cor f -4in wet aim @ | = Az aim Wet 


Ar [c, we? (I, + 1,)] [re wet cot — Aim Wz t un ¢| 


=e ArWz [sim Wat Cot P + coe wz ton ¢ | = A« cot Wt 


The terms containing #nW zt and those containing Cot Wet 
must be independent of each other. 


relation above, 


Ar coe O[ Cy ~ w5*(1,+Ip)]- Ar ain C2We = A, 


Kr aim p [cy - wg? (Ip +Ie)] t Arcee C22 = 0 


We then have, from the first 


CL a Se. ee. 
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From the second equation we see that 


pquations (68) are precisely analogous to equations (45) 


Ay cot [C,-we?(t.+I,)| ey Ay aim Cs Wa = Ns (section 3.1.4); the only difference between the two pairs of 


formulae is that the quantity I, in equations (45) has been 
—Ar am e[c, = wa (1. +I,)| — Ary core f Cc Wz =O replaced by (Iy,+ Ip) in equations (68). We can therefore 


conduct the remainder of the present analysis exactly as we 
The two sets of equations are entirely equivalent; 


either pair 
can be chosen for determining Ay and QD 


the first pair. 


did in the case of the non-rolling rocket, with the aid of 
a few definitions: 


« Suppose I choose 


The second member of this pair gives us 


a) 
(69) Ome = L I 
C2 Wz u+resteR 
(8a) f = antten lawtityne| ez 
(OY. So = gyeaay 
The first member, when divided by cea P , becomes i ie 
(D1) Be * Ge 
2 = Ca*W2* _ 
Ar Lc, = Wz (tiat)) Ar l | "es A ¢ ae 4 (72) AR, = ao 
f 


which, upon substitution of the trigonometric identity It is important to remember, however, that the quantities 


defined by equations (69) and (70) are highly artificial con- 
Ate f= Vhan'h + | 


structions created solely for the purpose of analytical convenience. 
may be written in the form 


The effective natural frequency W,, does not correspond to 


any real, physical angular frequency at which the rocket can 
Co* wW 2 { 
A ew (1, +Ip) _ oe ee = As [oe em) -C ss | be expected to oscillate if undamped; neither does the effective 
z ctir)—~€1 utile )~&) PF ea te 


damping ratio ee bear any relation to any damping parameter 
i we can compute from the characteristics of the homogeneous 
* 2 2 r response, as was the case for non-rolling rockets. Both Wm and 
Ar{lwe (i+ Tp) ~ Ci] i cawet ~ As [w2*(Ii+IR)- ¢,] +Cz°we < are excellent analytical tools, though, since they give 
from which we obtain 


us a maximum amount of information about the rocket with a 


minimum of writing, so you shouldn't let their somewhat tenuous 
(68b) Ay = ee physical bases bother you too much. 
z 
VV [w? Ui+Tg)—C] + C,*a,* Using equations (69) through (72) we can write, by analogy 
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with equations (46) through (48) 


(73a) = anckam [2% Fe —] 
| 


See Sa 
(73d) AR, _ C; (R-1)* + (2c Pe )* 


and, for the roll coupled resonant frequency and 


(74a) Beres = AY f=2 50 


(74d) Weres = Peres Ware 


| 
(75) AR cres = 20 %/,- 3? 


Pigures 30 and 31 illustrate the variation in Y and AR, with 


resonance peak, 


P. for a number of different values of &, . These functions 
are, of course, identical to those illustrated in Figures 24 
and 25. 

All the dangers inherent in decoupled resonant responses 
are present also in the roll-coupled case, all the more so 
since the presence of a roll rate decreases the effective 
damping and makes the resonance peak of any given rocket more 
severe. In rockets that are not slender enough for Ip to be 
negligible compared to I;, the difference between the decoupled 
and coupled resonant responses can be significant. The effect 
of spinning upon a short, stubby rocket can be truly startling; 
it can even be serious enough to render unacceptable a design 
whose behavior might otherwise be within tolerable limits. 

From our analysis of the roll-coupled sinusoidal steady 


state we thus conclude that 4a large slenderness ratio ich 
——— 


Senge eto: TAREG PANG. OF Ty te Tpicaw well as in the sense of 
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us 
i) 
3 
SAR Reena eso n 
So | C.=2 
C.=1 
3m. — ¢€,2 ¥2/2 
C25 
4 
C.2.2 
-wt T r T $$ 
O 25 50 75 100 125 150 1.75 2.00 
Le 


Figure 30: Variation of coupled phase angle with coupled frequency 
ratio in cases of roll-coupled response to sinusoidal forcing in 


pitch and yaw at the roll rate. 


AR, [rad/(dyn-cm)] 
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Figure 31: Variation of coupled amplitude ratio with coupled 


frequency ratio in cases of roll-coupled response to sinusoidal 


forcing in pitch and yaw at the roll rate. 
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ranked along With a large 
a large value of I;, itself, is to be c 


ctive moment coefficient and an udequute damping coefficient 
corre 


a design feature useful in minimizing the lazurds of resonange, 
as 


3.2.5 Roll Stabilization 


Since the early days of model rocketry 1t has been known 
that the flight path of a model which has an insufficient, or 
even slightly negative, static stability margin can be rendered 
reasonably straight and true by inducing a very rapid roll rate 
in the vehicle at launch. This technique generally goes by the 
name of spin stabilization or roll stabilization and it 1s 
widely believed that the presence of a rapid enough roll rate 
actually induces positive aerodynamic stability in an otherwise 
unstable rocket. As an examination of the relevant dynamical 
equations will reveal, it does nothing of the kind. 

First of all, we have our results from Section 3.2.1 which 
indicate that the angle of deflection of a statically-unstable 
rocket from its intended direction of flight increases with 
time after the rocket is disturbed, just as it does for a statically- 
unstable rocket which is not rolling at all. ‘The only case in 
which the presence of a finite roll rate prevents an unstable 
rocket from diverging is that of zero damping (equations (60)), 
in which negative values of 0) up to, but not including, 

41, can be tolerated while an oscillation which neither 
Grows nor decays with time is maintained. what happens when 

2 
0, reaches ie oritioal value — JK we ? Well, 1£ 0, 4 
precisely ~ —t_Ws 


a7, the solution to the dynamical equations 
assumes the form 
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Xk, = A, Aim (wet+@,) + At nim (Wet + °,) 
(76) 
dy = A, coal Wet +%,)+ At doz Ltd £ + ¢, ) 


where Wc » the critical frequency, is given by 


Because equations (76) constitute a freak case which is of no 
interest whatsoever from the standpoint of design, I will not 
go into any detailed derivations of its properties. Suffice 
4t to say that equations (76) describe a response which grows 


with time and is thus unstable. 
I? w,* 


Should 0) have a larger negative value than 41 
t 


a motion of the form 


A, on (wct+¢,) + ie (wet + g, ) 


= A, 2* cot (Wet + %) + ie Rae (wrt +, ) 


RX 
x 
i! 


AX 
~< 
{ 


will be observed where, again, We =~ Fuh. The values of the 


time constants are given by 


(78b) T = -%, 

Again, since this is a singular case never enoountered in practice 
there is no useful purpose served in presenting its full derivation. 
Its only useful purpose is to confirm that a divergent dynamical 


a a 
response results from 0,<- a. We see that this is indeed 
u 


o>, 


es 
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stant Tp is negative and will thus 
1 mode with which it ig 


the case, as the time con 


cause the amplitude of the sinusoida 


associated to increase exponentially with time. I might mention 


here in passing that the behavior described by equations (76) 


and (77) through (78) is very like the "running down" of a toy 


top or gyroscope. Indeed, the equations involved are rather 


similar, so if you have such a device handy you might want to 
observe the decay of its motion a couple of times to get a "feel" 
for what the mathematics is saying. 

At any rate, what we have established so far is that in 
the idealization of zero damping (which never occurs anyway) 
a rocket spinning at a rate “z is capable of tolerating 


2 


Ip Ww 
negative stability up to, but not including, 0] = - re 2 without 
L 


diverging (albeit without the oscillations subsiding either, so 


that the motion is really only neutrally stable in the dynamic 
sense). Beyond this value the oscillations increase in violence 
until the rocket flips end for end entirely, destroying all 
semblance of a true and predictable flight path. In the real 
case of finite damping, moreover, any negative value of (0), no 


matter how slight, results in unstable flight. What, then, does 
roll stabilization really do? 


it suppresses the growth rate of the instability. A close 
look at equations (57) will help to clarify my meaning here. 


Both the inverse time constants D) and Dy involve a fraction 


whose denominator gontains the term SRE, This means that 
L 

for a large enough radial moment of inertia, a fast enough roll 

rate, or both the magnitudes of the inverse tine constants 


will be very small. Thus, even though one of them is negative 
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4n cases where 0; is less than zero, it is only slightly so, 
meaning that the amplitude of the oscillations, while it does 
indeed grow with time, does go at a much glower rate than would 
pe the case if the rocket were spinning more slowly or not 
spinning at all. It is therefore entirely possible that, if 
the rocket is spinning with sufficient rapidity, the rate at 
which the deflection of the model from ite intended flight path 
direction grows after it is once disturbed from equilibrium 
will be so slight that no appreciable instability will be 
evident during the entire upward flight. Once apex is reached 
and the recovery system is activated, of course, the stability 
question becomes irrelevant. If the spinning of the rocket 

4s capable of holding it reasonably close to its proper attitude 
during the handful of seconds it takes to reach its maxinun 
altitude it will have accomplished its purpose -- and this, 

as we know from experience, is in fact the case. 

Secondly, the presence of a rapid spim rate causes the 
angular momentum of the rocket to be appreciable. Angular 
momentum, like linear momentum, is a vector quantity which 
can be resalved into components by the methods of trigonometry. 
If this is done we find that the Z-component of a rocket's 
angular momentum is just IpwW , + 8 rocket which is not rolling 
at all thus has no Z-component of angular momentum, and in 
fact if it 1s flying straight and true it has no angular momentum 
at all. Now the effect of any disturbing moment on the model 
is to change its angular momentum; if it is a yaw disturbance 
it will impart an X-component of angular momentum, while if it 
1s a pitoh disturbance it will give rise to a Y-component. 


ase 


25 SESS Sek: 


a a ee ee 


a 
en Te 


arty: er 


operate Hoi Sane 


-- +> 
a pas : 


a 


-182- 


If the rocket is not spinning at all, the components of angular 


momentum imparted by disturbances will constitute all the angular 


momentum the rocket has after any given disturbance. If it ig 
spinning, however, the disturbance-imparted components of angular 
momentum are only added vectorially to the Z-component which ig 


already present. What this means is that a disturbance of a 


given strength will have less effect on a spinning rocket than 
momentum it imparts is of less importance to the spinning 

than to the non-spinning vehicle. The practical consequence of 
all this is that the initial amplitudes of the roll-coupled motion 
due to any given disturbance will be less than those of the 


decoupled response associated with that same disturbance (you 
can prove this to yourself by taking a representative disturbance 
and calculating its effect on both a rolling and a non-rolling 
rocket). Not only, therefore, does the angular displacement 

of a rapidly-spinning, unstable rocket increase very slowly after 
a disturbance is encountered, but the initial displacement 
produced by that disturbance is very slight. 

In addition, the kind of physical phenomena that produce 
transient disturbances in model rockets generally tend to be 
evenly distributed about the rocket! s longitudinal axis. That 
is, it is just as likely that a step or impulse will be encountered 
in one direction as it is that it will be encountered in any 


other direction. This being the case, it is rather likely that 


a rocket having encountered one disturbance will soon encounter 


another that cancels its effect -- Af the rocket hag not diverged 


+00, fan from ta Intended. £14 ght dinsetion by thet dime. ZP ibe 
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rocket is unstable and 1s not spinning at all, the first disturbance 


4+ encounters will send it head over heels in a tiny fraction of 
a second, so this "averaging" effect will be no nelp at all. If 
4t 1s spinning rapidly enough, though, it will still be nearly 
enough "on course" when the second disturbance hits to take 
advantage of its ameliorating influence. A rapid roll rate 
makes a rocket "sluggish" in its rotational behavior, allowing 
4t to respond more nearly to the time average of disturbances 
than to the individual disturbances themselves -- and since the 
time average is generally much less than any one individual 
disturbance, this is greatly to the rocket's advantage. 

Finally, the presence of roll turns all disturbances 
due to imperfections in the rocket itself into sinusoidal 
forcing at the roll frequency, as mentioned in Section 3.2.4. 
You will soon see how important this is if you examine equation 
(68b) and imagine C0, to be a negative number, for if C, is negative 
then (-C,) must be positive. This means that the quantity 
[o2(1,+I,)-C ] will always be greater than (-C,) alone, which 
in turn means that the amplitude of the response will decrease 
uniformly as the roll rate increases from zero to infinity: 


an unstable rocket cannot experience resonance. fo impart 


a@ rapid roll rate to an unstable rocket is thus to render the 
effect of a large class of disturbances upon it inconsequential. 

So we see that the list of benefits available to statically 
unstable rockets through the mechanism of roll is impressive 
after all. ‘The net effect of all of them taken together produces 
@ condition that looks enough and works enough like stability 
that the use of the term "roll stabilization" 1s really not 


altogether unjustified. 


ee Ue ess 
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4. Analytical Determination of the Dynamic Parameters 


The results of Section 3 have shown that it is possible 
to calculate the response of any model rocket to any in-flight 
disturbance if the values of certain quantities which characterize 


t 
he rocket and the nature of the motion at the beginning of the 


b 
observation are known. Initial conditions, of course, vary from 


a 
isturbance to disturbance; they are generally chosen to have any 


arbit 

rary values which insure that the response will remain within 
the range of validity of the 
calculations. 


linearized theory when doing actual 


The quan 
Quantities of really fundamental importance to 
dynamic response 
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are those which characterize the rocket itself, the so-called 
dynamic parameters: C), Cz, I,, Ip, and 

U)z . Since the formulae which describe the response of a rocket 
to a given disturbance depend on these quantities, you must know 
them in order to perform any actual numerical calculations. 

How, then, does one determine their values? 

There are two broad classes of techniques for performing 
such determinations: the analytical method, in which basic 
considerations of mathematical physics are used to compute the 
dynamic parameters from a knowledge of the rocket's size, shape, 
and mass distribution, and the experimental method, in which 
the dynamic parameters are determined from observations of the 
dynamic responses of actual vehicles. The former of these two 
will be presented in this section, the latter in Section Ss. 

The analytical method has a distinct advantage in that, by 
its use, a rocket design can be completely evaluated (and altered 
if necessary) before construction is started. Of course, it 
also involves the use of a large number of calculations, some 


of them based on approximations which only a human being (not 


@ computer) has the Judgment to make. I would therefore recommend 


that the reader pay the most careful attention to the development 
which follows. If you failed to understand the derivations 
in Section 3 you can still have recourse to computer-generated 


solutions, but these will be of no use to you if you cannot 


tell the parameters of your rocket. A thorough comprehension 


of the following presentation is essential to a complete knowledge 


of the factors which influence the design of model rockets. 


4.1 Normal Force Qoeffictents and Genter of Pressure: 


The Barrowman Method 
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In March, 1967, James S. Darrownan of the National Aeronautigg A, = ter tebe area, a scaling factor used to separate 
nlormation regarding tae rocket's gize from the 
and Space Administration completed a remarkable document entitleg normal force coefficient. Barrowwan uses tae cross 
! f the Aerodynamic Characteristi sectional area of tae body tube at the base of tae 
The Practical Calculation of the Asrocynanes snamecteristics of nosecone as his refereace area, and I will follow 
¥ = oe his convention. ia 


sl Fin v his Master's thesis to 
ender ned Vehicles. Submitted as 
ford 


the School of Engineering and Architecture of the Catholic University 


angle of attack in radiang 


of America, the report included, among other things, a method Taroughout the rest of this treatment I am going to be using the 


of calculating the aerodynamic forces on a streamlined, axially "centimeter-gram-second", or CGS system of physical units. This 


symmetrical body flying at velocities less than that of sound means tnat all lengths or coordinate values will be considered 


and subjected to small pitching and yawing deflections. Such as giveo in centimeters, all areas will be considered to be 


calculations can be used to determine the location of the center expressed in square centimeters, all volumes will be considered 


of pressure of a model rocket, the value of its corrective moment to be given in cubic ceatimeters, all masses in grams, all 
coefficient, and the value of its damping moment coefficient. forces in dynes, and all measurements of time in seconds. Those 
Additional applications of Barrowman's work enable the designer readers unfamiliar with CGS and other metric systens of units 

to determine the roll rate induced by canting the fins of his should consult a physics text or mathematical handbook for the 
rocket a given amount at any given airspeed. appropriate conversion factors between English and metric units. 


Barrowman's method is based on the concept of the normal The density of the Barth's atmosphere at sea level is, in CGS 


force coefficient, we » @ dimensionless number dependent units, 
upon the shape of the rocket which permits the calculation of 3 
a the force acting in a direction perpendicular to the rocket's f= 1.225 x10 grans/cm> 
fi longitudinal aris whenever it is displaced from the direction 
- yl so that the value of the force acting on a deflected rocket is 
7 oe of the relative airstream by some “angle of attack" (a pitching 
fe} given numerically by 
; or yawing angle). The equation by which this is accomplished 
ae is 2 
oo N= 0.6125«107*>Cyy ApV & dynes 
coy | 
; 4 = 2 
rtd N= Cue EALV a Now the normal force coefficient of the rocéet considered 


as 4 whole is the sum of the normal force coefficients of the 


individual components of which it is compoged: nosecone, body 
Bach part of the rocket 


where N normal force 


mass density of air 
aod fins. 

airspeed of rocket sections, adupters (if any), 
J 
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4s thus considered to provide a portion of the total normal force, 


and this portion is considered to act at a point on the Component 


called its center of pressure (0.P.). The Barrowman method ugeg 


this technique of sectionalized analysis, together with the 
theory of moments, to derive the total normal force coefficient 
and center of pressure of the complete rocket. 

Figure 32 illustrates the most general type of model rocket 
to which Barrowman analysis is applicable and the coordinate 
system used in performing the calculations. Those readers who 
have some familiarity with Newtonian mechanics will recognize 
that the moments due to the normal force components are being 
taken about the nose of the rocket by such an arrangement. The 
tip of the nose is considered to be Z = 0 and the value of the 
coordinate Z increases as we move from the nose toward the tail 
of the rocket. The rocket itself may have a nosecone, conical 
shoulder, conical boattail, body sections of constant diameter, 
and any number of fins (3 or greater) spaced symmetrically about 
the centerline. The particular equations presented here, however, 
will be such that the number of fins must be either three or four 
since there is no particular reason to use any other number. 

In addition to being axially Symmetrical, the rocket must be 
relatively slender with a smoothly tapered nose, must be flying 


subsonically (in the low subsonic region below about 200 meters 


per second), must contain no abruptly-tapered sections, must 


not be deflected to an angle of attack greater than 0.2 radian, 


must have fins that are virtually flat plates, and must not be 


subject to excessive deflections (bending) of its structure under 


loading conditions encountered in flight. 


— C.F = CEs CRoyg>  <—CP 


— CP rey 
Pigure 32: Notation and longitudinal coordinate system used in 
the Barrowman method of finding the center of pressure of a model 
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Figure 33: Center of pressure locations for some common nose shapes. 
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s it can be shown that the normal 


Under these condition 
s independent of its shape, 


force coefficient af the nose cone i 
e assumptions 


having the value 2.0 for all shapes which meet th 


of the analysis: 


eer Cue 0 


The location of the nose center of pressure is found by specializa- 


tion of a more general relationship determined in Barrowman's 


paper: to determine the location of the O.P. of any axially 
symmetrical section of the rocket (nose, shoulder, or boattail) 
first compute the volume enclosed by its surface. Then divide 
this volume by the area of the base (i.e., the cross-sectional 
area of the component at its greatest diameter). The result 


of this division will have the units of length (centimeters, 


4n CGS units). Starting from the position of the base, travel 


a distance equal to this length in the direction of the component's 


taper, and the point you will locate in this manner is the 


component's center of pressure. You can see that, in order 


to give an actual formula for the location of the C.P. of such 


we must have a part whose volume is computable by some 


a part, 
The volume of unusually-curved 


known geometrical equation. 
components for waich closed-form volume equations do not exist 


must be computed by immersing the part in question in liquid 


contained in 2 graduated cylinder. Many nose cone shapes, 


however, closely approximate geometrical forms of known volume 
and Figure 33 lists the 0.P. locations of four such shapes? 


conical, ogival, paraboloidal, and ellipsoidal. Note that 


center of pressure coordinates are identified by a superscript 


par, and also that a nemispherical nose is a gsecial case of 
veCla C. 


(2) 
e) 
er 
a} 


tne ellipsoidal class, with its radius esual to its 1 
gua ts ie 


phe listings of Figure 33 are repeated below for reference: 


(80a) Zm = = L. (conical nose) 

(80) Zn =- oe L (tangent ogive nose) 
(30c) 2m ae a (paraboloidal nose) 
(804) er + i (ellipsoidal nose) 


The notation used in determining the normal force coefficient 
arid C.P. location of a conical shoulder is given in Pigure 34 
The normal force coefficient of any shoulder, whether or not 


it is conical, is given by 


(81) (Cua). 2 2-H | 


The conical form is, however, by far the most commonly used and 


the following equation for the C.P. location is valid only 


for the conical configuration: 


ae 2. Be Stee 
(82) 2es = z,+L[$-3 i (t+1)| 


Figure 35 illustrates the notation used in finding the 


normal force coefficient and 0.?. of a conical boattail. 
The normal force coefficient equation is identical to that 


used tn computing the normal force coefficie 


(83) (Cua), =? [ey (6 | 


Note, however, that in this case Tp 


nut of a shoulder: 


is smaller than r,, meaning 


Z 


Figure 34: Notation used in determining the normal force coefficient 


and center of pressure location of a conical shoulder. 2 denotes 
the distance from the tip of the nose to the forward end of the 


shoulder, while Zgg is the distance from the tip of the nose to the 


center of pressure of the shoulder. 


Figure 35: Notation used in determining the normal force coefficient 


and center of pressure location of a conical boattail. Again, 
4s the distance from the tip of the nose to the forward end of the 
boattail; Zop ise the distance from the nose tip to the boattail 


center of pressure. 
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that the value of (Cua) g is Oegatives 


@ conical boattail 


experiences @ suction force when tie rocket of which it is a 


part is yawed in a moving airstrean, It follows that a boattail 
at the extreme after end of a rocxet has a destabilizing effect, 


and any rocket incorporating such a device requires sligatly 


larger fins than one which does not. The center of pressure 


location of a conical boattai1 1s given by 


(84) Zea = Z, + sli+# (E+) 


Body tube sections of constant diameter exhibit no measurable 
normal force coefficient at zero angle of attack, and in fact 
produce no substantial normal force at all for angles of attack 
less than about 0.2 radian. Por this reason body tube sections 
are omitted from the equations of Barrownan analysis. 

Figure 36 shows the system of notation Qsed in determining 
the normal force coefficient and center of pressure location 
of a fin or set of fins. Strictly speaking, the Barrowman 
method is applicable only to fins of the form shown in Pigure 36, 
but in practical applications it is perfectly permissible to 
approximate a more complex fin shape by that shown in Pigure 36. 
As long as the lateral area of the hypothetical approximation ig 
identical to that of the actual fin, the numerical results obtained 
from the Barrowman analysis will be very nearly correct. If 
the approximate fin has less area than the true fin, the results 
will be conservative, while if it has more area than the true 
fin they will be overly optimistic. ‘This latter condition is 
dangerous and should be avoided. 


The normal force coefficient of a single fin is given by 


es me mee ye a ee. 
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tation used in determining the noruwal force Coeffiotens 


Rocket 
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Figure 36: Wo 


4 center of pressure location of single fins and symmetrical fin 
an 


assemblies Zp is the distance from the tip of the nose to the 
intersection of the fin root and l 
from the nose tip to the center of pressure Oo 


The definition of AR , the aspect ratio of a single fin, 1s also 


eading edge; Zp(B) is the distance 
f the fin assembly, 


given. 


rf 


R ( <4) (7) 


(85) (Cna), = 24 5 


while that of @ complete get of y fine, where ¥ gust be eitoer 


three or four, is 


(86) (Cua) = 24/4 4 


the airflow about the fing, however, 1g disturbed by the preseace 
of the body with the result that the effective normal force 
coefficient of a set of fins is not equal to the expression 
given in equation (86). The influence of the body 19 accounted 
for by postulating an “interference coefficient" Ke(5) by which 
(86) 18 to be multiplied to obtain the effective value of the 


normal force coefficient. If we let 
s+r 
= 2. 
lt 
then the value of the interference coefficient for three- and 
four-finned configurations is given by 


(87) K +08) = [ae oa 


80 that the applicable value of the normal force coefficient is 


(88) (Cw) +9) = Rig tGualy 


The longitudinal position of the C.?. of any one fin (which 
18 alao equal to the longitudinal position of the O.P. of the 


“ee 
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to 
entire fin assembly) is computed according 


crc 
= my [serzce] « 7 [Cr ele - re 
(89) Ze= Zr t Sl crece 


while the radial position of the g.2. of an individual fin 1g 


2 crt 2te] 
(90). ay i= ,+£[cs Ce 


The C.P. of any radially-symuetrical set of three or more fins, 


of course, lies on the centerline of the rocket and thus hag 
a radial coordinate of zero. 

Having thus determined the normal force coefficients and 
longitudinal center of pressure locations of all applicable 


components, we are now in a position to compute the normal 
force coefficient of the complete rocket and the 0.P. location 


of the vehicle considered as a whole. For the total normal 


force coefficient we have 


(91) Cyg = (Cray + (Cra), + (Cun), + (Cu) ¢8) 


while the C.P. location is given by 


(Can)mn Em + (Cun); Fee +(Cua)eZee + (Care) 2+ 


Cte 
These last two are the most general forms of the Barrowman 


(92) 5 


equations in that tney account for the presence of conical shoulders 

and boattails. Wot all rockets have such components, but the 

equations are easily altered to apply to those that do not 

by omitting the terms due to the shoulder, the boattail, or both. 
4.2 Locating the Genter of Gravity 
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In order to compute the gtatio stability margin, correotive 
and damping moment coefficients, ana moments of inertia of a 
model rocket it 1a necessary to determine the location of its 


ter of gravity. 


ae This 16 done by @ method of moments very 


gimilar to that of the Barrowman equations, except that here 
we work with moments of mass rather than moments of pressure 
forces. 

If you have a complete rocket which hag already been built, 
of course, it 1s a simple matter to balance the flight-ready 
vehicle (with payload, engine, and recovery system in place) 
on a cord or Inife-edged object in order to find the C.G. directly, 
for the C.G. 1s defined as the balance point. We are concerned 
here, though, with designing model rockets and must therefore 
have some means of predicting the 0.G. location of a rocket 
before construction is begun. In order to do this precisely 
you must know the exact mass and the balance point of each 
component -- nosecone, body tube, shoulder and boattail (if any), 
engine(s), fin assembly, and recovery system -=- of which the 
rocket 1s comprised. The payload, if any, must also be taken 
into account. 

The notation used in computing the 0.G. location is illustrated 
in Figure 37. Note that moments are again taken about the tip 
of the nose, and that the longitudinal coordinate increases 
a8 we move from the nose toward the tail, but the name of this 
Coordinate has been changed from Z to W to avoid the use of 
tlaborate subscript notation to distinguish between centers of 
Gravity and centers of pressure. The masses of certain of the 


Components =- lengthe of body tubimg, rooket engines, shoulders, 


CG, CG, 


C.Gn CG.s 


Figure 37: Notation and longitudinal coordinate system used in 
determining the center of gravity location of a model rocket. fo, 
the sake of clarity, not all components have been considered in this 
drawing; the two constant-diameter tube sections forward of the 
conical boattail, for instance, have been omitted and the tail 


section -- tube, engine, and fins -- has been considered as a unit. 


poattails, nosecones, and the standard National Association of 
Rpocketry payload, for instance -- can be determined from information 
given py the manufacturer, although you will have to take care 

to express weights given in ounces ag magges given in grams 

by multiplying them by the factor 28.35. ‘he masses of fins, 
fully-rigged recovery systems, and nonstandard payloads and 
components, however, must be determined by weighing on a laboratory 
gram balance. The C.G. of each individual component can be 
determined by string or knife-edge balancing, except for those 
parts of the rocket which have not yet been made or cut to length, 
such as the body tube and fins. The 6.G. of a uniform body tube 
is, of course, its geometrical center. The C.G. of a proposed 
set of fins can be found by cutting a pair of the proposed 
design, joined root to root, out of cardboard and balancing the 
fin set thus obtained on a knife-edge held spanwise. The weight 
of a fin is found by multiplying its area by the weight per 

unit area of the balsa sheet or other material of which it is 
composed. The weight per unit area of fin material, in turn, 

can be determined by weighing a sample sheet of fin material 

whose area is known (such as a complete three-by-thirty-six inch 
Sheet of balsa, wnich has an area of 698 square centimeters) on 

a laboratory gram balance and dividing the weight thus obtained 

by the area of the sheet. To obtain conservative estimates 

you should completely f111 and paint such balsa sample sheets and 
€lso use the hardest sheet of balsa you can find. This is because 
Painting adds significantly to the weight of the fins and 

the weight of balsa itself varies greatly from piece to piece, 
being the greatest for the hardest material. 0.G. estimates 
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should also be made on the basis of the most powerful (that is, 


heaviest) engine(s) with which it is intended that the rocket 


be flown. 


Once the mass and 0.G. location of each individual component 


have been determined, the toal mass at liftoff and C.G. of the 


complete rocket at liftoff can be calculated as follows: 


(93) MoM t Mot Mot Mp t+ Mp+ Me Met Me 


where My = mass of nosecone 
M, = mass of shoulder 

payload and payload section of tube 

M. = mass of boattail 

= mass of fully rigged and packed recovery system 

My = mass of body tube 

M, = mass of engine 


Mp = mass of fins 


(94) W — MnWnt MsWe + MeWet Halwa Mw + MeWe+ MeWe + Mew 


As in the Barrowman calculations, any component which a given 
rocket design does not contain can simply be omitted from the 
equations. Unlike the Barrowman equations, however, the 0O.G. 
equations always contain nonzero contributions from the lengths 
of body tubing employed in building the rocket. 

Now it so happens that in the vast majority of actual 
model designs the location of the C.G. is very largely determined 
by the mass properties and locations of the nose, payload, body 


and engine alone. Because of this it is often possible to get 
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ag very good estimate of the 0.G. location of the finished rocket 
py performing ® “preassenbly balancing" -- cutting the body tube 
to length, inserting engine and payload, and fitting the nosecone; 
then gimply balancing the partly-completed rocxet tous obtained. 
If your design 1s relatively standard or intended only for sport 
flying you can save a lot of work by measuring tue ¢.G. location 
gn this way, but a knowledge of the analytical metuaod of equations 
(93) and (94) is invaluable when working to high tolerances, 


doing competition work, or experimenting with unusual designs. 


4.3 Ihe Corrective Moment Qoefficient 


The results of Sections 4.1 and 4.2 enable the calculation 


of the dynamic parameter Oy as follows: 


(95) ©, = £v7A,Cy, [Z-W] 


The numerical value of 0) in CGS units is given by 


dyne-centimeters 


(96) C, = (0.6125 107?) V “Ar Cys [Z-W] 


Note that W must be smaller than 2 for C, to be a positive number; 


this is just the equation's way of telling us that the C.P. must 


lie behind the C.G. for the rocket to be stable. The distance 


(Z - W) is referred to as the static stability margin of the 


rocket. The static stability margin is often "nondimensionalized" 


by dividing it by the maximum body diameter of the rocket. The 


resulting quantity is some multiple of the rocket's maximum diameter, 


Or "caliber", and it is thus standard practice to refer to the 


Static stability margin of a given rocket in calibers. The 


Notation associated with computing 0, and the static stability 
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margin is explained in Figure 3B. 
4.4 The Damping Moment Coefficient 
The dynamic parameter O, 18 the sum of two components, ong 
of which is aerodynamic in origin, the other propulsive. The 
aerodynamic contribution to damping has been obtained by Barrovnay 


as = wie lee 
Cass EVAr{ (Cusdril Zr W “ (Cua) yl Zn-W] es Cu) 2-9} 
2 


0) e(cylz.ew | 


for which the CGS numerical result is 


cS 


— _32 es Ack. 
(98) C= (0.6125 x10 )VAy{(Cna)rralZr-W1 + (Cua), [Zn-w] + (Cua). |Z il 
Gud lZ.-wl f dyne-centimeter-seconds 


As in Section 4.1, any component which a given rocket does not 
possess is simply omitted from the calculation. 

During the time in which the rocket motor is firing there 
is an additional contribution to the damping moment arising 
from the expulsion of mass from the nozzle. If the nozzle 
exit is considered to be located a distance Lye from the tip of 


the nose this propulsive damping moment coefficient is given by 


. — 32 
(99) Car = ee ~ Ww | dyne-centimeter-seconds 


where m = rate of mass expulsion from the nozzle, grams/second. 


The phenomenon of damping due to rocket thrust is generally 


" 
referred to as "jet damping". Readers desiring to explore 


the topic further should consult The Exterior Ballistics of Rockets: 
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py Davis, Follin, and Blitzer. ‘this text, while highly mathematioal 


in parts, contains an excellent development of the physics of 


propulsive damping. | 


You should notice that Oop is not generally constant during 
the time of thrusting, since ii depends on the motor's thrust F 


and exhaust velocity V, according to 


ena 
-£ 


Both F and V, vary with time during the burning of the motor, 

so that the determination of th with precision can be quite difficult. 
Fortunately, though, most model rocket motors of the end-burning 
type have a thrust and exnaust velocity that are virtually 

constant over much of the burning time. A rough average of the 

mass expulsion rate may then be computed by dividing the mass 

of propellant (call it m,) contained in the motor before ignition 

by the duration of burning, t,:; 


dv’ 
: Mp 
m= 7 
b 


Whenever this approximation is valid the contribution of jet 


damping to the damping moment coefficient is 
Mp — 2 
(100) Car a te (Lne-W) 
The value of the damping moment coefficient during the time the 


rocket motor is thrusting is thus 


-—=-. hme 


A, = 10,2 
53 


Static stability margin in caliber =a 


x 
] 
E 
xo) 


CG. CR 
Figure 38: Notation used in computing corrective moment COLT ofan 


and static stability margin. 
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and the damping moment coefficient during the coasting phase 
of flight is given by 


(101b) = PD = Pp 


pigures 39 and 40 illustrate the notation and procedure used 
4n computing the aerodynamic and propulsive contributions to 
the damping moment coefficient, 

4.5 The Longitudinal Moment of Inertia 

A model rocket consists primarily of coaxial, circular 
cylindrical objects, of which some -- such ag the propellant 
grain, solid bulkheads, and NAR standard payload (if any) -- are 
solid throughout and others -- the body tube and motor casing, 
for example -- are hollow. The nose cone, shoulders, and 
poattails can be of any radially symmetrical configuration, 
while there is less restriction on the geometry of fins and 
most models carry some small, dense, irregularly-shaped objects 
such as the bits of lead which are sometimes used as nose 
weights. Each component of the rocket contributes in some 
measure, depending on its mass, shape, and location, to the 
moments of inertia, and the inertial properties of the completed 
rocket are computed by determining each such contribution and 
adding all the contributions together. 

The contribution of any extended body to the longitudinal 
Moment of inertia 1s equal to its mass multiplied by the square 
of the longitudinal distance between its C.G. and the 0.G. of 
the complete rocket, plus its moment of inertia measured about 
@ transverse axis passing through its own 0.G. The contribution 


*0 I; of any extended body (call it o) may thus be written 


+ - a oe 


Figure 39: Notation used in computing aerodynamic damping moment 


coefficient. 


}-—______________—Ly, 


expelled 
CG. from 
nozzle 


Figure 40: Notation used in computing propulsive damping moment 
coefficient. 


tee 
(102) IL, = Me (w-w.] * i, 


where Iz, denotes the actual contribution of o to tae longitudiaal 
moment of inertia of the rocket and 1 Cos refers to tue object's 
longitudinal moment of inertia with respect to its own C-G-, 
which is located a distaace W, from the tip of the aose.- 

In particular, the contribution of a solid, rignt, circular 


cylindrical object of uniform density to the longitudinal moment 


of inertia is given by 


Tics = Me{LW- We + aa 


(103a) 
where Mo = mass of cylinder 
L = length of cylinder 
R es radius of cylinder 
Wo = location of cylinder's C.cG. (midpoint) 


reckoned as distance back from tip of nose 


while the contribution due to a hollow cylindrical object of 
outer radius Ro, inner radius R,, is 
2 2 2 
& owe RPORE. 3 A j 
= t— tH 
(103) Ties, = Me {LW We] ee 12 
There also exist analytical expressions for the contributions 
of various nose cone shapes, shoulders, and boattails, and (in 
principle, at least) the contribution of any object whatsoever, 
regardless of shape or density properties, is computable by the 
methods of integral calculus. Unfortunately, however, the majority 
of algebraic solutions obtainable by such techniques are so 


long and complex that they are utterly impractical to work with. 
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The best course for the designer in this situation 1s to resort 


to un approximate technique for taking these comvonents into 
account. such a procedure is the "point-mass aporoximation", 
in which all the mass of a given object is considered to be 
concentrated at its own 0.G. This deprives the object in 
question of the property of extension and causes the term 

Iz.' in equation (102) to become zero; the point-mass approxima. 
tion thus always results in an underestimate of the component's 
inertial contribution, since it ignores the object's mass 
distribution. The point-mass assumption is most nearly valid 
wnen the comyonent under consideration is far from the ¢.@,. 

of the complete rocket in com>urison with its own dimensions; 
one thus often hears the metnod referred to as computing the 


inertial contribution of a "remote object". As it turns out, 


nose cones, nose weights, and payloads usually obey the approximation 


rather well but the technique is not as good when applied to 
shoulders, boattails, and fins. Some designers prefer to replace 
the distance between the component C.G. and the rocket 0O.G. by 
the distance from the rocket C.G. to the most remote point of 

the component (the trailing edge of the fins, for example) in 
order to increase the magnitude of the point-mass estimate 


in cases where its accuracy is questionable. Figure 44 summarizes 


the various notations used to compute the contributions of 


some represeatative components to the longitudinal moment 


of inertia of a nypothetical rocket. 


The longitudinal mowent of inertia of any given com.onent 
about a transverse axis torough its own ¢.G. can also be 
experimentally by the use 


measured 


of the torsion-wire method, the same 


Foy ee 


Wen ———-f 
—- W 4 | 
ie Wes vl | Hollow — 
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Stee 
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+ 1butions 
Figure 41: Examples of the notation used in computing contr 


; to the 
to the longitudinal moment of inertia. sn object subject to 
nent 
point-mass approximation (nosecone), a solid cylindrical compo 
(NAR payload), and a hollow cylindrical component (engine casing) 


are illustrated. 
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technique used to determine the inertial properties of a COMPLe te, 
! 


flight-ready rocket (to be discussed in detail in Section 5), 


The diameter of the wire used for the measurement of moments of 
inertia of some of the smaller components, however, will neeg 


to be smaller than that used for full-vehicle experiments. jy, 
some cases it may have to be as swall as 005 or even .003 inch, 
Once the contribution to I; of each component of the rocket 
has been determined, the longitudinal moment of inertia of the 
assembled veaicle can be computed by taking the sum of all the 
contributions. The number of contributions will vary fron rocket 
to rocket, and in addition most designers use their own Judgment 
in selecting only those components large enough and/or far 
enough from the C.G. of the complete rocket to include in the 
computations. The minimum set of components necessary to take 
into consideration generally consists of body tube, engine, 
nose cone, payload (if any), and fing. Shoulders, boattails, 
and substantial bulkheads should also be included if the rocket 
has such components, 


but lesser items such as screw eyes, shock 


Cords, streamers, and launch lugs are commonly omitted since 


their contributions are miniscule. Because the number and nature 


of Inertial contributions varies go widely from rocket to rocket, 


2 math 
athematical shorthand called "summation notation" is usually 


used to express the equation for the longitudinal moment of 


inertia as follows: 


On TeSIy 
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‘ 1 moment 
ual to the sum of the contributions to tue loncitudinos 
eg 


~% \ " ou can 
f inertia from all the components of tne roczet’. AS J 
fo) 


: t could 
ee, summation notation saves a great deal of ariting- I 
s ’ 


t i ations 
gually as well have been applied to a number of otuer equ 
: . 
at 
jn this section; this I did not do, however, since I feel tna 
the presence of examples of the explicit forsz of ariting out 


summations aids in understanding toe nature and purpose of 


summation notation. 

4.6 The Radial Moment of Inertia 

a radial moment of inertia of an assembled rocxet is 
also predicted by summing the contributions due to all its 


components. The contribution of a solid cylindrical component 


of mass Mg and radius R to this quantity is given by 


! 2 
(jose). Igo 2 Mek 
while that of a hollow eylindrical component of inner radius Ry 


and outer radius R, is 


2 
(105b) Ip = Me (Re +Ri’] 


The algebraic formulae for the radial moment of inertia contributions 


due to most nose cone shapes are, fortunately, much more tractable 


than in the case of longitudinal moment of inertia contributions. 


A few of the more elementary ones are those for a conical nose, 


3 2 
(106) Ip, = vo Mn R 


and for an ellipsoidal or hemispherical nose, 
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2 
-M,R 
(107) Lan = = Mn 
h in each equation Mn denotes the mass of the nose cone a 
where, 
R its radius at the shoulder. 


Fins ure difficult to treat analytically in any great Senerals, 


due to the great variety of planform shapes possible. They cannot 


red in computing the radial mou 
mass is often small, because it is also true that 


be igno ent of inertia, despite ty 


fact that their 


they extend farther from the centerline of the rocket than any 


other component. Nor can the point-mass aporoximation be made, 


as the spanwise extent of a fin is of comparable magnitude to 


the distance between its C.G. and the model's centerline. If, ag 
when performing Barrowman calculations, however, we idealize the 
fin planform to a trapezoid, we can obtain a good approximation 
to the radial moment of inertia due to a thin, flat fin of unifom 


density in the form 


M 
_ 3 37 Cr _ oe) Cer, + al ft 
(108a) Ig, = {[is+n)- 1] 3 4th) (S+re)'~ My As 
where Mp = mass of fin 
Ap = lateral area of one side of fin 


radius of fin root from rocket centerline 


el 
ct 
u 


S = span of one fin 
Cy = root chord of fin 


Cy = tip chord of fin 


It follows th 
at the contribution of a tail assembly of N identiosl 


fins, symmetrically arranged, igs 
? 


(108) Tey = Niky 


The no 


of some representative components is shown in Figure 42. 
gpeasing, considerution of body tube, fins, engine, nosecone, 
and payload, shoulder, and boattail (if any) in the calculations 


will suffice to give an accurate prediction of the radial moment 


of inertia of the completed model. As in the case of the longitudinal 


moment of inertia, the contribution of any given component can 


pe determined experimentally by torsion wire. Once all the contri- 


putions to Ip from the various components have been determined, 
the radial moment of inertia of the assembled rocket can be 


calculated uccording to 


(109) I, = 2 Tri 


You should notice that moments of inertia, both lonsitudinal and 
radial, have units of gram-centimeters?. 

4-7 General Properties of the Parameters 

Having derived expressions by which the various dynamic 
parameters may be computed, we are now in a position to make 
some observations concerning their general nature and properties. 
We can, for instance, determine the physical dimensions of the 
various angular frequencies and time constants derived in the 
analyses of Section 3. From Sections 4.1 through 4.6 we have 
that the units of 0, are dyne-centimeters, those of C5 are dyne- 
centimeter-seconds, and those of I; and Ip are cram-centimeters@. 


The definitions of 0, and Cy from Section 2.2, however, indicate 


tation used in computing radial moment of inertia contributions 


Generally 


ee 


Planform———7 
area of 
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R of solid cylinder 


Hollow 


cylinder that the correct units of these paraneters sgnould be dyne-ceatimeters/ 


mea radian for Gy and dyne-centimeter-seconds/radiaa for Cy- There 

A 4g nothing inconsistent here, nowever, because radians are by 
Jap gefinition diwensionless (that is, they nave no physical units) - 
“ Their presence or absence thus cannot be detected in a dimensional 


Figure 42: Examples of the notation used in computing Contribution, analysis and one must remember to supply them whenever necessary 


to the radial moment of inertia. An ellipsoidal nosecone, a soliq in determining angular frequencies. 


cylindrical component (nosecone shoulder), a hollow cylindrica] Both angular frequencies and time constants should be computed 


component (body tube), and a set of four fins are illustrated, using units for the dynamic parameters as obtained from Sections 
4.1 through 4.6, which do not contain radians. If this is done 
we obtain for any angular frequency the units (1/seconds). To 
this we must supply radians, thereby obtaining tae paysically 
meaningful result that angular frequencies have units of radians/ 
second. Radians per second are thus the vhysical dimensions of W, 
Wms Wy» Was Wes and W,- Any inverse time constant 
(D, Dy, or Do) will be found to have units of (1/seconds). Radians 
should not be supplied to this result. Ordinary time constants 
(that is, T, or Tz ) will turn out to have dimensions of seconds. 
Initial amplitudes and phase angles, of course, are in radians. 


The coupled and decoupled damping ratios, zc and will 


Cc ? 
be found to be dimensionless; like normal force coefficients, tuey 


have no physical units at all. Moreover, since C, varies as the 
square of airspeed while Co varies linearly with airspeed, you 
can see from equations (20) and (70) that neither damping ratio 
varies at all with airspeed. Damping ratio is therefore velocity- 
independent -- an enormously valuable property from the standpoint 
of analysis, for it means that the damping ratio (aside from swall 


variations due to jet damping) of any given rocket will remain 


at 


er 
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ush the velocity of ¢ 
constant throughout its flisht even though Loe Teaeelt of the 


acnitude or more. It is the 
Vv y rier of magnitude or Zoi 
rocket may vary by an Ores = n 


" nun" ran-res of dq, 
possible to define "ieceptable" and "optim 4uDing 


tio wich contribute to better flight characteristics, singg 
ra ce) 83 


the: damping autho: can be designed Auto the Bode? Sana 


Ze are relationships among -eometrical und muss properties og 


the rocket and are independent (within tue lineurized tueory) 

of its aerodynamic environuent. 

5. Experimental Determination of the Dynanic Pirumeters 
 htetuaeiceaaa analysis is 2 powerful and elecant technique 
that enables the designer of model rockets to obtain all the 
necessury information concerning the properties of his model 
while it is still "on the drawing board". Such analytical methods, 
however, are alwcys based on avproximeations to the pienowena under 
consideration, for there invariably exist factors for which it 

is either impossible or impractical to account with absolute 
precision. The value of an ensineering; approximution is based 

on the fect that tue errors it introduces under normal conditions 
ere small, while the analytical simplification it permits is 
considerable. Even the most valuable of such epproximutions, 
though, is likely at one tine or another to encounter some set 

of circumstances under which it becomes invalid. The limitations 
of anzlysis, the questionable nature of certain of its eanproximations 


with respect to nonstandard desicns, and the necessity to establish 


limits of operatinz conditions for the validity of the approximations 


make it essentizl that we have recourse to enoirical measurement 


to supplement and check the results of analytical computation. 


The subject matter of this section Concerns itself with the 
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experimental technicues by which such weagurenents way be obtained. 
5.1 Moments of Inertia: Zhe Jorsion-dire Experiment 
The torsion-wire ex eriment 1s one of the standard techniques 
currently in use by professional industry for measuring the 
moments of inertia of such things ap tae rotative components 
of electric motors and turvomucainery and the indicating movements 
of various instruments. The experiment is ideally suited to 
model rocket work, providing rapid, precise, und independent 
determinutions of the longitudinal and radial moments of inertia. 
The experimental apparatus can be put toyetoer in about twenty 
minutes at a cost that can be less than fifty cents, de ending 
on tne materials at hand, and the measurement can Le nade 
directly using the actual model in its ready-to-launch configuration 
without ewltering or damaging it in any way. 

The basis of the measuring system is the torsion wire 
4tself, u three-foot length of thin music wire. M#ire diameters 
in the range .010 inch to .020 inch are acceptable for most model 
rocket work, with the lower end of the rance best suited to smaller 
rockets or radial moments of inertia, the upper end to larger 
rockets or longitudinal moments of inertia. The last inch on 
each end of the torsion wire is bent over the center of a two- 
inch lencth of .045-inch music wire, then twisted to bold it 
tightly and soldered in place, forming a "T" fitting at each 


end of the wire. These "" configurations are the means by which 


the torsion wire is secured to the test rocxet ut one end and the 


mounting structure at the other. 


PMigure 43 shows a complete torsion wire system set up for 


measuring the moments of inertia of a model rocket. Illustration 


\ 


© © 


Figure 43; 
wire. 


Measurement of moments of inertia using a torsion 
Illustration (a) shows a model rocket suspended in the 
position used for determining its longitudinal moment of inertia; 


(b) shows the mounting position used fora determination of the 
radial moment of inertia. 
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: gemonstrates the correct method of mountiny the rocket to obtain 


g measurement of its longitudinal moment of inertia, while 


4llustration B shows the mounting configuration for measuring 


the radial moment of inertia. The upper "2" fittine 1s clumped 


or otherwise fastened to an over.ancing beam mount, woich 
can be a simple two-by-four with its other end clamped to a 
ghelf, a table, or any other structure taat will allow the 
suspended rocket to clear the floor of the laboratory. Torsion 
wire experiients should always be done indoors in order to 
minimize disturbances of the apparatus caused by stray air 
currents. 

The lower "T" is strapped to the rocket or com2onent 
whose moment of inertia is to be measured by means of drafting 
or masking tape. The lighter the entire attachment assembly 
4s, the better will be the accuracy of the measurenent, and this 
may make some designers prefer to use a thinner crossbar and/or 
Scotch Magic Tape. The use of Magic Tape requires a great deal 
of care, however, to avoid damaging the finish of the model when 
removing the tape after a test is completed. 

In order to calibrate a newly-built torsion wire system a 
reference standard is needed. The reference standard must be 
some object having a simple shape and a mown density or mass, 


so that its moment of inertia 1s comoutable by means of a simple 


algebraic formula. One of the most convenient reference standards 


you can use is 2 half-inch aluminum rod about one foot long, suspended 


With its loncitudinal axis parallel to the floor as in Mgure 43a. 


The rod's moment of inertia, designated I,, is given by 


gram-centimete rs 


(lio) I. = M[& +t 


—e 


> eee 
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where M - mass of rod in crams 


R - radius of rod in centimeters 


L = length of rod in ceitimeters 
A diameter of one-half inch corresoonds to a radius of 0.635 
ceatimeters; if such a rod is cut to u length of 29.7 Centimeters 


and is of aluminum clloy 6061 it will have a mass of 101.8 Krang 


and therefore a mowent of inertia of precisely 7500 Cram=Centineter,? 


Reference standards of different values of I, may be prepureg by 
using rods of different lengths, diameters, and materials, put 
you should find that the one described above is convenient for 
the majority of the measurements you will be macing. 

A timing device completes the equipment needed to perfory 
the experiment. An ordinary wristwatch with a sweep second 
tand will do for this purvose, but mucn better accuracy igs 
obtainable from a stopwatch or un electric laboratory stopclocx. 
If a timing device accurate to a hundredth of « second is used, 


the experiment will yield values of moments of inertia which 
are repeatable to better than 2%. 


4 torsion-wire determination is performed by measuring the 


veriod of torsional oscillation of tne model and couparing it 


to thst of tne reference Standard. This means that the wire 


must first be calibrated by performing the exceriment with the 


reference stundard affixed to the wire 25 in Ficure 434A. The 


Oscillations are started by twisting the wire between the fingers 


until the reference standard makes nezrly one full revolution 


about the axis of ture wire, then releasing it, tukinz care not 


to start tne wuole arrcagenent SWinging like u 


pendulum in the 
process. 


Upoa being released the reference standard will oezin 
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to turn slowly about the wire axis, firet in one direction, 
tuea the other, twisting tue wire thie way uod that. Tals is 
what 1s meant by the term "torsional oscillation". The perio 
of tne oscillution 1s the tine in seconds tucea for tue suspended 
object to execute one complete cycle; tuut is, to twist from 
one extreme of the oscillation to tue otoer and back again. 
To ijncrease tne accuracy of the determination, you should measure 
ten such periods in a single timing, sturting tue time when the 
reference standard is «wt one extreme of its oscillation and 
stopving it when the reference standird returns again to that 
position for the tenth time. If toe tine thus nessured is 
divided by ten, a mucao mor? accurate determination of the period 
will result than could be obtained by measuring a single cyole. 
Denote the period of tne refereace standard by Tt, and keep a careful 
record of its value, for oace you have obtained it you need never 
meusure it aguin; the wire nas been calibrated and the know 
values Ig and T, may be used in reducing duta from any further 
experiments done with that particulsr wire. 
To determine the moments of inertia of the model, remove 

the refereace standard from the wire and affix tne model as in 
Pigure 434 for determining I, or es in Picure 43B for determining 

IR- In each configuration, the oscillations are started and 

the torsional period is measured just as 4{n the case of tne 

reference stuadard. With most model rockets, torsion wires 

of diuneters between .010 and .020 inch produce relatively 

slow oscillutioas waich ure eusy to time with a high degree 

of accuracy and which are very lightly damped. It should thus 


not be difficult to observe tae oscillations of the model for 


Se eee 
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a full ten cycles. 


With the rocket mounted as in Fizure 434 an oscillution 


period whose value I suall denote by Ty will bave been ieasured, 


The longitudinal moment of inertia of the rocxet can then be 


computed according to 


(a: Es 1, (%) 


Similarly, wien the model is mounted as in Figure 43B an oscillation 
period Tp will result, from whicn the radial moment of inertia 


of the rocket can be calculated as 


2: 
(112) I, = 1. (#) 


5.2 he Corrective Moment Coefficient 
The value of the corrective moment coefficient is deterwined 
by measuring the static angular deflection of the rocket produced 
by a kmown pitching moment. This experiment, as well as those 
to be described in subsequent sections, requires a small wind 
tunnel -- one which has a test section whose transverse dimensions 
are at least twelve by twelve inches and which is capable of 
producing an airspeed of at least 15 metesper second. It 
would also be preferable if the airsveed were continuously variable, 
since this makes some of the experiments nore convenient, but this 
feature is not essential. I am not going to try to explicitly 
describe the construction of a wind tunnel here; the variety 
of types is considerable and any such discussion would require 
a complete book of its own. Building such a device is a major 


project in itself, and most rocketeers would rather have recourse? 
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to 2 facility taut -lre.iy exists, 3uch us tuos2 owned oy sone 
aniversities, sAR sections, uaa wodel roccet manufacturers. 
mnose readers wao would lise to build tueir owa tuanels con find 
tnforwation on the subject in Wiad Tuan21 Testing, by Alun Pope 
( second gdition, Joan diley and 350as, Iac., new fork, 1954). 

A reading of thls comprenensive work saoald zive sou 4 good idea 
of tne variety of wiad tunuel tyes uvuilaole und toe nature 

of the design process involved in toeir planning. 

Tne experiment to determine the corrective womeat coefficient 
is performed using a moment odilance and test rocket as shown in 
Figure 44. Tae balance is basically a siajle-degree-of-freeio2a 
gimbal consisting of =< pulley wheel attucaed to a steel suuft 
woich runs tyroush ball bearings to terminate in an aluminua 
plug fitting. The test rocxet is coastructes in two sectioas, 
such taat the forward section can de snusly slid oato oae 
end of the plu: fitting, the after section onto tne otaer. 
Because it is necessary to build the rocxet in toils way only a 
design can be tested, not an actual rocset which is to be flown, 


but the arrangement has the advantage tout it produces a nininal 


disturbance in tue airflow. 
That portion of tae sbaft on waicn the plug is mounted 


extends turough « sole in tne wall of the wind tunnel test section 


and out into tne airstream, such tbat tae vlug is located upprox- 


imutely in the center of tue test section. The cuse is bolted 


to the side of tne test section opoosite the viewing area in 


order to nold the instrument in olece. 


The moment balunce in Figure 44 45 shown with a pointer- 


and=-protractor device for indicating the angle of deflection. 


Test rocket forebody 


Mounting plug 


Angle 
indicator 
assembly 


Test rocket 
afterbody 


Ball bearing in 
bearing mount 


Bearing 
support 
plate 

Balance pan 
Figure 44: Experimental apparatus for determining the corrective 
moment coefficient. The same instrument, with the pulley wheel, 
counterweight, and balance pan assembly removed, can be used for 
determining the damping moment coefficient. Bolt holes are provided 
in the bearing support plate nearest the test rocket for mounting 


the apparatus on the wall of a wind tunnel test section. 
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this arrangement 1s verfectly ade uate for stutic-deflection 
experiments; in the ex.erluents descrived in later sections, 
ppousa, wnere the rocset 1s set to oscillating, it will become 
aesireble to record the value of tae ancular deflection at any 
given tine. This can be done with notion sictures and in various 
otaer Ways using the orotructor s;stem, but it is usually preferred 
to substitutes some electrical device for measuring tne angle 
and to reed its output into a chart recorder, waico then 
automatically draws 4 grapa of deflection versus time. 

To generate tne moment waich will cause the rocaet to 
assume an angle of pitca relative to the oncoming airstream 
5t is necessary to apply a force tangeatial to the pulley wheel 


at its outer rsdius. This is done by susoeiding a balence pan 


from 2 thin cord woica aas been wrapped around the pulley and 
adding xnown weights to the pan. The balance pan itself must 
pe suitably counterweighted so that there is n0 moment applied 
when tnoere is no weigat in the pan. 

The experiment is prepared by adjusting the weigats of 
the forward and after sections of the test rocxet so that, when 
assembled on the plug with an ensine installed, it balances 
when the uirstream is off and there is no welght in the pan. 
Under these conditions the snaft centerline passes through the 
C.G. of the rocxet, so that free-flight conditions are being 
accurately simulated. 

The airstream is then turned on and adjusted to some fixed velocity 
value which is not to be altered during the course of the experiment. 
The model should come to rest fucing directly into the oncoming 


Wind, waioa in a good wind tunnel will coincide with the test 
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section centerline. If it fails to face {nto the wind, or turng 
tail-on to the wind, it is of course statically unstable and 
Must be redesigned. Assuming the wodel is facing the airstream 
properly, the last remaining preliminary step is to check tae 
angle indicator and adjust it if necessary so that it reads 
zero. 

The addition of weights to the pan can now be started, 
beginning with a unit weight that produces a small deflection 
(between 1° and 2°), but which is an even quantity such as 
a single laboratory balance weight or simple combination 
thereof. Record the mass, in grams, of the weisht used and the 
exact deflection in degrees which it produced. Then add another 
weight identical to the first and record the new d2flection from 
the zero-degree line produced by the two acting tosetuer, maxing 
certain that all movement has subsided before you take a reading. 
Continue adding weights in this manner, recording the deflection 
angle associated with each value of total mass in the pan, 
until you reach a point at which the rocket will no longer 
come to equilibrium and the slightest additional weight in the 
pan will cause tae rocket/balance assewbly to become unstable. 
This will generally occur at some value of deflection angle 
between 12° and 18° and is due to the slope of the corrective 
moment curve becoming zero at that point (refer back to Figure 7 
for an illustration of the corrective moment curve). 

The experiment is now complete and data reduction can begin. 


The first step here is to transform the units in which the data 


are expressed, so that angular deflections are given as radians 


and pitching moments as dyne-centineters, Deflectiong in 


Bere 


aegrees ure converted to radian weugare vy dividing by 57.3; 


qa moment in dyne-ceatinsters ts Computed oy wultislyins tue mass 


(in graus) placed in the pan by 980 and taen multiplying the 


result tuus obtained by tae radius of toe pulley waeel in 


centimeters. Taese procedures are illustrated in Picure 45. 
gne coupleted data reduction sould provide a table listing 
eacu deflection ia radians next to tae moment recuired to 
produce it in dyne-centimeters. 

The data points are then plotted on z craoh in cartesian 
coordin.tes waose horizontal axis represents piteaing an-le 
jn radians und waose vertic2l axis represeats vitchninz moment 
in dyne-ceatinzeters. Suca a plot is made by locutias each 
point described by 4 coordinate pair in tue table (a deflection 
and its associated moment) on the graph and margins it with a 
small "x" or dot, then drawings 2 smoot: curve woich, as nearly 
as possible, connects all the points. Since exp2rinental data 
normally contaias some "scatter", it is more likely tuat your 
curve will be accurate if it is smooth than if 1t connects 
each and every point wita all its neighbors. The resulting 
graph is . representation of tue first gart of tue curve in 
Fisure 7: corrective moment as a function of angle of attack, 
In order to compute 0, from tais graph, place 4 struicatedge 
on it such tuat its edge is tengest to the curve et tne intersection 
of the coordinate axes (tue orlsin) and draw a line using tae 
straightedge as a guide. This is tue graphicsl method of 
performing the “linearization about zero" discussed in Section 


2.2 as applied to the corrective moment curve. The corrective 


, f this straight line 
Moment coefficient C, 1s just the slope o 6 


Deflection angle (rad) = 555 
M x980 xR 


Moment (dyn-cm) = 


R (cm) 


Wind axis 


Figure 45: Computing angle of attack in radians ane .cornecti ya 
moment in dyne-centimeters. The angle of attack in degrees is 
divided by 57.3 to convert to radians; the mass on the balance 
pan, in grams, is multiplied by 980 times the radius of the pulley 


wheel in centimeters to give the moment in dyn-cn. 
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and may be OSmipa nes by locuting any psiat on tae straigot line 


and dividing 1ts moueat coordinate by its deflection coordinate. 


ghe result 1s ©) civen in dyne-centimeters rer radian, but this 


ghogld De SkDPSSEOS Se Slnoly dyne-centiguters becauae Pad ans 
(as stuted in Section 4.7) are paysically dimeasionless. igure 
46 illustrates the graphical reduction of data for a hypotaetical 
rocket. 

You way Wiso to repeat the exn:rimeat at a number of different 
values of airspeed to determine the dependexce of C, upon 
velocity. If you do this, you will fiad taat Cc} is directly 
proportional to the square of tue airspeed. 


5.3 The Damping Moment Coefficient 


The dynamic parameter C,, is determined using the same gimbal 
arrangement as in the first exyveriment, with the excestion that 
the pulley wheel and its associated pan and counterweight 
system must be removed. This must be done in order to reduce 
the moment of inertiu contributed by the rotating parts of 
the balance system, and unless this modification 1s carried 
out the rocket will behave as if its longitudinal moment of 
inertia were much greater than it actually is. 

The experiment is prepared by balancing the test rocket 
SO that the shaft passes through its center of mass as before, 
setting the airspeed to the desired value -- which must remain 
Constunt throughout the test -- and checking to make certain 
that the angle indicutor is reading zero. Having completed 
these preliminary steps, deflect the rocket to sone moderate 
angele of attack, say 10°, and hold it steady in this position. 


You may wish to have an assistunt do this by turning the shaft 
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Figure 46: 


determine the corrective moment coefficient. (a): 


Deflection angle (rad) 


0.0 000 
1.250 .0240 
2.500 .0490 
3.750 .0770 
4.375 .0875 
5.000 1000 
5.625 1135 
6.250 1340 
6.875 -1610 
7.500 1852 @ 
8.125 2315 
E 
VU 
Cc 
= 
xe) 
fe) 
ra © 
fs 
Oo @) = a 7a 7 
=> 00 0.1 0.2 0.3 
Deflection angle (rad) 
E 10) “Linear approximation 
: 
Cc 
> 
ae) 
fe) de weenmeameseeaereca= 
o © 
E 
° 
> 0.1 0.2 0.3 


Deflection angle (rad) 
Graphical reduction of wind tunnel test data to 
A table of 


corrective moment vs. deflection angle is compiled. (b): The 


data points on the table are transferred to a graph and a smooth 


curve is drawn (as nearly as possible) through the points. 


(c): A 


straightedge is placed along the lower portion of the curve, tangent 


to it at 


a guide. 


the origin, and a line is drawn using the straightedge as 


The slope of this line is the corrective moment coefficient. 
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; na qd ; 
with nis nand in order to allow you to best observe the subsequent 
nothons or you may devise various “Utomatic systems to do the 


jod- one sinple technique for obtainice tae initial deflection 


gourd be to wrap a leagta of etroay turead -round the end of tae 


apart frou woicn the pulley has beer removed and tie a weisht to 
S o 
tne thread. In any case, record tie value of tre initial 


jeflection thus produced, identifying it as of 
° . 

Now release the rocket and allow it to rotate into the 

wind of its own accord. If you have uged tce taread-and-weicht 


m for producing 


se atia the initial deflection, you can do this by 


carefully snipping the thread with 2 guir of scissors. ‘Tae 
rocket snould swing toward alignment with the wind axis and 
overshoot it, reaching a maximum anele whick I shall ref2r to 
as &, on the opposite side of zero from that on which the 
model was released, and subsequently oscillating wita smaller 
and smaller amplitude about zero until it is facing steadily 
into the oncoming wind. The convention for revresenting We 
and X, +; whose algebraic signs are doth taxen as positive, 
is snown in Figure 47. The maximum oversnoot angle %, will 

be reached at a time defined as tpg, after the rocket is released. 
You must accurately record both the maximum overshoot angle 

and the time at which it occurs. In the case of indicating 
systems consisting only of a simple pointer-and-protractor 

x, must be recorded by eye (or by photographic means) and 

Nee by a stopwatch. an electrical system for measuring and 
recording tne deflections has a significant advantage here, 
in that it takes the guesswork out of the observations. 


If, upon being released, the model does not oscillate at 


Position at 


greatest ~233- 
overshoot weer 
a ae eee. 
- Paitin ag gii but instead slowly faces into the rel_tive wizd frou tne 
Xo i ee position of initial deflection, 1t 19 overdamped. ae sown 
Original - by tie peed te-ot- 20 chion Jel.1, tais is a Nazardoug coudition 
Seenren. waich my result in an erratic flight path and tae roccet 
Figure 47: Convention for defining %o and «, in the experinent must be redesigned to correct it. Additional nose wei-at will 
for determining the damping moment coefficient. usually take care of this vroblem, but since his ages Wee 


center of wuss forward it will require toe buildiag of a new 
test wodel which is divided in two furtuer toward tae nose. 
Alternatively, both the nose and the tail of the model can 

be weighted, xeeping the C.G. in the same place but increasing 
the lonsitudinal moment of inertia. 

Assuming that the rocket has behaved in a properly oscillatory 
fashion and that &, , MQ, , and thax Deve all been duly 
recorded, the value of tne damping moment coefficient nuy now 
be computed. The first step is to determine the inverse time 
constant D according to the relation 


(113) _— An. (%-/e,) 
K max 


where the reader is reminded that the notation "lIn(™%/a«,)" refers 
to the natural logaritim of («/x,). Readers who are mataemutically 
adept may recognize taat equation (113) is derived from the 
beaking characteristics of decoupled, underdamped step-response 
Presented in equations (32), Section 3.1.2. 

With D known from equation (113) and Iz, mowa from torsion- 
Wire determinations, it is possidle to caloulute Op from 


Squation (16), Section 3.1.1, as 


Oy Cee orp 


ee 


- 
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. this test at various airspeeds. In doing this 
rrorm 


reases linearly with airspeed go that 


wish to pe 


you will find that Co ine 


“al of the decoupled and coupled damping ratios, ag 
the vulues s 


dicted by the Barrowman equations, remain constant, 
pre 


its of dyne-centineter- 
Equation (114) determines Co jn units y eter 


6. Model Rocket Design 
I have often remarked during the forecoing presentation, 


S°condg, 


that the true purvose and real value of all the mathematica) 
analyses to which we have turned our attention in this Volume 
lies in the fact that they enable the formulation of rationa. 
rules for the design of model rockets. We have now progresseq 
sufficiently far in our anulytical considerations of the dynamic 
behavior of model rockets that we are prepared to discuss the 


subject of model rocket design insofar as it is influenced by 


dynamical considerations. To "design" a rocket, from the standpoint 


of dynamics, is to adjust its shape and mass distribution so ag 
to produce values of the dynamic parameters which give rise to 
favorable characteristics in its dynamic response. "Favorable 
characteristics," in turn, mean that: 
(a) The rocket is not easily disturbed, or deflected 
from its intended direction of flight. Fora 
Given disturbing influence, tne angle through 
waich it rotates is small. 
(b) The rocket soon returns to a straight and true 
flicht path once tie disturbance hag passed, 
and does so 4a an Oscillatory fashion so 


that the effect of the disturbaice is evealy 


distributed about the intended flight axis. 


=2f3- 


6-1 Representative Puraseterg 


The solutions to tue dynamical equations given in Section 


redict that favorable dynamic besavior in various 2articul-r 
p 


3 


jtuations Will be associated with certais ra.csze of values 
s 


f tue dynomic parameters or combinations t.ereof. as it 
‘ 


ppens, however, the dynamic parameters of 2 aodel rocaet 
na 


nnot be varied independently of one unotser. Bven 12 tues 
ca. 


ula, it turns out that relations between tue paraneters 
co ’ 


pest for one response are not necessarily best (or even acceptable) 
with respect to other types of disturbances. The desizcnuer 

of model rockets thus finds himself faced wits the necessity 

to make certain compromises -- "tradeoffs", taney are called 

py professional engineers -- in order to arrive at a conticuration 


which, on the whole, has favorable performance. The situation 
- bated 


4s further complicated by tne fact tnat characteristics waich 

are best for dynamics may not always be best for otner aspects 

of rocket performance -- altitude capability, for exacole. 

In order to guide himself to a rationale by waich desimm comproulses 
can be made the rocketeer needs two classes of information: 


first, what values of the paraueters characterize a typlcal, 


3 ; 
or representative model; and second, what is the effect of 


j I dal upon tue values of its 
varying the conficuration of the mo t 


parameters? 


the rf : 1 h 
In order to supply an answer to the rtirst question the 


typical model rocxet configuration DIV-l, illustrated in ficure 


duc 3 42 uethods of 
46, was constructed ond testad according to tas eta 
Section 6 in the low-turbuleace wiud tunnel of the Massachusetts 


ero zl Projects Luboratory. 
Institute of Technology's Aeroasuticel J 


DTV-1 undergoing wind tunnel test to deteraiae ite 


Plate l: 
fee ENCES aamping moment coefficient. The model ie mounted on @ moment 
a 
i balance similar to the one pictured in Pigure 44, but without 


the pulley wheel assembly and equipped with a photoelectrio angle 
Estes BT-50 indicating device. In frame (a) the model has just been released 
A from the angle %,- In (b) and (c) it 18 accelerating ina pitecao 
up. (d): The model passes through zero angle of attack at its 


maximum pitch rate, still pitching up but slowing in (e) and (f). 


CG. 
ae (g)s: The rocket is at its maximum pitch-up deflection, oO, - 


ie) 
o Flight Systems 21x 70- (n), (1): The model begins to pitch downward again. (3). (mu), (21): 
" mm_ casing 
oe The rocket passes through zero again on its way down to complete 
its first full cycle of oscillation. 

Scale (cm) 

eS 

O24 6 8 

DTV-1 


Figure 48: Dynamic test rocket DTV-1. All dimensions are given 
in centimeters, with the exception of the engine casing specifications: 


These are given in millimeters in accordance with international 
convention. 
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DIV-1 was found to have tue followin, dyuscmic paraneters; 


0, = 0.65V2 dyne-ceutimeters, wiere V is ¢ivea in 
ceitimeters per second 


C5 = 10.5V dyne-ceuatixeter-seconds 


9100 cran-centiueters@ 
} 


Lond 
“ 


178 gram-ceitiuetors 
The rocket's roll rate during a number of additional 
experiments in which its benavior under roll-cousled resonance 

was investiguted was an iadependent variable determined by 
tne speed of an electric wotor mounted on a balance sy stem 
that was essentially a more refined form of that discussed in 
Section 5.3. It will be seen from the above figures that 


the following cuantities are also characteristic of the rocxet: 


Z = .0682 


= -0195 Wz 


Dae.= -008 38V 
Z. = .0675 


where V, the airspeed, is civen in centimeters per second and 


Wz in radians Jer second. Now it is probable that DIv-1 


is not precisely in the center of the average range of model 


characteristics; it is rather on tue heavy side and has a static 


stability margin of taoree calibers. Yevertneless, it is certainly 


representative enoucsh to allow tue following general statements 


to be made; 
(1) In a model rocket of averare design, the dauping ratio 


tends to be low -- on the order of one tenth. Resonsace, when 
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4t occurs, tends to be a problem und will usually ve caused by 


tne development of a roll rate whose value is close to toe 
natural frequency. Overdamping, on the otaer hand, is such 
less common and not usually to be feared. 

(2) The radial moment of inertia 1s v2ry slizat com jared 
to the lonzitudinal moment of inertia -- on the order of a few 
percent. The roll rate must be very rapid to produce appreciable 
szyroscopic moments. Therefore, tne angular frequencies and 
rate of decay of the response of an average model roc«et subjected 
to transient disturbances while spinning about its longitudinal 
axis are very nearly equal to those that would describe the 
behavior of the same rocket if it were not spinning at all, 
unless tne soin is very rapid. By "very rapid" I mean thet 
the gyroscopic precessional frequency — is, say, 

10% or more of the natural frequency. For DIV-1 during powered 
flight this would mean a svin rate on the order of 100 radians 
(about 16 revolutions) per second. 

(3) As another consequence of tne small radial moment of 
inertia, tne resonance condition for a given rocket is nearly 
the same when it is rolling as when it is not; i.e., the natural 
frequency is nearly equal to the coupled natural frequeacy 
and the dampins ratio is nearly equal to the coupled damping 
ratio. This is an advantage in taat the presence of roll 
does not aporeciably increase the severity of the resonance. 

6.2 Bffects of Varying the Paraneters 

Having roughly bracketed the "average" or "representative" 


dynamic parameters, we can start to Lnavestigate what happens 


when a rocket departs from the average range in various ways. 
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ve must resember, wien doing this, to take into account factors 
affecting other aspects of the rocxet's performace (such 

as its overall weight and drag) as well as those affecting 

its ricid-body dynamics. 

First, consider the effect of Lucreasing the longitudinal 
moment of inertia of the rocxet. This can be done by adding 
weight at points far fore und aft of tue center of gravity, 
usually maxing the rocxet longer as well as heavier. The 
damping ratio and nuetural frecueacy of oscillation will decrease, 
and the rocket will be more difficult to deflect from its intended 
path. If this is carried to extremes, however, tae rocket will 
become so ueavy that its altitude capabilities will be sharply 
reduced and it will experience catastrophic resonunce at very 
low roll rates, resonance so severe thut the model may behave 
as if it had insufficient static stability. The dramatic 
Manner in which resonant amplitude ratio increases with decreasing 


damping ratio 1s shown in Pigure 49. There is evideace that 


some model roccets have actually been caused to crasii by excessive 
resonance at low roll rates early in the flight. Rocket A of 
Figure 50 is an exumple of how a model designed with too great 
a longitudinal moment of inertia wight look. 

Decreasing the longitudinal moment of inertia will increase 
both the damping ratio and the natural frequency; the actual 


angular frequency of oscillation will increase only up to a point, 


taen begin to decrease towurds zero as tue damping ratio approaches 


1.0. The resonance problen will disappeur, but the rocket will 


be more easily deflected from ulignuent with the intended flight 


path. The slightest disturbance will be enough to start it 
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Figure 49: Variation of resonant amplitude ratio with damping 
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IL too large: IL too small: 
¢ too small easily disturbed 
resonance severe ¢ too large 
too heavy too light 
C, too large: C, negative: 
weathercocking severe statically unstable 
C, too large: C, too small: 
¢ too large ¢ too small 


drag excessive resonance severe 


Figure 50: Improperly designed model rockets resulting from 


extreme variations in the relative values of the dynamic parameters. 
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wobbling, and althousn the oscillations will sie away -fter 
only a few cycles tne rocket will be disturbed 30 often that 
it will svend much of its upward fligat ut a considerable 
angle of attack. Its drag will taus be increcsed und its 
altitude lowered -- particularly since a low loncitudinal 
moment of inertia usually weans a Low weicat and toe rocket 
may already be ballistically off-optimum*®. Continued reduction 
of Ij, causes overdamping, and the model oeuaves eas 4f it had 
an insufficient static stability wargin. an example of this 
extreme is rocket B of Figure 50. Between 1962 and 1967 there 
was a marked trend toward this kind of design in the United 
States. Modelers at that time pelieved that the lighter a 
rocxet was, the higher it would go, and so constructed all treir 
altitude competition designs to be very light and stubby, with 
huge fins. The result was often excessive damnjging, som2tizes 
even overdamping, causing severe launcuer tipoff, erratic flight 
paths, and many a pile of wreckage. Thanks to Malewicki and 
Caporaso -- who developed the equations of model rocket ballistics -- 
and to Barrowman -- wno demonstrated analytically the fin areas 
actually needed by model rockets -- and to much sad experience 
and observation, this fetisn is largely a thing of the vast. 
Suppose we now consider the effect of increasing the 
corrective moment coefficient. If tunis 1s done by increasing 
the static stubility margin -- b, increasing tne areu of the 
fins and/or woving tuem further towarni the rear of the rocket -- 
the frequency at waich the rociet osclllstes when disturbed 


—_——- ——<$<——S 


“There 1s an optimum weiclit for any rocket, which cives the 
6reutest altitude. See Georse Cayoruso's chaoter on trajectory 
analysis in tais volume for own exdlunation. 


ee ee Ee 
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Will increase. Since elteriag the fin ceometry im tuis way 
also increases the da-ing mosent coefficieut, the damping 
ratio will not necess.rily decreuse; it muy even increuse if 
the practice is carried to extremes. Thus, tue time required 
for the disturbed rocket to return to prover alicnuent with 
the intended flignt direction becomes shorter -- and, because 
the longitudinal moment of inertia hus not been upnpreciubly 
Changed, the rocxet is no easier to disturb than it wus before, 
On the face of it, tne modificution cppears to be a favorable 
one. 

Unfortunately, though, there are also disturbances whose 
magnitude is directly proportioncl to the static stubility margin 
and norual force coefficient of the model, notably the step 
disturbasces due to horizontal winds. If the value of the static 
stability margin is made too great the rocket will therefore 
be subject to excessive “weathercocking", or turning into the 
wind during flight. This impairs altitude performance, maxes 


recovery difficult, and cin be dangerous. Most designers soon 


learn to steer clear of configurations like that of illustration 
C in Ficure 50. 


There is, of course, a better way to obtain a large corrective 


moment coefficient. The value of Cy, you will recall, increases 


as the square of the airspeed. This does not necessarily 


indicate that the "way to go" in model rocxet design is to try 


for the highest possible velocities throughout the flight. While 
higa burnout velocity generally neans higher altitude, excessive 
accelerations achieved at the expense of burnout altitude 


cause excessive werodynamic drag which can actually cause the 
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altitude acnieved to be reduced. dhat it doeg mean is tuat , 
you should observe a reasonuble sinizum in tne velocity at wiica 
your rocket leaves its launcuer. vodel roccet eucises with 
end-burning 5rains ure designed witn « small port at tae .fter 


end of the grain, just inside toe nozzle. Tne purloss? of tails, 
besides providing a place to oack tae igniter, is to proviise 2 
piga iaitial thrust to acnieve a subctaaticl airsseed -- aad 
thaus a substantial corrective moment -- tefore tue zuldiag 
snflueace of the launcner is left behind. You can best tase 
advantage of tunis initial tarust peak py providine + 100g 
enough launching device and avoiding excessive liftoff weizht, 
tuereby insuring that your rocket leaves its laumcn2r st = 
sufficient velocity to be stable. 9 meters >er second should 
be considered a minimum safe luunch speed, sad 12 meters per 
second, if possible, would be advisable. If you are using a 
core-burning ensine, of course, velocities on this order 
should never be a problem. 

Reducing the corrective moment coezricienat oy redacing 
tne static stability wargia will cause tne natural frequeacy 
to decrease. As tne center of pressure moves foram and 
approaches the center of cravity, tne dauping ratio will 
increase, lowering tne ectual frequency of oscillation until 
Overdamping occurs. Moving the center of rvressure still further 
forward will result in neutral, and rinally negative, stutic 
stability. Only the novice designer is ever caught naking an 
error of this kind, and when he does the result is svectacular. 
“Going ape" 1s the colorful and avverovriate parase upvlied by 


the model rocketeer to the behavior of a statically-unstable 


= 


ween eS OO eye ste 


a = 
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rocket such es the one appearing in illustration D of Fisure 
50. 

The damping: moment coefficient may be increased by the 
addition of fin area or the wovement of fins to u vosition 
farther from the rocket's C.G., in the same way that the static 
stability margin is increased. Adding larce amounts of fin ereg 
both forward und aft of tne center of gravity, nowever, and the 
use of excessive fin area in general, will tend to increase 
the damoinz moment coefficient without a commensurate increase 
in corrective moment coefficient. Dynamically, up to a point 
(the point ut waich the dan,inz ratio becomes .7071) this is 
600d. Ballistically, however, such large surfaces are almost 
always associated with a decrease in altitude because of excessive 
drag. dorkine at such high damping ratios is not u cood idea 
in general anyway, becuuse a slisht change of design or modifi- 
cation to u rocket in service or under construction could well 
send it "over the line" into an overdamped configuration. Rocket 
E of Figure 50 is an example of what the designer may wind up 
with if he is too liberal with his sheet balsa. 

The damping moment coefficient, insofar as it is dependent 


on fin geometry, may be reduced by making certain that all fin 


area is aft of the center of gravity but not greatly distant from it. 
Since placing the fins relatively aear the center of gravity 

tends to reduce the corrzctive moment coefficient also, this 
procedure may not always reduce tue danoing ratio and may 


even increase it. Reducing the damping retio to very snall 


values is not a good idea in any case, since under these conditions 


the oscillations of a deflected rocket versist for a long time 
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and resonunce becomes destructively severe. Making the damping 
moment coefficient too small thus nas the same effect us making 
the longitudinal moment of inertia too large. The rocket of 
{llustration F in Figure 50 has had its damping ratio made too 
small by placing the fins fasufficiently far from the center of 
gravity. While the designer has apparently been able to keep 
the static stability margin adequate, his rocket will not be a 
good verformer. Much of its trajectory will be spent oscillating 
in response to various disturbances even if it does not happen 
to develoo a resonant roll rate -- in which case its useful 
operating life will be short indeed. 

The limitations of reasonable design and the standardization 
of component proportions arising from mass-produced rodel rocket 
supplies do not really leave much leeway for regulating the 
radial moment of inertia independently of the longitudinal 
moment of inertia. Assuming that Ip could be substantially 
reduced, the effect of such a reduction would be neglizsible 
since Ip is so small to begin with. The radial moment of 
{inertia could conceivably be greatly increased by placing 
weighted pods, or “bobs” at tne tips of the fins, but there 
would be no point in doing so. No advantage would be gained 
if the rocket were properly designed to begin with; in fact 
there would be some unfavoreble consequences attendant upon 
such a modification. Tne rate of decay of the rocket's oscillations 
would be suppressed by gyroscopic moments if it were rolling, 
and its roll-induced resonance would be much more severe 
than its non-rolling resonant behavior. 


6.3 Rolling Rockets 
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My last statements above were, of course, promulgated on 
gpin in model rockets. It hus b2en found thut rolling models 


the assumption of a statically-stable rocket. In cases of 
oe ubject to "dieversion" by uorizoatul winds und tipoff 
insufficient, neutral, or negative static stability it is are less sub : ; yu 
arin Launch and staying tuan those waic re not, wa2re oF 
necessary to induce a rapid spinning of tne rocket about its during 1ana : . me sa : 
titenorsion" I wean the norizoatul displucenent of the rocxet 
centerline in order to generate the stability-like effect Eee res 7 
tne time of recovery systen actuation. Wye roll rates used 
described in Section 3.2.5. The extent to which stability aa ee ee : 
dispersion-reduction ure much lower taoan those used in roll 
is effected by this artifice is dependent, it will be recalleg eee 
’ y i 
etyoitlizution, since the rocxets to wW.ica tuey are apolied are 
on the magnitude of the product of I, and Wy. It is thus stuol : 
desirat ; alreudy stutically stable; the inertial effect is ~2aerally 
esirable to have a rapid spin, a high radial moment of inertia 
5 * s : + > 7 
Licht and its only purpose is to induce ,ust sn 34L4 rol 
or both. Successful spin-stabilized rockets and projectiles : : 
tend ¢ j counling to distribute tae 2if2cts of disturcerces in + rudisclly 
nd to be short, squat, and heavy. It is this fundamental : 
synmetrical fashion about tae intended axis of flizat. 
difference in the physical mechanism by which stable behavior ’ 
4 d A roll rute may be iuduced in ~ model rocé=2t fin a vurlety 
S produced that accounts for the configurational differences 
bet of ways. Tne major aeroiynumic techonisues in current use 
ween aerodynamic vehicles such as sounding rockets and 
b include “spinnerons" (thit is, fin tabs), canted fins, and 
objects such as artillery shells. 


Well-designed sou g 
g nding rockets airfoiled fins as illustrated in Mcure 51. Canted main propulsion 


are long in relation to their diameters, while artillery shells 


A or outrigger engines have 2lso veen used to “spin up” model 
are short. Why the difference? = . 


The reason, of na 
: course, is that rockets, and from time to time flywheel-like devices have 


tne sounding rocket is aerodynamically stable while the artillery 


Seid Geciek. apoeared whereby a product I[pW, other than that of the rocket 


radial moment of inertia, facilitating spin stubilizution. The 


sO great, indeed, that it is {moossible to write down uny single 
sounding rocket, on the other hand | . 
9 


i performs best at a higher 
slenderness ratio since it relies on tne corrective und damping 
characteristics due _ 


analytical expression accounting for tueu wll. In the particular 
Case of soin produced by c:umting each sin of 4 rocict at sone 


to its fins and 
on its high longitudinal angle @ to the loacitudiiul axis, .owever, Surrowaun caclysis 


mome 
nt of inertia for favorable dynamic response, not to mention 


Dermits comsutution of the equllibriwa roll rate in the fora 
the great advantage in altitude capebility that goes with 
soes W a 


ae hae 


more slender profile. 


Scabetstevion te not, however. thy only ntaye: ¥en dudaciee 


(113) i i2eVAr Yr ke 
* SCr Ry [(143) S24 4(142d) Ste + (14d) He? 


ee eee 


Airfoiled fins Canted fins 


Figure 51: Aerodynami 


model rockets. 


Spinnerons 


e techniques used for inducing roll in 
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where Kp» the roll forcing interferezace coefficient, 1s given by 


241 
Wal 6.5) 528 ee tah pepe st} — 20 x) 8 (=) 
kr = We G ( x ) * na (Ett) omerion Ce | a +eailm ae 
(116) ciel ( Pa) a(t 41) . | 
+ (ey =) ~ (t-1) OFS AALN. (2 


and kg, tue roll damping interfereace coefficieat, is 


c 
(117) Rg = |+ Ces (=x). r= 3b) Ces =) 
° 2 3(tT-1) 


Yt is given by equation (90), \ 4s the ratio cy/e_s and 

~T is the ratio (s+ xr,)/r,. Tae reader suould refer back to 
Section 4.1 for additional information concernins the notation 
used in eauztions (115) throush (117). 

Given the ability to regulate the roll rate of his rocket, 
the designer will next want to know what roll rates are favorable 
to good perforiuance. This question is generally auswered by 
eliminating those ranges of roll rate waich are deleterious to 
sood performance and stating that the ranges then remaining 
are acceptable. The roll rate that snould be avoided at all 
costs is, of course, the roll-coupled resonant rate. In models 
where roll is produced by fin ¢anting this is relatively easy 
to do, as both the resonaat frequency and the roll rate are 
linear functions of airspeed. Wy, can thus be kept as nearly 
zero as possible (the most common course of action), uniformly 
much lower than Wa, (the technique adopted when dispersion- 
reduction is desired), or uniformly much higher than Wace. 

This last technique is not recommended, as it results in large 
couplings moments, a high-drag configurction, and (often) tangling 


of the shrouds of parachute recovery systems. The selection of 
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available relations between Wz and Wme in rockets Wuose 

roll rate is set vy fin canting is illustrated in Figure 52. 
Perhaps you can now see the danger of resonunce 3ssociuted 

with too high a value of Ij: 4 very high lon-itudiusal monant 

of inertia means a very low resonant frequency, und it ls entirely 
possible that small fin cant angles arising from imperfections 

4n construction will be just sufficient to produce the low 

spin rate needed for resonance. 

In cases where it is desired to stubilize a statically- 
unstable design by inducing roll, there is of course no resonance 
problem. The fin cant angles and spin rates required for roll 
stabilization are very high, though, and this means very poor 
altitude perforwance and @ high probability of tangling the 
recovery system shrouds at ejection. The relative ease with 
waich positive aerodynamic stability can be achieved by proper 
design procedures and the relatively poor performence of unstable 
rockets which require high roll rates for spin stabilization 
make it really inexcusable to use roll stabilizution as the 
primary means of achieving a predictable flight path. Spin 
stabilized rocxets are to be regarded as curiosities, in the final 
analysis suitable only for demonstration purposes. 

6.4 Design Procedures and Criteria 

@ith the results of all our investigations now lying ready 
to hand, it is possible to formulate a rational procedure permitting 
the modeler to design, with a high degree of confidence, 2 model 
that will behave both ballistically and dynaaically in a favorable 
manner. Such a method, suitable for all general-purpose design 


and competition work, may be summarized ag follows: 


6.4.1 Design Definition; Center of Grovity und 


Momeats of Inertia 

pefine, 4s nearly us possible, tue purvose of tne proposed 
model. Is it to be, for instance, used in ultitude or puylo.d 
comoetition, for photogranvhio or sounding wors, or 30u2 otuer 
Wugssion"? Need it be staged? Should it be clustered: hat 
must be the payload cupacity, if any? daut recovery systes 1s 
to be used? The unswers to questions sucn us these will rouzaly 
define the size and snape of the rocxet's body und nose sections. 
A preliminery drawing can then be made showing tae body and nose 
und ull the components contained witoin tiem or of wuich tuey 
are cowprised (engines, payload, bulkheads, etc.). aA prelinin_ry 
estimate of the C.G. locution and moments of inertia of the desica 
thus fur evolved snould then be computed. 

6.4.2 Static Stubility Margin 

Add a fin design to the drawing and compute the various 
nomal force coefficients and C.P. locutions of the components 
and of the complete rocket by the Barrowman method. If the 
rocket is multistaged it will be necessury to perform the 
calculutions for each configuration of stages in which the 
model is intended to fly. The C.P. should lie between one and 
two calibers behind the 0.G.; if it is outside this range, try 
a new design. In contest or record work, where reduction of 
weathercocking is of purawount importunce, muny designers prefer 
to try for precisely one-caliber stability. 

Usins the information obtained thus fur, comoute the 


Corrective moment ooefficient and the dunoline moment coefficient 


» 


ee 
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according to the methods outlined in Section 4. From these 
and the moments of inertia compute the damping ratio and the 
coupled damping ratio. Check to insure that the coupled damping 
ratio is not less than 0.05 and that the decoupled damping 
ratio is not greater than 0.30. A too-low damping ratio can 
be cured by lightening the rocket and increasing its fin area; 
an excessively high one by adding weight to the nose and 
decreasing the fin area. While damping ratios up to 1.0 
would be theoretically permissible, I have established an 
upper limit of 0.30 because it is my considered opinion that 
more heavily damped rockets ure likely to be too light for good 
ballistic performance. The resonant deflection of the rocket's 
centerline from its intended flight path at a damping ratio of 
0.3 is only 1.746 times the deflection a static disturbance 
would produce (see Figure 49). It should thus not really be 
necessary to use damping ratios higher than this value. In 
accepting a lower limit of 0.05, on the other hand, you will 
really be pushing the builder's art; the roll-coupled resonant 
deflection will be ten times the static deflection due to 
a given disturbance. Assuming that a carefully-built model will 
incorporate unintentional «symmetries causing static deflections 
of no more than one-half of one degree, a damping ratio of 0.05 
will permit such a model experiencing roll-coupled resonance 
to precess about its flight direction with a cone half-angle 
of five degrees. Clearly, this is about the most we can accept. 

Determine whether it is desirable to induce a roll rate 


in your vehicle for the reduction of dispersion and tipoff. 
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guch 3 determination will be almost entirely a mutter of your 
opinion ag a designer, since the tradeoff between control of 
poll rate and control of static stability murgin as u means of 
reducing dispersion is extrenuely subtle. he decisions of most 
designers seem to run in favor of roll rate control only in tne 
case of multistaged models. If you decide to induce a roll 
rate by means of canted fins, compute the fin anzle required 
for the linear velocity-dependence you desire, being careful 
to keep away from the resonant freauency. The analytical 
prediction of roll rates due to other means must await furtaer 
advances in the state of our technology. 

6.4.5 Construction and Testing 

When the above steps are completed and the dynamic parameters 
of the proposed design have been found to be satisfactory, 
construction can be started. It would be desirable to meusure 
the 0.G. location and moments of inertia at several stases 
during the construction, and to measure the dynamic parameters 
of the completed model before the first flight to check the 
accuracy of the estimates and calculations. Barring uny mujor 
errors in these, the design determined by the ubove metnod will 
be sound. 

In practice, of course, a wide vuriution in design procedures 
will be found to be acceptable. The designer of a sport odel 
need only be concerned with the static stability margin, while 
competition and research modelers will want to make full use 
of all the available analytical tecaniques in adjusting tueir 
designs for the greatest possible fulfillment of the missions 


for which they are designed. As our technology advunces it may 
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SYMBOLS 


Meaning 


area 

face area of elastic cube 

frontal area of launch lug 

reference area for determining drag coefficient 
aspect ratio 


change in effective aspect ratio due to lateral 
displacement of tip vortices 


function of critical Reynolds number used in 
analysis of boundary-layer transition 


coefficient of drag 
base drag coefficient 


base drag coefficient based on maximum frontal 
cross-sectional area 


coefficient of body drag due to angle of attack 


cross-flow drag coefficient of a circular 
cylinder of infinite length 


forebody drag coefficient; also fin friction drag 
coefficient based on area of one side of fin 


increase in fin friction drag coefficient due 
to the effect of fin thickmess 


fin friction drag coefficient corrected for 
the effect of fin thickness 


coefficient of interference drag at zero 
angle of attack 


forebody drag coefficient as used in Datcom 
equations 


induced drag coefficient of fins based on 
fin area in side view 


(Cor') cant 
(Cp)iug 


(OCD) iug 


(Cog) 
(Coo) p 
(Coo) pp 


(Coeds 
Qos 
(Ce) p 
(Ce) om 
(Ce) yam 
(ACe) 1am 


(Cedturp 
(Ce") tury 
(O0f) turp 


Oy 
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Meanin 


4nduced drag coefficient of fins baseq on 
maximum frontal cross-sectional areg 
{ncrease in drag coefficient due to canting 
of fins 


drag coefficient of launch lug based on lug 
frontal area 

increase in vehicle drag coefficient ba 
maximum frontal cross-sectional area, q 
the presence of a launch lug 


sed on 
ue to 


body drag coefficient at zero angle of attao, 
fin drag coefficient at zero angle of attack 


drag coefficient of fin/body assembly at 
zero angle of attack 


subsonic drag coefficient 
friction drag coefficient 
coefficient of drag due to angle of attack 
skin friction coefficient 


forebody friction drag coefficient based on 
cross-sectional area of base 


skin friction coefficient of body 

change in skin friction coefficient 

skin friction coefficient of fins 

laminar skin friction coefficient 
corrected laminar skin friction coefficient 


increase in laminar skin friction coefficient 
due to 3-dimensional effects 


turbulent skin friction coefficient 
corrected turbulent skin friction coefficient 


increase in turbulent skin friction coefficient 
due to 3-dimensional effects 


coefficient of "lift" or side force 


Meaning 
coefficient of pressure 


drag 


approximating function for drag based om the 
assumption of a constant drag coefficient 


base drag 

exact drag as determined by Datcom method 
pressure foredrag 

pressure drag 

skin friction drag 

drag due to angle of attack 

modulus of elasticity 

shearing force 


torsional or shear modulus of elastic solid 


drag coefficients expressed as functions 
of Datcom parameters 


drag coefficients expressed as functions 
of Datcom parameters for General Oonfiguration 
Rocket 


body side force interference factor 
fin side force interference factor 


characteristic length 


Symbol 


el 
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Meaning 
Mach number 
perimeter of body cross section 
Reynolds number 
Reynolds number based on fin chord 
critical Reynolds number 
roughness Reynolds number 
critical roughness Reynolds number 
Reynolds number based on length 


local Reynolds number based on longitudinal 
coordinate 


surface area 

base cross sectional area 

exposed planform area of all fins 

exposed fin planform area in side view 
planform area of fins in side view, including 
hidden" area projected within body; also 

ee cchetiaee of all fins as used in 

maximum frontal cross sectional area of body 

frontal cross sectional area of body at x, 

forebody wetted area 

frontal cross sectional area of body at x 

temperature 

temperature of standard, sea-level atmosphere 

free-stream longitudinal velocity, airspeed 


free-stream longitudinal velocity as used 
in boundary layer analysis 


volume; also velocity 


vector velocity 


symbol 


Cc 


Cstd. 
a( ) 


a( )/a( ) 
a2( fac? 


Meaning 
change in volume 


initial volume 

span; also width 

speed of sound; also fin chord 

speed of sound in standard, sea-level atmo sphere 
differential of ( ) 

derivative 

second derivative 

base diameter 

equivalent diameter 

diameter of launch lug 


maximum diameter of body, used as reference 
diameter in Datcom equations 


reference diameter 

function of ( ) 

acceleration of gravity 

height or thickness of fluid layer; also height 
of control volume in momentum-integral boundary 
layer analysis 

drag parameter as used in Chapter 4 

admissible roughness height 


critical height of transverse cylindrical 
roughness element 


critical height of distributed roughness 
particles 


apparent mass factor 


length; also distance measured around body 
profile, starting at nose 


body length 
length of boattail 


Symbol 


Ps 

Ps( stag.) 
Ptot 

Poo 

q 

Aq 
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Meaning 
rotation rate, revolutions per second 
unit normal vector 
pressure 
change in pressure 
base pressure 
ambient static pressure 
static pressure 
static pressure at a stagnation point 
total pressure 
free-stream static pressure 
dynamic pressure 
change in dynamic pressure 
radius 
radius of body at station x 
distance coordinate measured along surface 
time; also fin thickness 
unit tangent vector 
longitudinal component of flow velocity; also 
circumferential velocity of the surface of 
@ spinning rocket 


longitudinal flow velocity at the top of a 
roughness element 


transverse component of flow velocity 


longitudinal coordinate; also distance fallen 
by rocket undergoing a drop test 


longitudinal location of transition point 


longitudinal station on body where flow ceaseé 
to obey potential theory 


station on body w 


he hes 
its minimum value re d8,/dx first reac 
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Meaning 
coordinate perpendicular to surface 


change in ( ) 


angle of attack; also f''(0) in Blasius boundary- 


layer analysis 

average effective angle of attack 
engineering shear strain 

boundary layer thickness 


boattail angle; also parameter of drag due to 
angle of attack as used in Chapter 4 


dimensionless coordinate perpendicular to 
surface; also ratio of cross-flow drag on a 
cylinder of finite length to cross-flow drag 
on a cylinder of infinite length 

‘" as defined in Blasius analysis, 2" 3 
nondimensional roughness height 

"as used in reference 3 

deformation angle of elastic solid; also 
Momentum thickness of boundary layer; also 
angle of fin cant 

absolute viscosity 

kinematic viscosity 

mass density 

change in mass density 

initial mass density 

mass density of standard sea-level atmosphere 


exposed planform area of one fin 


planform area of one fin, including projected 
area "hidden" within body 


shearing stress 


shearing stress at surface 


ij 
We 

3() 
¥()/) 
3 )/a¢_)? 


co 
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Meaning 


surface shear stress at station of roughnegg 
element 


angle of deviation between perpendicular to 
free stream and perpendicular to surface 


central angle of a point on the surface of 
a cylinder held transverse to the stream, 
measured from the stagnation point 
streamfunction 

rotation rate, radians per second 

partial differential of ( ) 

partial derivative 


second partial derivative 


infinity 


ne ee 


| 
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THE AERODYNAMIC DRAG OF MODEL ROCKZTS 


Introduction 


Like stability, aerodynamic drag has been a topic of 
4ntense interest in the field of model rocketry since the 
hobby was in its infancy in the late 1950's. One does not 
have to look very far to find the reason for such interest: 
model rockets, owing to their lightweight construction anc the 
fact that their operation is restricted to flight entirely 
within the lower reaches of the atmosphere, ere more strongly 
affected by atmospheric resistance than any other type of 
ballistic, rocket-propelled vehicle. The influence of drag 
upon the altitude performance of a model rocket is not 4 slight 
correction, but a major controlling factor, and no modeler 
who is seriously interested in accurate predictions of altitude 
capability can afford to ignore it or dismiss its effect lightly. 

The early recognition of this fact by members of the 
National Association of Rocketry during the first year of that 
organization's existence led in 1958 to the first wind-tunnel 
test of a model rocket to determine its coefficient of drag. 
The results of this test sequence, verformed on a model of the 
Aerobee-Hi sounding rocket in the subsonic wind tunnel of the 
United States Alr Force Academy, were published that sane year 


by G. Harry Stine in the first NAR Technical Report, "Basic 


‘odel Rocket Flight Calculations". The same document contained 
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the observation that aerodynamic drag is respousible for lowering 
the maxinun altitude of a typicul model rocket by more than 

50%, and an expanded discussion of the sae material contained 
in Stine's Handbook of Model Rocketry (First dition, 1965) 
reported altitude reductions due to drag of nore tnan 90% in 
cases of exceptionally poor design. 

The Aerobee-Hi tests remained nearly the sole source of 
experimental model rocket drag data for the next eight years. 
Prom time to time various modelers would construct home-built 
wind tunnels and balance systeus in an effort to obtain more 
data; most of these test facilities, however, were too crude 
to provide a low enough air turbulence level for accurate 


measurements. Whatever valid data were obtained, moreover, 


appeared to receive only local attention, and virtually no 
nodelers attempted to adapt theoretical or semiempirical anelytical 
treatments of the drag problem to cases of model rocxet flight. 
During the winter of 1965-1966, nowever, the NARUAMS Section 

of the National Association of Rocketry constructed a single- 
return-flow, low-speed wind tunnel with sufficiently low air 
turbulence to permit relatively accurate measurements of model 
rocket drag coefficients. Mark Mercer of that section subse- 
quently conducted an extensive parametric investigation of 
various modified forms of the Javelin, a commercially-available 
kit produced by the Oenturi Enginecrins Company of Phoenix, 
Arizona. The results of his tests, incorporated by Douglas 

J. Malewicki into Centuri's Tecunical Information Report TIR-100, 
Model Rocket Altitude Perfornance, represent the most complete 
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set of experimental data on model roexet drag available to date. 
During the same period, serious analytical and semienpirical 
studies of the model rocket drag problem first began to appear. 
The Research and Development competition event at the Eignth 
Annual National Model Rocket Championships in 1966 saw the 
presentation of a paper by Dr. Gerald M. Gregorex of Ohio State 
University, entitled "A Critical Examination of Model Rocket 
Drag for Use with Maximum Altitude Performance Charts". Dr. 
Gregorek's paper, a milestone in the hobby comparable to the 
advent of Barrowman analysis in stability determination, and to 
Malewicki's publication of altitude graphs based on closed-form 
solutions to the equations of vertical motion for model rockets, 
presented a semiempirical method for calculating the drag 
coefficient of a model rocket based on the United States Mr 
Force Stability and Control Datcom (Datcom being an acronym 


for Data Compendium). The Gregorek treatment deserves credit, 
not only for being the first in-depth, analytical discussion 

of the topic of model rocket drag, but also for motivating 

the growing body of literature on the subject that has appeared 
in the hobby since the original paper was presented and sub- 
sequently, widely circulated among interested local sections 


of the National association of Rocketry. Since its first 


appearance in 1968, the periodical Model Rocketry has carried 
& number of articles concerned with the topic of drag coefficient 
determination by both experimental and analytical means. (Con- 
tributors to the literature over the past three years have 


included George J. Gaporuso, Douglas J. Malewicki, Forrest MN 
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Mims, Thomas 1. Milkie, Gary Schwede, Dr. Gregorek himself, ang 
several others. It is in this atmosphere of increased interegy 
in the determination of model rocket drag properties to a high 
degree of precision that the present chapter has been written, 


The treatment to be presented here is divided into eight 


major sections, of which the first is 4 basic survey of the 


properties and importance of model rocket drag. Section 2 
presents discussions of the basic concepts -- drag coefficient, 
Reynolds number, and so on -- which will be employed repeatedly 
in the subsequent sections. Sections 3 and 4 contain analyses 
of the two major contributions to drag at a zero angle of attack; 
pressure forces and skin friction, while Section 5 examines 
drag due to the side force (or “lift") on 4 yawed rocket, drag 
due to nonzero roll rate, and drag due to surface roughness. 
Section 6 contains information of use in the practical calculation 
of drag coefficients for specific model rockets. I have, for 
this purpose, used a slight modification of the USAF Stability 
and Control Datcom method which is applicable to the regime 
of relatively low Reynolds numbers (usually under 3 x 10°) 
typically encountered in model rocketry. In Section 7 a 
semiempirical method of accounting for the effects of compressible 
airflow on the drag coefficients of extrewely high-performance 
model rockets is considered, and the chapter is concluded 
with a survey of experimental metnods for the determination 
of model rocket drag. 

The accurate determination of model rocket drag requires 


a rather precise knowledge of the airflow pattern waich exists 
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around the vebicle {n guestion. This, in turs, must be deteruined 
by applying the theories of fluid dyouxice -- that vranoch of 
mnathematical physics which concerns itself with the study of 
liquids and gases in motion. The general equations of fluid 
dynamics, named the Navier-Stokes equations in honor of those 

who first formulated them in the mid-Nineteenth Oeatury, are 

among the most complex and difficult xnown to man. A stronzly 
coupled set of nonlinear, partial differe.tial 2quetions with 


nonconstant coefficients, they have never been solved in their 
noncor::—— 


full generality. Zven most of the hicghly-svecialized approxizatiojs 


to these equetions used in determinine model rocxet drag ere 
therefore quite complicated and require the metnods of calculus 
for their solution. Mathematical derivations employing calculus 
have been used freely throughout tne chapter for tne benefit 
of those advanced readers who have an interest in trem and 
who require sone analytical justification for the conclusions 
eventually reached through their application. Those who have 
no knowledge of (or interest in) advanced mathematics need not 
give up in despair, however, for the equations ultirately 
derived by all the calculus manipulation -= the equations 
actually used in the calculation of model rocket drag coefficients 
“- are all algebraic and capable of being solved by anyone wao 
has had the first year of high school algebra. 

A number of books and papers have been used as references 
in the compilction of this chapter. Rather than 


refer to 
each ons by name as material based on it is presented, I have 


cited references by footnote numbers. 


The work identified by 
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a given number may be found by consulting the reference list 


at the end of. the chapter. 


1. Basic Oonsiderations 


————$$—$ 


The study of drag forces on model rockets 1s one of the 
most difficult, exciting, and important problems facing the 
modeler today. The amount of experimental work of significant 
value which has been accomplished in this field is relatively 
limited; many questions remain unanswered, and many of the 
physical phenomena involved are {imperfectly understood. My 
intention in writing this is not to close the question of 
model rocket drag, but to provide basic information and methods 
which, it is hoped, will be extended, refined, improved upon 
and added to by modelers engaged in future serious research. 
The reader is encouraged to view all applications of theory 
to model rockets presented in the following pages with a oritical 
eye, for until a really sizeable body of experimental data is 


available, many conclusions must remain tentative and subject 


to revision. 


By definition, drag is the sum of the components of all 


the aerodynamic forces acting on a body parallel to its 
instantaneou 


s velocity vector with respect to the air. The 
algebraic sign of any component of drag is taken as positive 


when it acts in a direction opposite to the direction of the 
model's motion. Defined in this manner, the total drag of 


any body is, of course, positive. The drag of a model rocket 


is a complicated function of its size, shape, finish, velocity, 


and angle of attack, and of the thermodynamic state of the air. 


eye a 


Even for relatively simple rocket shapes, the relationship 
between drag and the variables upon which it depends is virtually 
4mpossible to predict with any precision on a purely theoretical 
basis. Resort must be had to semiempirical methods -- composites 
of theoretical predictions and experimental data -- like the 

one employed in Section 6; hence the need for extensive experi- 
mental research on model rocket shapes, to confirm (or if 
necessary, correct) any such method. In Pigure 1 the definition 
of drag (which is considered to originate from the model's 
center of pressure, or C.P.), and the multiplicity of factors 
which determine its magnitude, have been illustrated. 

Because of their lightweight, lowedensity construction, 
model rockets have lower ratios of weight to frontal and surface 
area than any other class of ballistic, rocket-propelled bodies. 
Hence, aerodynamic drag has a greater influence on the flight 
of model rockets than it does on the flight of other rocket- 
propelled vehicles. In a typical model rocket at burnout, 
the drag is of the same order of magnitude as the weight, and 
thus has a considerable effect on the coasting portion of the 
model's flight. During the powered portion of flight, when 
the engine is providing a thrust that 1s normally eight or ten 
times the model's weight, the influence of drag is of course 
lessened; its effect on the overall flicht performance, however, 
is always considerable, and it is a rare occurrence fora 
model rocket to reach more than half the altitude it could 
have achieved, were aerodynamic drag altogether absent. In 


some high-performance models, moreover, the drag can become 


= 


Drag _ Is determined by: 
erocket size 

erocket shape 

e airspeed 

efinish smoothness 
eangle of attack (x) 
edensity of air 
eviscosity of air 
espeed of sound 


Figure 1: Definition of drag and the variables that determine 

its magnitude. The size, shape, surface finish, aad to some extent 
the airspeed and angle of attack of the rocket are under the 
designer's control. The atmospheric density and viscosity, and 
the speed of sound, are properties of the medium to which model 
rocket flight is confined. The sound speed influences drag through 
its relation to compressibility effects. 


-27¢- 


much greater thun the weigat, so thut the drag and welght taken 
together are ecual and opposite to the tcriust of the engine. 
Mais condition creates a terminal velocity waich the rocket 
cunnot exceed, even if the burning tine of tue engine is relatively 
long. The minimization of aerodynamic drag is, tnerefore, one 
of the prime considerations in the design of oigh-performance 
model rockets. 

Analytical knowledge of the physical phenomena which 
underlie drag is, like most scientific mowledge, of interest 
for its own sake. More important to the model rocketeer, 
however (and the reason it is presented in this book), is that 
4t has distinctly practical applications in the design of 
rockets. It helps to exnlain, for instance, wny rounded nosecones, 
streamlined fins, and smooth surface finishes -- features woaich 
have been advocated for years -=- are in fact effective neans 
of reducing the drag. As anotner exanple, it is impossible 
to predict tne drag of a rocket accurately without an understanding 
of the bounljury-layer anproximation, und of the transition 
phenomenon characteristic of boundary-layer flow in the Reynolds 
number regime in which model rockets operate. and so it is 
that rather extensive use of matiecatical derivation, though 
adnittedly burdensome to the averuge hobbyist, 1s unavoidable 
in any thorough discussion of model rocket drags. 


I reiterate, 
however, that one need not be a nathematician to make use of 


the information contuined herein. Remeuder thet we are texine 


a basically engineering approach: we cre interested in the 
res 


Fesults of the wetweuaticcl derivations. and in each cxse 
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and euch constituent of aerodynamic drag considered, 1t will be 


found tlint these results are no more difficult to work than, 


say, the equations of Barrowian anulysis. 


2. Basic Concepts Relutin: to tue Study of Drag 


This section will lay tue foundation for a detalled analygig 


of drug forces by presenting 4 number of basio concepts and 
ideas. Section 2.1 will examine certain physical properties of 
the atmosphere, and the variation of these properties as they 
affect calculations of drag (and hence, altitude performance), 
The dimensionless quantities defined and discussed in Section 
2.2 will be used extensively in succeeding sections, partloularly 
the Reynolds number R and the drag coefficient Cp. Section 2.3 
concludes the treatment of basic concepts with a discussion of 


the scheme by which the total drag force is separated into 


components and analyzed in later sections. 


2.1 Atmospheric Properties for Model Rocket Flight 
The physic:l properties of the atmosphere of greutest 


interest to model rocketry are its mass density f, its absolute 
coefficient of viscosityA, and the ratio between these two 
quantities, tne kinematic viscosity y = (A/f). Hence we 
shall restrict our attention to phenomena associated with these 
variables. 

The atwospheric datu presented herein is based on the 
United States Standard Atwosphere, 1962 (19), whose figures 
uave been converted to MKS (neter-kilogram-second) metric 


units for model rocketry work. This model of the atmosphere, 


| 
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paged partly on experimental data, 1s an "“Gdealized, :.iddle 
Lntitude (unproximutely 45°) yeureround wean over the rie of 
solar uctivity between sunspot minina and maxins" (19). The 
assumed sea-level temperuture for the t-vulutions 1s 59° 
Fahrenheit (15° Oelsius or 288° Kelvin), with a standard sec- 


level pressure of 101,325 newtons per square uet-er (the “KS 


equivalent of the familiar 14.7 pounds per square inch). 


2.1.1 Density 


A measure of the drag force exerted on a rocsxst is the 
total momentum the rocket imparts to the originally stutionary 
fluid through which it travels. Momentum is directly proportional 
to the mass of the fluid displaced; and since the density of 
a fluid is simply its mass per unit volume, its comection 
with drag is established. As mentioned in Chapter 1 and snown 
later in this chapter, the oversll drag on 4 model rocxst is 
directly proportional to the mass density of tae air turouch 
which it flies. 

Atmospheric density generally decreases with altitude, as 
seen in Figure 2. At an altitude of 300 meters, P departs 
from its sea-level value by just under 3%. At 1000 meters, 
a respectable altitude for a model rocket, the deviation is just 
over 9%. By the time a height of 3000 meters, the practical 
altitude limit for a model rocket, 1s reached the density has 
decreased by 25.6%. Except in cases of extrenely uigh verformunce 
models, the variation in atmospheric density during tue course 
of a flight 1s rarely considered. It is, however, fairly 


Common for modelers to account for the elevation of their launch 


siten by ueing the atmospherio density st te Leuno .er elevitioa 


tn their ouloulntions of drag. 


ee Density 1@ also affected by the temperature of the aiP; 


in Cnet, tha Standard Atmosphere density craph of Pisare 2 


| 
Py = 1.225014 kg/m! 


19 based on the relationship of temperature to altitude sLovo 


70+—_— ee bs eee a = a . 
‘ oe ad bay er eds in Meure 3. It oan be seen from the grapb that tre Jtaad 


Altitude (meters) j 
ies Atrioacphere nssunes a soroulled “linear lapse pute® of eout 


. densit 
Figure 2: Variation of @tandard <aenosynehs? yn REE Ss 1° 0. for euch 154 meters of ultitude. As we all «now fros 
above sea level. . experience, however, the temperature at any lives launch site 


may vary widely from day to day; for very precise performance 


290 
oulculutions one might therefore wish to use the perfect pas 


law for correcting the density according to 


fa Pres. a4 


T (°K) 280 
where the temperature T 1s meaoured on an absolute seale. rf 
you have a Pahrenheit thermometer you can convert its readiac 


to the absolute Runkine soule by udding 460°, while tne reaiiazg 

270 

fe) 500 1000 1500 2000 2500 of a Oelsius ("Centigrude") thermometer te converted to the 
Altitude (meters) absolute Kelvin scule by adding 273°. Strictly speaciag, 


Figure 3: Variation of standard atmospheric temperature with variations in sir pressure due to changes in toe veat..er also 


altitude above sea level. Change the utmospherioc deosity, but in any weatner 200d enougn 
for flying high-performance model rockets sufsly sucn effects 
are relatively minute. 

Pinally, the movement of a body througp the air produces 
local changes in density, since the increused pressures on 


the body's sgurfuce resulting from euch notion tend to con regs 


, the surrounding air. If the motion is alow enough to keep these 


were 
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effects small, results from incompressible flow theory can pe 
used in our analysis of drag which permit considerable simpy. 


fications over theories which take compressibility into ®CCount, 
The magnitude of compression effects due to velocity can be 


estimated following the method of Schlichting (15). 


The modulus of elasticity of air, 


—_— 


denoted by E, is defineg 


by 
a) ape eA 


where AV/V, denotes the change 4n each unit volume of air 
produced by the change in pressure Op. For air at sea level, 
assuming isothermal (constant-temperature) pressure changes, 

E is just equal to the sea-level pressure of 101,325 nt/m@. 
The total mass of air present in the volume V, must be equal 
to the total mass present after the pressure change has altered 
the volume to Vo>+ AV. Since mass is just the product of 


density and volume, this means 
(2) (Vee av) (fo+OP) = Vy fy 


Carrying out the multiplication and neglecting the products 


of differences in volume and density, 


of 2 _ av 
(3) ’, Vo 
so that ' 
af 
(4) Ap= EF or, equivalently, AF _ OP 


fi. - 


Now the speed of sound, denoted by c, can be found by solving 


te oe a ce. ct et 


+, 
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a calculus problem known as Laplace's equation, given the 


density and elasticity of the air. 


is 


E 
2-5 
(5) sae 


Bernoulli's equation, one of the basic formulae of fluid 
dynamics, gives the relation between the pressure exerted 


py a moving fluid in the direction transverse to its motion 


(the static pressure) and the flow velocity u as 


(6) p+zfu® = constant 


The maximum change in pressure Op caused by flow of velocity u 


about a body is therefore (assuming there is some so-called 
stagnation point on the body's surface at which the fluid is 


decelerated to rest) of the order $fu°. This last quantity 


is often denoted by the symbol q and referred to as the dynamic 


pressure. Substituting E = c? p, and 


(7) bp=>PRu? 


into equation (4), we obtain 
~) ts ooo = Pe (3) 
° ° 
The ratio u/c is known as the Mach number M of the flow 
(named for Ernst Mach (1838-1916)). Since, for approximate 
incompressibility to prevail, Af/f. must be small compared 


to one, equation (8) gives 


2 
(9) $M << | 


The result of the calculation 


-236- 


If one assumes f/f, « 0.05 to be the largest tolerable relatiy, 
compression for which compressibility need not be considered, ong 
derives §N° = .05, or Ns 0.316. Since the velocity of sound 

at sea level (see Figure 4) is about 340 meters/second, this 
value of Nach number corresponds to a rocket velocity of about 
107 meters ‘second. High-performance model rockets certainly 
attain, and often exceed, this value in flight, but for the 
majority of model rockets it is a fairly high figure, attained 
only during the final instants of powered flight, if at all, 

and then persisting for only a short time after burnout. ds 

we shall see in Section 7, moreover, slender, finned projectiles 
like model rockets possess the fortunate property that, throughout 
much of the higher subsonic flight regime, the influence of 
compressibility on the overall drag characteristics of the body 
ae computed according to incompressible flow theory is relatively 
elight even though the relative compression itself is not. 

Hence, it will be aeeumed throughout this chapter's Seotions 

l through 6 that effects due to the compressibility of alr are 
negligible. 


Qld Yiatouity and Kinematic Viscosity 


Suppose we had a cube of some elaatio solid material, 
such ag hard rubber or some “springy” metal like steel or 
aluminum. Suppose, moreover, that we had eomehow arranged to 
apply forces parallel to four faces of the oube in the manner 
shown in Figure Sa. The foroe on each fuce (which Le equal 


in magnitude to that on each of the other fucea), divided by 
the area of that face, te known we the gheurtus wtreua 7%, 
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Figure 4: Variation of standard atmospheric sound speed witb 


altitude above sea level. 
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Pigure 5: Shearing deformation of an elastio solid. A oube of 
elastio material ie subjected to a shearing stress T on its lateral 
faces (ua), placing it in a estate of uniform shearing strain % as 
shown in (b). The oube io viewed directly from the front, so that 


only ite forward face to visible. 


-288- 


given in MKS units as newtons/meter. Thus, if the face area 

is denoted by A, and the force by F, Ts F/Ag- Since the cube 

is placed in static equilibrium by the force system thus described, 
it will neither move away nor turn -- but it will deform into 

a rhomboidal parallelepiped as shown in Figure 5b, where the 

angle @ as illustrated is less than 90°. If the stress is 
reasonably small; i.e., within the so-called elastic limit 

for the material, the cube will not be permanently bent out 

of shape by it, but will return to its original form when the 
stress is removed. In most materials this results in the difference 
("/2 - @), where © is given in radians (1 radian = 57.3°), being 
small. For such cases, the quantity (7/2 - @) is defined as 


¥ , the engineering shear strain which is effectively dimensionless 


although it is often written in units such as meters per meter. 
The stress required to produce a given shear strain is given by 


Hooke's law as 


(10)  TT=GS 


where G, given in newtons/meter®, is called the torsion modulus 
or shear modulus. In elastic solids, then, the shearing stress 
4s directly proportional to the amount of shearing strain. In 
fluids, however, the deformation law assumes a different dependence 
on strain, as the following experiment demonstrates. 

Consider two very long parallel plates, containing a viscous 
fluid between them (the meaning of "viscous" will become clear 
as the experiment proceeds), as in Figure 6 (after 15). The 
lower plate is fixed in the observer's reference frame, while 


the upper plate, at a height h above the lower, moves to the 


J 


—— 
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Figure 6: Shearing deformation of a viscous fluid. Tbe lower 


plate is fixed, while the upper plate moves at horizontal velocity 


u. The horizontal velocity of the fluid confined between the 


plates is given by u = Uy/h. 
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right with a constant velocity U. 


An extremely important experimental observation about 
viscous fluid flow is that the fluid behaves as if it were 
adhering to any surface with which it comes in contact -- 
that is, the fluid directly adjacent to any given surface under- 
goes no relative motion with respect to that surface; it "Sticks" 
to it. This phenomenon, known as the no-slip condition at the 
wall, means that the material of which the plates are constructed 
4s immaterial to the flow (assuming hydraulically smooth surfaces), 
The no-slip condition is a useful physical assumption in continuum 
fluid dynamics, although it is by no means an absolutely valid 
physical model of what actually happens near a surface in fluid 
flow. In fact, there are cases of the flow of extremely rarified 
gases in which a considerable amount of “slip" relative to the 
wall occurs and a finite-slip condition must be applied. In 
all cases of interest to model rocketeers, however, the validity 
of the no-slip condition can be assumed. The no-slip condition 
has a number of ramifications in application to model rockets 
which will be detailed in Section 3. 

In our experiment, a consequence of the no-slip condition 
4s that the velocity of the fluid increases linearly with 
height above the lower plate, from zero at the lower plate to 
U at the upper plate. Assuming the lower plate to be fastened 
to some fixture that prevents it from moving, there must be a 
force FP applied tangentially to the upper plate to maintain 
its velocity at U, and since there is no acceleration F must 
equal the frictional (or viscous) forces applied to the upper 
plate by the fluid. Furthermore, experiment reveals that 


~— 
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UA 
(11) ceeogiay "ae 


where Ais the area of the upper plate in contact with the fluid. 


The frictional shearing stress tT is then proportional to U/h. 
since the fluid velocity varies linearly with y, the vertical 
coordinate, U/h is just equal to the rate at which the fluid 

velocity u increases with height above the lower plate; 1-2-, 


the derivative of u with respect to y, or du/dy. Thus, 


(12a) Ee 


where the symbol «c reads in English, "is directly proportional to". 


Specifically, it has been found that 
du 
(12b) T=, dy 


where AM is the coefficient of viscosity, a physical property of 


the fluid. From (12b) it 1s seen that the shearing stress in 

a fluid is dependent on the rate, not the amount of deformation. 
The constant #4 is then a measure of a fluid's resistance 

to deformation. At room temperature, water is roughly 75 times 

as viscous as air. Substances like glycerine and molasses are 

more viscous still. Thus you can see that the word "thick", 


aS applied to fluids colloquially, is roughly equivalent to the 


more technical term "viscous". For gases, to a first approximation, 


A can be considered independent of pressure, depending only on 


temperature. In Pigure 7, M is seen to decrease steadily with 


increasing altitude. 


The ratio of the coefficient of viscosity to the density 
of a fluid is called its Kinematic viscosity y= KM/P. It is 
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Figure 7: Variation of the absolute viscosity of standard atmospher: 


with altitude above sea level. 
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Figure 8: Variation of the kinematic viscosity of standard atmos- 


phere with altitude above sea level. 


i a ae 


-292- 


this quantity, rather than # independently, whee Nah Seu eae 


repeatedly in our analysis of drag; its significance is discusgeq 


in the treatment of Reynolds number. For the present, we 
observe from Figure 8 that y increases relatively slowly with 
altitude. This is because at altitudes typical of model rocket 
flight, although f and M are both decreasing, f is decreasing 

at a faster rate thanyu with increasing altitude. At an altitude 
of 300 meters, ¥ is only about 2.4% greater than lts sea-level 
value. In the calculations of this chapter y will be assumed 

to have a constant value of 1.495 x 1079 meter®@/second, an 
average valid for the temperature and density variations normally 


encountered in flying model rockets. 


2.2 Dimensionless Coefficients and Quantities 
2.2.1 The Reynolds Number 

In our study of model rocket drag, we will make frequent 
use of a dimensionless quantity called the Reynolds number, 
denoted by R. Named for the English physicist Osborne Reynolds 
(1842-1912), its value reflects the nature of the flow about 
a body. Under certain conditions the drag coefficient (see 
2.2.2) may be expressed as a function of Reynolds number alone. 

The theoretical derivation of the Reynolds number may be 
accomplished in a variety of ways: by dimensional analysis, by 
a consideration of the forces acting on a fluid element in 
incompressible flow, or by examination of the Navier-Stokes 
equations of fluid equilibrium. I shall use the second approach, 
since I feel it is of greatest interest to model rocketeers; 


those readers who desire to follow the other lines of argument 
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are referred to the excellent accounts in Shapiro (17) and 
gchlichting (15). 

Suppose we consider the forces acting on 4 fluid element 
moving parallel to the x-axis of a Cartesian coordinate system 
at a velocity u, where u is a function of both the x and y 
coordinate values (Pigure 9). The size of the fluid element is 
large compared with the dimensions of a molecule of fluid, and 
large compared with the average distance between the molecules, 
put small compared with the dimensions of the region in which 
fluid is flowing and small compared to the dimensions of any 
physical boundary or solid object nearby. The flow itself 
4s composed of a very large number of fluid elements, such that 
variations in density, velocity, and all other physical properties 
between adjacent elements are small enough to permit the flow 
to appear continuous. 

There are essentially two types of forces which act upon an 
individual fluid element: body forces, which act from a distance 
(such as gravity), and surface forces, which act through the 
physical contact of one fluid element with another. Surface 


forces may be further subdivided into normal stresses (pressure), 


which act perpendicular to the surface, and shear stresses 
(viscous friction), which act parallel to the surface of the 
element. 

In this analysis, the body force due to gravity is assumed 
to be balanced by buoyancy forces in the fluid, and hence is 
neglected. Furthermore, the fluid is assumed iucompressible, 


which means that the volume of each fluid element is constant; 
’ 


Pigure 9: A fluid element in Cartesian coordinates, showing the 
variation of the x-component of velocity with the y coordinate 


and the shearing stress on the upper and lower y-faces of the 


element. 


Free stream{ [| 


Pigure 10: The concept of free-stream velocity. The air in the 
free stream moves past the rocket at velocity V, while the air 
in the “boundary layer" next to the rocket's surface is slowed 
down by viscous friction. The thickness of the boundary layer 
has been greatly exaggerated to make it Visible; actual boundary 
layers have thicknesses on the order of 1072 or 1072 en. 
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nence any elastic forces which might arise from 4 change in 


volume are neglected. 
{nertia forces 


The only forces left to consider, then, are 
and viscous friction forces. We shall attempt to express the 
ratio of these two forces in terms of the variables which 
determine the nature of the flow: the density f, the coefficient 
of viscosity sz, the free-stream velocity V, and a characteristic 


linear dimension of any given solid body in the flow, L. 
The free-stream velocity V is the velocity of the undisturbed 


fluid relative to the solid body. For a model rocket, Vis 
the velocity of the airstream as seen by an imaginary observer 
moving with the rocket, at points far enough from the rocket's 
surface to be undisturbed by its passage (Pigure 10). It 
4s important to distinguish V from the velocity of elements 
very near the body; for the elements at the surface itself 
this velocity is effectively zero. In most cases applicable ' 
to model rockets, L will refer to tne total length of the rocket. 
When we consider friction drag in Section 3, however, we will 
find that the nature of the flow over the fins is determined 
by the fin chord c, so L will be taken as ¢ in that instance. 

Prom considering Pigure 9, one can determine that the 


net resultant of all shearing forces on the element is 
(13) (+ Pay) dxde - dade = Fp andyde 


Applying equation (12b) and dividing through by dxdydz, the 
volume of the element, we find the shear force per unit volume 


as 
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or ey 2%. 
(14) Vy =A ay: 


Note that the symbol 2, rather than d, is used in writing the 


derivatives of a function of more than one independent variable, 


The derivative of such a function is called a partial derivative, 


The inertia force per unit volume, assuming steady (i.e., not 


au 
oscillating) flow conditions, is equal to Pus. Consequently, 


(15) (inertia force)/(friction force) = 


Now using order-of-magnitude approximations, we can say that 
the velocity u is of the same order of magnitude as the free 
stream velocity V, a is of the order V/L, and oe is of the 
order V/L?. Hence the ratio of inertia force to friction force 


is given approximately by 
2 


Vv 
(16) inertia force . Sa = Sy eee 
friction force ~ p <= -. y 


The quantity is the Reynolds number. Part of the 
significance of this quantity (which is dimensionless when 
evaluated in a consistent set of units) stems from the answer 
to the following question: given two bodies, geometrically 
similar but of different sizes, what is the condition that 
must be satisfied for the flow over these two bodies to be 
similar; i.e., for the streamlines to be geometrically similar 
also? Some thought reveals that the forces acting on any two 
fluid elements at geometrically similar positions must bear 
the same ratio in both cases, at each and every instant of time. 


If we consider now the type of flow from which we derived 
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the Reynolds number; i.e-., an incompressible flow with noe 
free surfaces (so that gravity and buoyancy forces cancel) it 


is apparent that the inertial and viscous forees tear = fixed 
Ss 


ratio in any two cases of flow about geometrically simi.ar 
podies if the Reynolds numbers of the two flows are ideatices- 
two such flows are referred to a8 dynamically similar- 

To illustrate this principle by example, consider the airzlov 
about the Saturn V moon rocket and that about am accurate 1/100 
scale model of that vehicle. For the flow about the two bodies 


to be dynamically similar, the Reynolds numbers sust be equal; 


hence 


ty) (S Veda pani () aor 


Since the fluid is air in both cases, and we can restrict the 
problem to low-altitude flight with standard launch-site atmos- 
pheric conditions, the values of Y are identical. With 
Leyll-scale * model X 100, the requirement of equal Reynolds 


numbers becomes 


Vnodel = 100Veuii-scale 


The airflow about the model Saturn flying at, say, 100 meters/second 
1s then dynamically similar to that about the full-scale rocket 
when it is moving only one meter/second: Phroughout almost 

all of its flight, the full-scale Saturn V is in @ Reynolds 

number regime far above that which model rockets ever experience. 
This suggests that the types of flow problems encountered in 

model rocketry tend to be somewhat different from those of full- 
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scale astronautics -- a conclusion which, to a large degree, 
4s correct. 
The principle of dynamic similarity is the basis for the 


technique of model testing, whether by wind tunnel or any other 
means. To achieve the same flow characteristics about a scale 
model which are found at typical operating velocities about 

the full-scale version, it is possible to vary both the test 
velocity and the kinematic viscosity, as seen in equation (27). 
Practically speaking, the velocity of a wind tunnel cannot be 
made large enough to attain the desired Reynolds number if the 
disparity in size between model and prototype is too great. For 
instance, the subsonic aerodynamic characteristics of the Saturn 
V could not be determined by the wind-tunnel testing of a 1/100 
scale model, since simulation of a prototype velocity of 100 
meters/second would require a wind-tunnel test at 10,000 meters/ 
second; and while the Reynolds numbers would then be equal the 
extreme compressibility effects on the model test would destroy 
4ts validity. By choosing another test fluid with a lower 
value of Y, however, it is possible to conduct dynamically 
similar model tests for moderate scaling ratios between model 
and prototype. Water, for instance, has a kinematic viscosity 
at room temperature less than 8% that of air; it would therefore 
be possible to test a 1/4 scale model of a light airplane which 
is to fly 45 meters/second, using a test velocity of 15 meters/secoé 
in water, and have flow about the model which is dynamically 
similar to that about the full-scale airplane. Increasing the 


model size has the same effect as reducing the kinematic viscosity! 
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4+ permits dynamically similar testing at lower velocities. 
for this reason, many wind tunnels are built today with very 
large test-section dimensions. 

To get an idea of the Reynolds numbers commonly encountered 
4n model rocketry, suppose we compute the value of R for a 
model O-% meter long travelling at 60 meters/second. Using 
y = 1-495 x 1079 meter2/second, we obtain from equation (16) 
R = 1.205 x 10°. Because a consistent set of units was used, 
the Reynolds number is dimensionless; this must be the case, 
as the ratio of forces should not depend on the system of 
units used to evaluate it. 

It appears that model rocket flight thus enters regimes 
in which inertia forces on the air in regions surrounding 
the model are about a million times greater than frictional 
forces. One might assume, for this reason, that it would be 
possible to ignore friction forces completely in our analysis. 
Despite the attractiveness of this proposition, it does not 
stand up to experiment; friction forces exert a great influence 
on the flow around a body, no matter how great the Reynolds 
number, but their action is confined essentially to a very 
thin layer at the body's surface known as the boundary layer. 
This concept will be discussed more thoroughly in Section 3. 


2.2.2 The Drag Ooefficient 
The drag coefficient of a body, denoted by Op, is defined 


= Lr 


wi- 


— 
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where D ie the drag force, Ay is a characteristic "reference 
area" of the body (in model rockets, usually the body tube 
cross-sectional area), and #fv2 1s known as the dynamic pressure. 
In this form, evaluated with a consistent set of units, the 

drag coefficient is dimensionless. 

Under certain conditions the drag coefficient possesses a 
very useful and valuable property: given two geometrically 
similar bodies, the only difference in drag coefficient between 
them (if any) will be due to their being operated at different 


Reynolds numbers; the drag coefficient is a function of Reynolds 


number alone. Mathematically, 


(19) C, = F(R) 


Conditions required for the validity of (19), in addition to 
geometric similarity, are that the flow be incompressible and 
the angle of attack be zero, so that the only forces acting 
on a fluid element in the vicinity of the body are due to 
friction and inertia. The functional dependence of Op on R 
must usually be determined experimentally, as present theory 
ie generally inadequate to predict drag coefficients for any 
but the simplest geometric shapes. For the model rocketeer, 
this would imply the necessity for extensive wind tunnel tests 
on each of his models. Unfortunately, there are few individuals 
with access to the necessary equipment for such tests. 

One solution to this problem is to resort to semi-empirical 
expressions for the drag coefficient which have been compiled 


from statistics derived by testing a great many subsonic rocket 


Pe ee 
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vehicles. In Section 6, one such method is presented and 

analyzed 1n detail. Although these formulse are not applicable 

to bizarre model rocket shapes, and have not yet deen extended 

to multistaged vehicles with any considerable degree of confidence 

4n their accuracy, they do permit sizeable variations in nose 

cone shape, fin planform, number of fins, boatteail character- 

4stics, and general physical dimensions for single-stage rockete. 
Since the empirical expression must necessarily be dependent 

on Reynolds number, it would appear that a laborious computational 

procedure is still required to determine graphically the relation- 

ship between Op and R for any given model. Fortunately, as 

we shall see later, the drag force on a model rocket over a 

considerable range of Reynolds numbers of interest is very 


nearly proportional to the square of the velocity: 
a 
(20) b=kV 


where k is a constant. Oomparison of equation (2.20) with 
equation (2.18) reveals that k is Just equal to #fCpa,, so 
that the condition of constant k requires 


(21) Op = constant 


Hence, to obtain a drag coefficient of acceptable accuracy 
for almost all model rocketry purposes it 1s necessary to 
Calculate only a single value of Qp from the semiempirical 
®Xpression, using a Reynolds number roughly estimated as the 
average value to be encountered in flight. The “average” 0p 


thus determined may then be used in performance analyses. 


—302- 


222.3 The Coefficient of Pressure 


Undisturbed air has an ambient, or "static", pressure (denoteg 
Po) which may be measured on a gauge or barometer. At sea level, 
the ambient pressure is equal to 101,325 newtons/meter®. In 
flow past a body such as a model rocket, however, the statio 
pressure as measured on a gauge by an imaginary observer moving 
with the airstream will be seen to undergo changes in value. 
At a stagnation point (where the flow has been brought to rest 
relative to the body, as happens at the tip of the nose), for 
example, the static pressure will increase. In incompressible 
flow the amount of this increase is just q = afve, where V is 
the free-stream velocity. At other points on the body, the 
static pressure will vary between its value at the stagnation 
point -- (ps) stag = Po + +fVv2 -- and some minimum value which 
can be less than the ambient static pressure po. 

The fundamental relationship which relates changes in 
static pressure to changes in dynamic pressure q is Bernoulli's 
Principle, which states that the total pressure Prot 15 a constant 
in frictionless, incompressible flow. The total pressure is 
simply the sum of the local static and dynamic pressures, at 
any location in the flow: 


(22) Pet = Patgfuy = psatzfu,” = constant 


where Dg], Pgo, and uj, Uo are the static pressures and velocities 
at any two points which have been designated point 
1 and point 2, respectively. If we choose point 1 to be a 


stagnation point, UW, is zero and 


Wy 


(23) Prot = (Ps)eiag Pst+5fut = constant 


The total pressure of the flow is thus seen to be equal to the 
static pressure at a stagnation point. 

The increment in static pressure at stagnation, q = asve, 
4s an important quantity in aerodynamics, as in many applications 
the force experienced by an object resulting from the flow of 
fluid around it is proportional to q. This explains, for 


4nstance, why the drag coefficient is defined as 
= D 
24 Cy. = = 


In an analogous manner we can define a pressure coefficient. 
It 1s apparent from the above discussion that a@ifferences 
in pressure, rather than absolute pressures, are important in 


determining fluid dynamic forces. Hence we define 


= [-Pe 
(25) oq. ao 


where p is the local static pressure, p,, is the ambient atmospheric 
pressure (free-stream static pressure) -- 101,325 newtons/meter= 
at sea level -- and q is the free-stream dynamic pressure, 
a9v?. ata stagnation point, equation (25) gives the result 
Cy zs +1.0. 

In Section 4, Bernoulli's Principle and the concept of the 
Pressure coefficient will be used to explain the existence of 


pressure drag. 


2-3 Constituents of the Total Drag Ooefficient 
It has been found in practice that a systematic analysis 


of drag requires some scheme for dividing the drag into components, 
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which can then be studied separately. In subsonic flow problems, 
the most common partitioning technique is to divide the total 


drag into skin-friction drag (due to forces tangential to 


the body surface) and pressure drag (resulting from forces 
perpendicular to the body surface). Integration of the com- 
ponents of the tangential and normal forces which are parallel 
to the direction of motion leads to the following general 


expressions for the drag (14): 


(26) pressure drag: Dp =- JS pcos (Nn, vas 


(27) skin-friction drag: Dy.= ‘5 T cos (t,V) LS 


The notation associated with these so-called double integrals 
or surface integrals is illustrated in Figure 11. The effect 
of performing the calculus operation called "integration" is 
just to add up all the infinitesimal contributions to drag 
resulting from the pressure and viscous skin-friction stress 
on each infinitesimal bit of surface area dS. The pressure 
integration results in equation (26), while the friction inte- 
gration results in equation (27). The area § includes the base 
area of the rocket. 

The pressure drag may be further subdivided into the 


integral over the base area, called base drag, and the integral 


over the rest of the model's surface, called pressure foredrag: 
(28) j= (( peos(n,V)d5, -(f pcos(nv)dSs 


Sb Gs 
where 8p denotes the base area and $, the total forebody surface, 


ti i] 
or "wetted", area. Equation (28) may also be written using 


Figure 11: Notation used in the surface integrations for calculating 


friction drag and pressure drag. The unit vector un, perpendicular 


— 
to the surface, and the unit vector t, 
originate from the center of the small 


notation cos(n,V) refers to the cosine 


V;, while cos(t,V) is the cosine of the 


tangent to the surface, 
element of area dS. The 
of the angle between n and 


_ —_ 
angle between t and V. 


™ 
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the abbreviated notation 


(29) Dp = DptD¢ 


where Dp, denotes the base drag and Dr the pressure foredrag. 
This arrangement is convenient because base drag is an important 
topic in itself, and special techniques are employed to reduce 


it. The total drag at zero angle of attack is then 
(30) D= Dy + De + Dy 


Skin friction drag is discussed in Section 3, and base 
drag in Section 4. The analysis of these sections will be 
valid only for zero angle of attack; in Section 5, the additional 
drag Da due to angular deflection of the rocket longitudinal 
axis from the direction of the relative airstream will be 
considered. The total drag at a general, nonzero angle of 


attack may then be written 
(31) D= Dip +De+ Dy + Dx 


Dividing by $fV°a,, where the A, we will be using is the 
rocket's maximum frontal area, we can express the drag in 


nondimensional form as the sum of constituent drag coefficients: 


D z= ” 
(32) T5VAA, =Cy = Co, + Co, + Coy + Coa 


You should note the use of maximum cross-seotional area in this 
chapter for computing drag coefficients, as opposed to the use 
of the cross-sectional area at the base of the nose as the 
reference area for determining the normal force coefficients 


of Chapter 2's Barrowman analysis. 
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The above scheme of componentization will be used to 
study model rocket drag in succeeding sections. At this 
point something might be said about the relative importance 
of the various terms in equation (32). According to experimental 
evidence to date, the order of importance of the drag components 
of a typical streamlined, well-constructed model rocket might 


appear as follows: 


1) Launch lug drag: In models having launch lugs, 
the lug produces a component of pressure drag that 
must be added to the pressure foredrag. This 
component accounts for about 35% of the total Cp. 

2) Skin-friction drag of forebody: Accounts for 
25% to 30% of the total Cp in models having 
launch lugs, 35% to 45% in lugless models. 

3) Skin-friction drag of fins: Accounts for 25%- 
30% of the total Cp in models with lugs, 35%- 
45% in lugless models. 

4) Base drag: Accounts for about 10% of the total 
Cp in models having lugs, about 15% in lugless 
models. 


5) Pressure foredrag: Porebody pressure drag 


from sources other than launch lugs accounts 


for less than 1% of the total Cp. 


The order of this list, and the relative magnitudes of the 
Contributions, can be altered drastically by improper con- 


Struction techniques. Failing to provide the fins with the 


ee ee 


| 


ee ne on 
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proper airfoil shape gives rise to a pressure drag several times 
greater than the total drag would be with properly-shaped fing, 
Rough surface finishes and blunt nosecones also lead to consider. 
able increases in drag, though not so great as do unshaped 
fins, and the increase in drag due to nonzero angle of attack 
can be quite large even for a well-streamlined vehicle. It 
{4s not uncommon for a model rocket to have twice the drag at 
a 10° angle of attack that it exhibits at 0°. 

Typical values of the total drag coefficient for model 
rockets with launch lugs range from 0.5 to 0.8, depending on 
the quality of the design and construction of the model. By 
comparison, a circular disc held perpendicular to the flow 
has a Cp of 1.1; the disc thus experiences a drag force 50% 
to 100% greater than that on a model rocket of the same diameter 
in an airstream of the same velocity. This result foreshadows 
our later discussion on the undesirability of blunt shapes and 
abrupt protrusions in model rocket work. To quote an example, 
removing the launch lug from a certain model rocket may reduce 
its drag coefficient from 0.7 to about 0.45. 

Figure 12 summarizes diagrammatically the important topics 


in model rocket drag to be considered in detail in the following 
pages. 


2: WNiscous (Skin-Friction) Drag 


2:L Ihe Importance of Viscosity in Real Fluid Flow 
In Section 2 the skin-friction drag was defined as 


(33) by = i % cos(t,v)d5 
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Figure 12: Causes and constituents of model roccet drag- The 
various drag constituents and flow phenomena shown here are discussed 
in detail in later sections of this chapter. The thicaness of 

the boundary layer in this drawing nas been greatly exaggerated 


to make it visible to the eye. 
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where tT, is the skin-friction force per unit area at the 
surface of the model (equal to the viscous shearing stress 


in the air directly adjacent to the model surface). Recalling 


equation (12b), we can write T, as 


(34) t= rhe 


where we have adopted a "local" coordinate system in which 

the y-axis extends perpendicularly upwards from the point on 

the rocket's surface at which %%is being evaluated. Earlier 

we saw, via an estimate of typical model rocket Reynolds numbers, 

that inertial forces are about a million times greater than 

viscous forces at average model rocket flight speeds. Why, 

then, not ignore the viscous forces completely in our analysis? 
The mathematical model which corresponds to this assumption 

is the so-called "perfect fluid” of classical hydrodynamics. 

The theory of the perfect fluid model, which assumes a fluid 

that is incompressible and has a coefficient of viscosity of 

zero, was well developed before the beginning of the 20th 

Century since the mathematical simplifications permitted by 

the perfect fluid assumption are considerable. The results 

one obtains from calculations based on classical hydrodynamics, 

however, assert that the drag on a closed body of any shape 

moving at constant velocity through a perfect fluid is exactly 

zero. This prediction was so contradictory to all experimental 

evidence -- even that available in the mid-19th Oentury -- that 

it came to be called d'Alembert's Paradox. It was apparent 


that one of the fundamental assumptions of the ideal fluid 


aTii-= 


theory Was physically inaccurate. 

In 1904 the great German ecientist Ludwig Prandtl (1875-1953) 
resolved this dilemma by introducing the concept of the boundary 
layer. According to this theory, the influence of viscosity 
4n fluids whose viscosity is small (or in situations where 
the Reynolds number is large) is confined to a thin region 
near the surface of any solid body immersed in the flow. The 
fluid obeys the rule of no slip at the wall -- contrary to 
the behavior of the perfect fluid, which was allowed to flow 
past a body freely -- and hence the fluid velocity must increase 
from zero at the body wall to the full free-stream value in 
a very short distance, perhaps a few hundredths or thousandths 
of a centimeter (note that the terms “wall” and “surface” are 
being used interchangeably in this discussion). This condition 
requires that the fluid velocity increase very rapidly with 
distance from the body surface; 1.e., that the velocity gradient 

7 be very large in the boundary layer, and hence TY, in 
equation (34) may not be negligible even if #« is small. 

This theory essentially divides the flow about a body 
at high Reynolds numbers into two regions. Within the thin 
boundary layer viscous forces are of about the same magnitude 
as inertial forces, and hence cannot be ignored. Outside the 
boundary layer, the flow conforms very closely to the behavior 
of a perfect fluid: frictional forces are negligible in this 
region. This partitioning of the flow permits a mathematical 
Solution to the problem of flow about a body at high Reynolds 


numbers to be obtained. This is generally done by first 
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determining the flow about the body by the methods of classical 
hydrodynamics -- the so-called "potential flow" theory. The 
solution thus obtained for the flow outside the boundary layer 
provides what mathematicians call "boundary conditions" which 
allow the solution of the boundary-layer equations to be carried 
out. The two solutions are then "grafted together" where the 
boundary layer ends and the outer flow begins, to provide a 
picture of the total flow pattern. 

The mathematical difficulties involved in the solution of 
a three-dimensional boundary layer, as on a model rocket, are 


nevertheless of momentous proportion. Several basic problems, 


such as the location of the "transition point" where the character 


of the boundary-layer flow changes from "laminar" to "turbulent" 
(these terms will be discussed in detail later on), as yet lack 
a firm theoretical foundation for their solution. Furthermore, 
it is doubtful whether a complete mathematical description of 
the flow pattern about his model would be of great benefit to 


the hobbyist, as such a description can only be obtained by 


laborious numerical techniques requiring the use of an electronic 


computer for each and every case to be solved. 

This section will therefore confine itself to a discussion 
of the basic concepts of boundary-layer theory likely to be of 
greatest interest and utility to the model rocketeer. The 
ultimate aim, of course, is to develop expressions for the 


viscous stresses in the boundary layer which can be related 


directly to the skin-friction drag. Fortunately, with the aid 


of certain assumptions which will be enumerated as we go on, 
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one can derive results which are applicable to the calculation 


of skin-friction drag on model rockets. 


3.2 The Distinction Between Laminar and Zurbulent Flow 
The fluid flow within a boundary layer may be characterized 


as either laminar or turbulent. The distinction between these 


two states may be observed in the stream of smoke riging from 

a burning cigarette in very still air (Plate 1). Pora short 
vertical distance the column is narrow and straight, but 

above this region the flow disintegrates into a disorderly, 
eddying stream. The smooth, unmixed phase of the flow is termed 
laminar; the rough, eddying part is called turbulent. 

Whether the flow in the boundary layer along an object 
will be laminar or turbulent depends to a large extent on the 
Reynolds number, although physical conditions such as air 
turbulence and surface roughness can assume important roles. 
Experimentally, the value of R at which the transition from 
laminar to turbulent flow in the boundary layer over a flat 
plate will occur has been found to lie in the range between 
3 x 105 and 3 x 10° (15). Since this interval includes the 
previously calculated typical value of R for a small model 
rocket, we may expect both laminar and turbulent boundary- 
layer flows to exist on model rockets during flight, depending 
on the velocity. 

Consequently, we shall examine both types of boundary- 
layer flow. Because the analysis for a three-dimensional 


body can be extremely complicated, our discussion will be 


a. 
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restricted to the steady, two-dimensional flow past a thin, 
flat plate held parallel to the airstream. although this 
4s geometrically a quite simple case, the skin-friction coefficients 
agerived from the analysis of the flat plate in laminar and 

turbulent flow form the basis for the calculation of skin- 

friction drag on all three-dimensional shapes (assuming that 
poundary-layer separation, discussed in Section 4.2, is not 
present). The results of Sections 3.3 and 3.4 for laminar 

and turbulent flow, respectively, will be used extensively 

later on in this chapter for the determination of model rocket 

drag coefficients. 

Next, in Section 3.5, a discussion of the mechanism of 
poundary-layer transition is presented. Since laminar and 
turbulent boundary layers produce markedly different skin- 
friction coefficients, even at identical Reynolds numbers, 
it is important to know the location of the transition zone 
in order to calculate viscous drag accurately. This problem, 
unfortunately, has not as yet been well-researched for model 
rockets, and it is necessary to assume a location for the 
transition. Section 3.5 amalyzes the important factors affecting 
the location of the transition point and discusses the calculation 


of the total skin-friction coefficient for boundary layers 


Plate 1: Smoke rising from a cigarette in a still room. The exhibiting both laminar and turbulent regions. 


path of the smoke is at first smooth and straight (laminar flow), Section 3 will conclude with some estimates of the correction 


but after it has risen for a certain distance 1t becomes rough factors required to apply the flat-plate results to three- 


and mixed (turbulent flow). dimensional configurations. This will be seen to be small, 


usually 5% or less, for the fins and body of a model rocket. 
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3.3 The Laminar Boundary Layer on a Smooth, Flat Plate 


In laminar flow, the fluid elements move parallel to the 


surface of the body and there is little or no mixing of the 


fluid -- i.e., transfer of momentum -- between adjacent stream- 


lines. Historically, the first application of Prandtl's 
boundary-layer theory was accomplished by H. Blasius, who 

in 1908 computed the laminar boundary layer in uniform potential 
flow past a flat plate. Since this example illustrates many 

of the important features of boundary-layer analysis, we shall 
examine it in detail. 

Steady fluid motion about such a plate is depicted in 
Plate 2 (12). The streamlines of the flow were made visible 
by sprinkling aluminum particles on the water; the length of 
the streaks left by the particles is proportional to their 
velocity. Very near the surface of the plate, the traces are 
much shorter than in the exterior flow; this region of reduced 
velocity is the boundary layer. Note also that the apparent 
thickness of the boundary layer, which we shall shortly define 
in mathematical terms, increases with distance downstream 
along the plate. This is because the boundary-layer shearing 
stresses are retarding a greater volume of fluid as distance 
from the leading edge increases. 

Note that there is no indication of the absolute size of 
the plate in the photograph. Hence we expect the velocity 
profiles (see Figure 13) at all x-stations on the plate to 
be mathematically similar; i.e., the dimensionless ratio u/Use 


may be expressed as some function of the dimensionless coordinate 


Us 
ae [i 
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Figure 13: Profiles of longitudinal velocity in a laminar boundary 


layer over one side of a flat plate at zero angle of attack. 


rn 
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ratio y/g , where Usis the velocity of the exterior flow 
immediately outside the boundary layer (calculated by potential. 
flow theory) and § is the boundary-layer thickness at any 
given location on the plate. This function must be the same 
at all distances x from the leading edge of the plate, although 
$ itself becomes greater as x increases. 

We can make an estimate of the boundary-layer thickness 
§ by equating the viscous and inertial forces within the boundary 
layer and solving for the value of § at which this condition 
occurs. As seen in Section 2.2, the inertial forces in the 
fluid flowing near an object of characteristic dimension L 
are of the order SUS/L. The friction forces per unit volume 
in a boundary layer of thickness § are of the order pe. /$* 
as the velocity gradient va exists only within the thickness 


of the boundary layer itself. We then obtain 


KF Vos wy fis 
(35) 3 7 


Solving for the boundary-layer thickness §$, 
AL 
oo = PE 


In the case of the flat plate the characteristic length of 
interest is the distance from the leading edge x. Substituting 


x for L, we obtain the boundary-layer thickness as 
meg] 2 
(37) Bae arr 


The thickness of the boundary layer is thus seen to vary 
with the square root of the distance from the leading edge. 


-319- 


tne object of a mathematical solution to this problem 1s to 


obtain the constant of proportionality in the expression for 
§ , and to determine functions for the boundary-layer velocity 
rofile and the skin-friction drag. 


P 
The equations of fluid flow for a general, two-dimensional 


poundary layer are 


yu au 30.225 yu 
(38) Huy EN Sy ede oye 


(39) ax 2 
where u and v are the local components of velocity in the x- 
and y-directions, respectively. The boundary conditions required | 
to completely define the solution to this set of equations are 
uezv2=s0 (both the tangential and the normal velocity 
components must vanish at the wall) 
Uso(x,t) (the tangential velocity component must 


be identical to that computed from potential- 
flow theory at large distances from the wall) 


= 
u 
8 
££ 
1] 


Those readers who are interested in the derivation of these 


equations from the complete Navier-Stokes equations for general 


fluid flow may consult Schlichting (15). | 


The Blasius problem assumes a steady flow, so all derivatives 


with respect to time will vanish. Purthermore, the potential 


flow cannot detect the existence of a thin, flat plate held 


Parallel to it; Uso just remains constant at the free-stream 


value far from the plate, and hence dp/dx is zero (there is 


nO pressure gradient along the plate), as may be determined 


from Bernoulli's equation. The boundary-layer equations are 
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then seen to reduce to 


Sie: ac ees 
(40) ist Say = y2 
ou 2v=0 
(41) yx ee 


and the boundary conditions become 


y20: uzve0 


Yso: us Ue (note that U.is now independent of x and t) 


To solve these equations Blasius introduced a new dimension- 
less variable "= £ ,» or, using the expression for the approximate 


boundary-layer thickness from equation CST} 


(42) n=yV bE 


A dimensionless streamfunction f(%) was also introduced, such 


that 


(43) f(r) = ae 


where ¥(x,y) is the streamfunction that had been well known 


to potential-flow theorists of the 19th Century; it is related 
to the flow velocities u and v in such a manner that it identically 


satisfies equation (39): 


 ® 
(44a) u= > 
3 
(44d) V= - it 


from which we see that 
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aX ayex 
ay aX ay ay x 
2 2 
BD oo BY a PP aT 
x ay dy x ay x 


Using equations (42) and (43) to substitute into the expressions 
for the velocity components, Blasius obtained 


(45) we a1 


a6) ve Phe EYRE (rt'-f) 


The prime symbol (') is often used im calculus to demote a 
derivative; hence so is also written f'(\), or simply f'. 
Higher-order derivatives are denoted by multiple primes; hence 
A*$(0 tt 
A ™ is equivalent to f'', etc. 
dy? 

From equations (45) and (46) it is possible to obtain 
expressions for the velocity derivatives of equation (40) 
in terms of the nondimensional vertical coordinate \ and the 


nondimensional streamfunction f: 


(a7) 242s (u.f")[- a] 


ax ~ ay 2X 
(ey ee ae [ULE 


. 
2 af" 2m Ua gl 
vu, ue fay 2 yet 


Substituting (45) through (49) inte (40), we have 


(49) 


“a 


n Ve* 
Ut ip Vet _ ey ent 


which can be algebraically simplified to 
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TABLE 1 
tf wl a, 
(51) ff'+2f =°0 
Uoo 
s 
with the boundary condition ia a Reve a f f' = u/U., fr"! 
‘ 
= i678 =O: f = 0 
(52) \=O: i=0%) 0.0 0.00000 0.00000 0.33206 
0.2 0.00664 0.06641 0.331 
2 ok 0.4 0.02656 0.13277 0133147 
(53) Yeo: Ff = 0.6 0.05974 0.19894 0.33000 
eer 0.10611 0.26471 0.32739 
Now the advantage Blasius obtained by introducing the 1.0 0.16557 0.32979 0.32301 
rdinate and dimensionless stream- 162 0.23795 0.39378 0.316 
dimensionless vertical coo ok 032298 mist aes 
function was that he was able to reduce equations (40) and 1.6 0.42032 0.51676 0.29667 
1.8 0.52952 0.57477 0.28293 
(41), a nonlinear system of two partial differential equations, 2.0 0.65003 0.62977 0.26675 
t 1), which is known as an ordinary, homogeneous, 252 0.78120 0.68132 0.24835 
Seequaston 121) ; 2.4 0.92230 0.72899 0.22809 
nonlinear differential equation: "“ordinary" because f is a 2.6 1.07252 0.77246 0.20646 
= 2.8 1.23099 0.81152 0.18401 
function of the single variable ~, “homogeneous" because 3.0 1.39682 0.84605 0.16136 
the right side is zero, and "nonlinear" because the product 3-2 1.56911 0.87609 0.15913 
ae poeeeee 0.90177 fe) eb 
ff with f'' h t . 3. 1.9295 0.92333 0.09809 
° with appears in the equation Such an equation is 3.8 3.11605 0.94112 0.08013 
easier to solve than the original system of equations; "easier", 4.0 2.30576 0.95552 0.06424 
’ not mean "easy", and a solution to equation (51) sod 569238 0.97587 0.03897 
has never been obtained . : 2.888 26 0.98269 : 
ained in closed form. Power series methods 4.8 3.08534 0.98779 0.02187 
have been used to obtain accurate solutions by numerical means, 5-0 3.28329 0.99155 9.01591 
0.011 
but the procedure is rather complex and its mechanics are of 2s ap oseaete 200733 
; ‘ 48 0.0 
little interest to model rocketeers (readers desiring a presentatio 2°8 eer: 0 199838 eee 
: : -99898 0.00 
of the method are urged to consult Reference 15). Table l 6.0 4.27964 0.9989 ; 
t G. A 0.99937 0.0015 
presents the numerical tabulation obtained by L. Howarth from a5 pepe 0.99961 ices 
his highl 6.6 : 7} 0.99977 e008. 
Guy Socurate solution of equation (51). 6:8 3101928 732998 «cou ae 
These data 7.0 » 279 26 0.99992 . 
d aseanasesta ee Pes iien GE: ther selene : 0.99996 0.00013 
istribution in the pb 7.2 5 47925 : : 
locit cundary layer; the results for the horizontél ae 5.67924 ee 9.00008 
velocity component are . 5 8792 : : 
plotted in Pigure 14. Near the wall 7.8 6.07923 1.00000 eee 
8.0 6.27923 1.00000 


Table 1: Numerical solution of the laminar boundary layer over 


* flat plate at zero angle of attack, obtained after the method 


0 
TH. Blastus by L. Howarth. 


> 


eee 
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TaBLs 1 (continued) 


Ueco 1! u 

= = Veo 

a VX if f' s Vg fit 
8.2 6.47923 1.00000 0.00001 
8.4 6.67923 1.00000 0.00000 
8.6 6.87923 1.00000 0.00000 
8.8 7.07923 1.00000 0.00000 


BT 
7+ | 
61 
gic 
ax 4+— 
|S 
> 9 
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1 
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Ss 08 1.0 


f(n) = 
(N) Us 


figure 14: Horizontal velocity component vs. ) in a laminar 
poundary layer over a flat plate at zero angle of attack. | has 
peen taken as the vertical axis because it is tne dimensionless 
coordinate perpendicular to the plate's surface. The quantity 

§* 45 called the displacement thickness and is equal to approximately 
1/3. 


> 
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4 zontal velocity component ie nearly 4 linear function 
e horizo 
is rdinate, put as y increases WEG SLODE OE the Curves 
of the y coo 

ceapane ae 4 approaches the potential-flow Velocity 
rapidly ste 


Veo + 

Notice that the free- 
i.e., that the boundary layer shades gradually int, 
e me J 


stream velocity is attained asymp tos. 


ically; 


the exterior flow, so that the concept of "boundary-layer 


thickness" is ambiguous. The generally-accepted definition 


4s based on the distance from the wall where the velocity 
differs by 1% from Uw; i-e-, Where U = 0.99Uc. From Table 


1 we see that this corresponds to % = 5.0; hence 
Dx 
(54) §=5 Us 


Evaluating this expression for Uco =» 60 meters/second (6000 
centimeters/second) and Ys 1.495 x 107> meter@/second (0.1495 


em?/second), we obtain 


(55a) § = 3.10x1072 x 


for x and § in meters, and 


(55d) $= 3.10% lo~2 f/x" 


for x and § in centimeters. At xsl cm., then, the boundary- 


layer thickness { ig -031 cm.; 


at x = 10 om. § is .098 cm., 
while atx - 100 en. 


(1 meter) [ ig -310 cm. The corresponding 
Reynolds numbers based on x are 4.0 


2 4 . >, and 
ios ae x10", -4.02-%. 10-5 


» respectively, 


The transverse 


Component of velocity, v, can also be 
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gevermined from the Blasius solution by substituting values 


ae ¢ and f' at each value of 1 desired into equation (46). 


the yariation of the nondimensional quantity tf itn 
"is plotted in Figure 15. 4s approaches infinity v does 
not yanish, but instead attains the asymptotic value 


v 
(56) Veo = 0.865 Un V a 


gxamining again the case of U. = 60 meters/second, we obtain 


_ 3.22*1972 
(57) Voo Vx 


where X must be given in meters. Thus, at a point 1 cm. from 


meters/second 


the plate leading edge (that 1s, 0.01 meter), tne value of 
V¥. is 0-322 meter/second -=- insignificant, of course, compared 
with U. but still nonzero. The nonzero value of the transverse 
velocity at the upper edge of the boundary layer is explained 
by the fact that the increasing boundary-layer thickness causes 
the airstream to be displaced from the wall as it flows along 
it, creating a slight outward velocity component. This is 
not the same as the flow separating entirely from the wall, 
a phenomenon that occurs only in an “adverse pressure gradient"; 
i.e., when the pressure in the boundary layer is increasing in 
the direction of flow. The flat plate at zero angle of attack, 
it will be recalled, exhibits a zero pressure gradient. 

The Blasius solution enables us to determine the skin- 
friction drag on the flat plate with a laminar boundary layer 
on a surface 


by Specializing the equation for the viscous drag 


in Seneral, two-dimensional flow: 


Vv Ue X 
U.V YU 


Figure 15: Nondimensionalized transverse veloelty component 


v_,[Uex vs. in a laminar boundary layer over a flat plate 
UoV Y 
at zero angle of attack. Again, | has been taken as the Vertica| 


axis. 


Figure 16: Notation used in determining the friction drag of al 


object of finite thickness in laminar flow. 


—326 = 


z 
(58) Dy = 1 ee cos ods 


where To is the shearing stress at the wall, b is the span 
of the object (dimension transverse to the flow), ana fy 

’ s 
gistance measured around the object's profile from froat to 


rear. The notation of equation (58) 4, explained pictorially 
in Figure 16. For a flat plate of negligible thickness the 
angle @ is zero everywhere, so cos J = 1,0. In such a case 
the differential path length ds is also equal to dx, so 

Q 
(59) Dy = b) tds 


x=o0 


From equations (34) and (48) 


(60) YTOd=h (34 ay a Use 4/ Ye ° f"(o) = a Un — 


where the quantity f''(0) has been represented by the symbol 

« (not to be confused with angle of attack in this application). 
From Table 1, & is found to be 0.332. Hence, the skin-friction 
drag on one side of the plate is 


Q 
dx 
(61) D, = 332 pb U../ 2 j vr = 664 b Ue Ve SLU. 
For both sides (the total friction drag), we have 


(62) 2p, = 1.328b Wap fl 


The friction drag coefficient for laminar flow over a flat 


Plate wetted on both sides is thus 

328 

(63) Cc. = _2Dv_ ss rts 
f sua V Re 


Where 4, the lateral area of both sides of the plate, is 2bk 


> ae 
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and Rp is the Reynolds number based on the length of the Plate 


if the plate is too short for transition to turbulent flow is 


occur anywhere on its surface. If the plate is suffictentiy 


long for transition to occur, Rg is the Reynolds number based 


on the distance from the leading edge to the transition zone 


and the coefficient computed according to equation (63) ig 


valid only for that portion of the plate forward of the transition 


region. Recalling our numerical example of U. = 60 me ters/secong 
’ 


suppose we compute the friction drag coefficient of a typical 
model rocket fin with an average chord of 3 cm. (.03 meter), 


For such a case we obtain 


(64) Cp = kee = .00382 


N12. 06x10 


We must remember, however, that friction drag coefficients as 
originally computed are based on wetted area -- that is, total 
lateral surface area. To use them in calculating the overall 
dreg coefficient of a model rocket, one must convert them to 


coefficients based on maximum body frontal area. This procedure 


will be described later on. 


2:4 Ibe Turbulent Boundary Layer on &@ Smooth, Plat Plate 


At a certain value of the Reynolds number, the fluid flow 
in the boundary layer above a Given surface will change from 
laminar to turbulent -- 2 phenomenon known as transition. 


Plate 3 illustrates a case of transition occuring in a channel 


of water. 
r- As the Reynoldg number increases from gubcritical 


gubcritical 
(fully laminar flow) to 


£epercritical (fully turbulent flow) 


value 
8, @ thread of dye injected into the fluid 1s subjected 


Plate 3: The Reynolds dye experiment, illustrating tue trausition 
from laminar to turbulent flow in a channel of liquid. 4 thread 
of dye injected into the flowing fluid at first rewalags smooth und 
straight (a), but farther down the channel the critical Reynolds 
number of the flow has been exceeded and the streap ie turbulent 


(b), causing the dye to be mixed. 


> 
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to increasing mixing action until finally the entire channe) 
4s colored. In this section we will consider the structure 
of the fully-turbulent poundary layer in the flow over qa smooth, 
flat plate, noting how the velocity profiles, boundary=layep 
thickness, and skin-friction drag differ from the laminar 
case. 

In laminar flow, streamlines move more or less parallel 
to each other with negligible mixing, and if the flow is steady 
the velocity at any point in the flow remains constant as time 
goes on. When turbulent flow is observed closely, however, 


subsidiary motions of the fluid transverse to the main motion 


downstream are detected (15). The velocity at a point is no 


longer constant, but is subject to excursions, or variations, 


about some average value. This behavior amounts to mixing 


between the streamlines and causes an exchange of momentum 

4n the transverse direction, because each fluid element essentially 
retains its forward momentum while mixing is occurring. Hence, 
the velocity profile in the turbulent boundary layer is such 


that the x-component of velocity increases far more slowly 


with height over most of the boundary-layer thickness than 1s 
the case for the laminar boundary layer. 


The distinctive feature of turbulent flow is the irregular, 


he 
frequency oscillations exhibited by the velocity and pressure 
at a point. 


hig 


These quantities can be considered constants only 
as an average over an extended period of time. Turbulent flow 
pe ee nomslip condition at the wall, however» 

re is thus a region very close to the wall where viscous 
stresses are of larger magnitude 


than the stresses due to 
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gurbulence which dominate the rest of the boundary layer. Since 
the conditions of flow in this very thin don so cecheva 1 
or 80 of the total turbulent boundary layer thickness -- are 
essentially laminar, it is known as the laminar sublayer. 
pespite its small thickness, the sublayer plays a vital role 

in determining the magnitude of the viscous shearing stress 

at the wall and hence the turbulent skin-friction drag. We 
shall encounter it again in Section 5.4 when we examine drag 
due to surface roughness. 

Because of its extensive applicability, we would like to 
determine the turbulent skin-friction drag on a smooth, flat 
plate as we did in the laminar-flow case. The same general 
methods of derivation cannot, however, be used again owing 
to two major difficulties: (a) very little is kmown about 
the nature of the transition that occurs as one passes upward 
from the laminar sublayer to the turbulent region; and (b) 
the laws of friction which are effective in the sublayer are 
also unknown. We proceed, then, on 4 different tack, by 
assuming that the boundary-layer velocity distribution over 
a plate ig similar to that within a circular pipe. This allows 
us to avail ourselves of the extensive data available for pipe 
flow, which has been studied in experiments preferentially to 
the plate case since it is much more difficult to carry out 
Measurements in the boundary layer of & plate than in that 
within a pipe (15). 

The validity of this assumption has been eaventnensts/** 


ti- 
least for moderate Reynolds numbers, py experimental inves 


under 
®ations. since the boundary layer in a pipe is formed 


a ge me 


-334- 


the influence of a pressure gradient (the pressure at the 


downstream end of the pipe must be less than that at the Upstream 


end, or no fluid would flow through it), while for the flat 


plate dp/dx was assumed equal to zero, the velocity distributions 


for the two configurations certainly cannot be exactly identica), 
Because the friction drag is calculated from a spatial integral 
of the fluid momentum in cases of turbulent flow, however, 

small differences in the velocity distribution are not critical 
(15). 

In order to compute skin-friction drag for a turbulent 
boundary layer, it is first necessary to introduce the concept 
of the momentum thickness, 9, of the boundary layer. The rate 
at which x-momentum per unit span of the plate (or per uuit 
circumferential distance of the pipe) is being lost due to 
the presence of the boundary layer instead of potential flow 


is given by | u (Un-4)dy, We may therefore define a quantity 
@ such that 


(65) §Un? = | u(U-u)dy 
y=o 
or 
(66) 6O8=) FT (l-t 
rae wz) dy 
Then in the case of laminar flow, since (vW/Ue) = f' 


on ose fF UrF an 


or 


(68) 6 = 0.664 = 
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mhis 18 approximately 1/8 of the boundary-layer thickness 
defined by equation (54). 

Now we may relate @ to the skin-friction drag in the 
following manner: consider a flat plate surrounded by a rect- 
angular control surface (an imaginary surface in space -- a 
concept often used in the analysis of fluid-flow problems) 
4dentified by its corner points, As BB, as in Pigure 17. 

Segment A,B,, parallel to the plate, is sufficiently far from 

the wall that it lies in the region of undisturbed velocity Ua. 
Pressure forces in such @ case are constant over the whole control 
surface, so one need not consider their contribution to the 

fluid momentum. Due to symmetry, moreover, segment AB contributes 
nothing to the momentum in the x-direction. Assigning positive 
value to mass flowing in and negative value to mass flowing 

out of the region enclosed by the control surface, the momentum 
balance may be expressed as in Table 2. 

Momentum conservation requires that the drag force D be 
exactly equal to the total momentum flux through the control 


surface, or 
h 
(69) p= eb ( (U."-u? - Un” - ue) dy 


The upper limit of integration may be changed to infinity, as 


the integrand is zero for y > h; hence 
(70) D= fh ( u (Us -u)day 


This ®@xpression applies to a plate wetted on only one side; to 


Obtain the drag for a plate wetted on both sides, we evaluate 


TABLE 2 


Rate of Flow Momentum Flux 
X= Direction 


Ln 
) ; ) 


h 
-b (" udy -Sb ji way 


-b (Vow -u)dy “Sb Fa Une ay 


sum - control total net rate total moment 


surface of flow = 0 = drag Un flux rigure 17: Control surface for calculating the friction irag 


due to a turbulent boundary layer over a flat plate at zero 
Table 2: Volume flow and momentum flux accounting associated wht angle of attack. 
the control surface pictured in Figure 17, for use in Calculating 


turbulent skin-friction drag. 
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(71) 2p0=8b JU (Ue -u) dy 


Two remarks concerning these integrals should be made here, 
First, equation (70) is applicable to any symmetrical cylindrica) 
body, not only a flat plate; in the case of a cylindrical body 
b is merely replaced by the circumference of the cylinder. 
Second, the integral may be evaluated at any station x on the 
body, in which case it will give the drag due to skin friction 
on the region extending from the leading edge to that particular 
station. 

Now from equation (65) it will be recalled that 

2 
(2) U2Z0 =) u(Us-u)dy 
i 
This expression is identical to the integral appearing in 


equations (70) and (71); hence we have 
(73) D=b¢U." 6 


We return now to an explicit consideration of the turbulent 
boundary layer on a flat plate. From the empirical results for 
turbulent boundary layers in pipe flow we adopt the "1 /7th-power 
velocity distribution law" in the form 


i] 
1 
u ) Be es 
(74) UNS: 
As in the laminar case, this relationship requires that all 
the velocity profiles along a flat plate in turbulent flow 


be of the same form, and thus one curve plotted in dimensionless 


coordinates can represent them all. 


The results of experiments with turbulent boundary layers 
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4n circular pipes have also shown that the shearing stress at 


the wall obeys the relation 
Y 
‘7 a ee? ee 4 
(75) tu = 0.0226 (ger) 


The momentum thickness can now be obtained in terms of the 
poundary-layer thickness § by direct integration from equations 


(66) and (74): 
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Then 
(76) a=+> 5 


Now if we differentiate equation (73) with respect to x we 


obtain 
d6 
(77) +o = T(x) = U2 


Combining equations (76) and (77) then ylelds 


~ . 40. 7 Ab 
(8) Fe = ak = 7a oe 


Substituting (78) into (75), we have 


% 
y 4 
(79) na = 0.0225 (Py) 


An explicit expression for { as a function of x can now be 
Obtained by integrating this ordinary differential equation 


in 8, assuming that $20 atx2xQ0O. The result is 


ry 
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(80) S = 0.37% (+*) 5 
and 

- 
(81) @ = 0 .036x (2%) 


The boundary-layer thickness in turbulent flow is thus 
seen to increase more rapidly with distance than in the laminar 
case: §(x) is proportional to x for a turbulent boundary 
layer, while $(x) for a laminar boundary layer varies as 
x2. The difference is due to the mixing action present in 
turbulent flow, which causes greater momentum and energy losses 
per unit time than is the case for laminar boundary layers. 

From equations (73) and (81), the turbulent skin-friction 


drag one one side of a flat plate may now be written as 


' 
ee “FF 
(82) D= be Un? O = 0-036 PUnt bs (LS*) 


8 4 > 
The drag varies as Uw? ana L® , @8 compared to Uso? ana £? 


for the laminar boundary layer. The skin-friction coefficient 
Cp can then be determined from its definition and equation (82): 
D 


8 C, = D 2 
ad tse Cote 


(84) Ch = ou) 

and finally, we arrive at the result 
= ee 

(85) Cy = 0.072 (te 


This expression has been found to represent experimental results 
very well, provided the value of the numerical coefficient is 
altered slightly to 0.074 (15); 


-y1- 


u 
- \ 
(86) el vet a 0.074 (Ry) * 
this relationship, valid for a flat plate with a completely 
turbulent boundary layer from the leading edge downstream, is 
1imited to the range of Reynolds numbers between 5 x 10° and 
1x 10? -- a range which, fortunately, includes the upper limit 
of R to be expected in the vast majority of model rocket flights. 
Table 3 summarizes the results of our analyses of purely 


laminar and purely turbulent boundary layers: 


TABLE 3 


characteristic laminar value turbulent value 
; ).328 0.074 
(Ry)? Re) “s : 
vx Vax \ 5 
§ 5 7 0.37x( yD ) 
w/U,, as given in a 4 
Table 1 Ey 


To give a representative example of a turbulent skin-friction 
coefficient, suppose we consider again the free-stream velocity 
Uso = 60 meters/second and a plate with a length of 0.3 meter, 
Giving a Reynolds number of 1.206 x 106, Assuming that some 
condition of free-stream turbulence or some device like a trip- 
Wire has caused the boundary layer to be turbulent all along 
the length of the plate, we derive the result 


Cy =e 0045 


A 


_ ae 
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325 Boundary Layer Transition 
325-1 Effect of Pressure Gradient and Reynolds Numbey 


The two preceding sections dealt with boundary layers that 
are entirely laminar or entirely turbulent in character. In 
reality, the flow over a flat plate may exhibit both forms of 
behavior. Laminar conditions will generally exist from the 

leading edge downstream to a point at which the local Reynolds 
number Ry = Us x/y attains a value somewhere between 3 x 105 
and 3x 10®. At higher local Reynolds numbers the flow is 
almost certain to be turbulent. 

The exact value of the Reynolds number at which this 
phenomenon of transition from laminar to turbulent flow occurs 
depends on a number of factors: the turbulence level of the 
free stream, the roughness of the surface, centrifugal body 
forces due to rotation of the body, and whether or not heat 
is being transferred to the boundary layer from the body or 
from external sources. The pressure gradient in the external 
flow (which is uniformly zero for a flat plate) also exerts a 
considerable influence on transition, as will be seen shortly. 

The hypothesis which underlies theoretical studies of 
transition was first enunciated by Osborne Reynolds: that 
the process of transition from laminar to turbulent flow comes 
about as the consequence of an instability in the laminar flow 
(15). Small disturbances, which may arise from any of the sources 
listed above, are assumed to act upon the laminar flow. ‘The 

theory of stability attempts to determine whether these disturbane' 
magnify or die away with time. If they decay, the flow is 
considered stable; if, instead, they grow in magnitude, the 
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plow 48 regarded as unstable and transition to a turbulent 
pattern may result. The ultimate object of the stability 
eneory 14s a prediction of the critical Reynolds number, Rorit» 


for which transition may be expected. 
The results of the stability analysis for a flat plate 
will not be presented here (readers interested in this analysis 
may consult Reference 15), as they are not directly applicable 
to the three-dimensional boundary layer on a model rocket. 
Instead, we shall investigate briefly the effects of the pressure 
gradient in the external flow on boundary-layer stability, and 
then present the hypothetical model of transition on model 
rockets which will be used for the calculation of drag coefficients 
in Section 6. 

The great English scientist, Lord Rayleigh (1842-1919) was 
the first to propose that velocity profiles with a point of 
inflection (point at which the curvature reverses) are unstable. 
Figure 18 compares such a profile with one found in a region of 
stable flow. Rayleigh's observation is of great practical 
significance, because there is a direct relationship between 
the existence of an inflection point and the nature of the 
local pressure gradient. The pressure distribution on @ surface 
in fluid flow (for cases in which there is no separation of 
the boundary layer) 1s determined by the theory of potential 


flow, which, it will be remembered, applies to the inviscid, 


“perfect” fluid. In real cases it is found that this theoretical 


Pressure distribution agrees Very closely with measured pressure 
distributions, as if the boundary layer were not present. In 


& sense, then, the external flow impresses its pressure distribution 


OF athe 
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Figure 18: Stable and unstable boundary layer velocity profiles, 
Profile (a) has a point of inflection; that 1s, a point at which 
the curvature of the velocity profile reverses. Profile (b) is 
fully convex in the direction of flow. The flow of profile (a) 


is unstable, wnile that of (b) is stable. 


- Why 


on the boundary layer. Along a surface with a favorable pressure 
gradient; that is, with the pressure decreasing in the down- 
stream direction, the boundary-layer velocity profiles will 

pe full and without inflection points, as in Pigure 18b. In 

the presence of an adverse pressure gradient; i.e., where the 
pressure increases downstream, the velocity profiles will 
generally develop inflection points, as in Migure 18a. In 
summary, then, a favorable pressure gradient tends to stabilize 
the flow in the boundary layer, while an adverse pressure 


gradient tends to destabilize it. The point of minimum pressure 
on a body is therefore of considerable importance; it determines 
the point of transition, and the two are generally in close 
proximity. 

For an object such as a circular cylinder held with its 
axis perpendicular to the stream, the region of minimum pressure 
occurs near the shoulder as seen in Pigure 24 (the angles ? 

= 0° and 180° correspond to the front and rear stagnation 
points, respectively). This experimental fact could also be 
deduced from equation (23): since the flow must be accelerated 
initially to pass over the upstream half of the cylinder, there 
isa corresponding decrease in static pressure in this region. 
4long the downstream side (in the ideal case) the flow is 
decelerated to its original undisturbed velocity and static 
Pressure. 

Something analogous to this process occurs on the nose of 
&@ model rocket; the flow is accelerated slightly and a point 
of minimum pressure is attained somewhere in the vicinity of the 


body-to-nosecone joint. If the rocket possesses a circular 


rw es ee | ew ee 
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cylindrical body, no further deflection of the flow will occur 


until the vicinity of the base is reached. Along the body, 


then, it is expected that the pressure gradient is either 
zero or very small; hence no adverse pressure gradient is 
expected anywhere along the airframe of such a rocket and it 

4s assumed that the location of the transition point on a typical 
model rocket is independent of the external pressure distribution, 
If the model has a boattail, however, an adverse pressure gradient 
will exist on it and transition -- or even separation -= can be 
expected in the flow about such a component. 

No data are available to indicate either where transition 
first occurs on a model rocket or the corresponding critical 
Reynolds number. The following hypothetical description, based 
on the flow behavior observed about streamlined bodies similar 
to model rockets, is advanced with some reservations as a 
model for boundary-layer transition on model rockets: at 
low velocities, corresponding to Reynolds numbers based on 
body length below about 3 x 10°, the boundary layer on a model 
rocket will be completely laminar. As the velocity increases, 
the local Reynolds number Ry = Us. xX/y (based on axial distance 
from the nosecone tip) will exceed at some station x the exper- 
imentally-determined (or assumed) value of Rorit for the rocket. 
This event will first occur near the model's tail, where the 
local Reynolds numbers are greatest; hence a small region 
of turbulent flow will first appear on the body near the base. 

As the velocity continues to increase, all values of Ry also 
increase and the transition point, determined by Ry = Rerit» 


will move progressively toward the nose. 
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A similar progression of events will occur on the fins, 
put at much higher body Reynolds numbers Ry, because the nature 
of the flow over the fins 1s determined by the Reynolds number 
pased on fin chord length R, = Uac/y. for typical model rockets, 
Rg is an order of magnitude greater than Rj; a turbulent boundery 
layer will therefore not generally be found on model rocket fins 
except in cases of exceptionally large rockets and/or exceptionally 
high velocities. The reasoning of this and the last paragraph 
4s based on the assumption of perfectly smooth surfaces. Roughness, 
as will be shown in the following section, can induce premature 


transition. 


225-2 Effects of Surface Roughness 


The presence of roughness elements, whether isolated or 
distributed in groups, in a laminar flow is known to be generally 
conducive to transition. Under otherwise identical conditions, 
transition occurs at a lower Reynolds number on a rough wall 
than on a smooth one. This behavior follows from the theory 
of stability, as the roughness elements create disturbances 
in the flow which add to those already present in the boundary 
layer and the external flow. Transition will occur at a lower 
Value of R than would otherwise be the case if the disturbances 
created by the roughness exceed those due to the turbulence 
already present in the flow. If, however, the roughness elements 
are very small, turbulent disturbances from the free stream 
Will dominate and the roughness should have no effect on transition. 

We examine first the effect of a cylindrical wire which is 


®ttached to a wall at right angles to the stream direction. 
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S. Goldstein has determined the critical height Korit of such 
a wire; i.e., the wire diameter just small enough so as not to 
influence transition, to be (15) 


7v 


Tou 
§ 


where T,, is the shearing stress at the wall in the laminar 


(87) kerit = 


boundary layer at the location of the wire. Now for a flat 


plate, equation (60) gives 
Voc M 
pm [BE #0) 


and from Table 1, f''(0) = 0.332. Recognizing that M= vf, 


(88) E(x) 


0-332 PU =: 


(899) 7%, (x) Ven 


Then for a flat plate, 


ty % 
(90) eit = ABB UR” = 2.2 (3) x" 


ok 


where the quantities involved must all be members of the same 
consistent set of units. For example, if U, = 60 meters/second 


and x = 3 cm. (0.03 meter), the critical height will be 
Kerit = 5667x107? meter = 5.67« to? cm. 


The cylindrical wire of the foregoing analysis could represent 
a paintbrush hair, the body-to-nosecone joint, or any similar 
small, cylindrical protuberance on the model's surface. If 
such protuberances have heights greater than the value of Kerit 


computed according to equation (90), there is some danger of 


premature transition. For the nosecone joint or surface, 


considering the stabilizing effect of the favorable pressure 
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gradient, the value of Kort given by equation (90) is probably 
somewhat too small. Assuming it does give the correct order 
of magnitude, however, it is apparent that a model rocket 
requires 4 rather smooth surface to minimize the possibility of 
transition occurring prematurely, with its consequent marked 
4ncrease in skin-friction drag. 

In reality, the transition point will occur somewhat 
downstream of a roughness element which just exceeds Korit 
as determined by equation (90). This is due to the fact that 
a finite “amplification time" is required for the disturbances 
due to the protrusion to generate turbulent flow. In order to 
induce effectively instantaneous transition, the height of the 
protrusion must be two or three times that predicted by equation 
(90). 

Distributed roughness elements; i.e., particles typified 
by dust or sandpaper grit, can also induce premature transition. 
We present here a simplified method (Ref. 3) for determining 
the minimum height k, of distributed particles which will be 
just sufficient to cause the development of premature transition 
to turbulent boundary-layer flow. 

We first define a parameter ke? which may be used as a 


nondimensional representation of a given roughness particle of 


height k; 
(91) ie = R. 


where R, = U.x/y, and x 1s the distance from the leading edge 
(or nose). A roughness Reynolds number Ry, based on particle 
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height and flow velocity at the point in the boundary layer 


corresponding to the top of the particle, is also defined ag 


(92) Ry, = kun 


It 1s possible to express %, as a function of Ry/Rx, 
assuming the velocity and temperature distribution throughout 
the boundary layer is known. In Reference 3, these calculations 
have been carried out for the cases of two-dimensional flow 
past a flat plate and three-dimensional flow past a conical 
body held with its axis parallel to the stream. The relationships 
thus obtained are presented graphically in Figures 19 and 20. 
To use these charts, it is necessary to choose a value of the 


critical roughness Reynolds number (By) +. Attempts to measure 


(By) + experimentally have yielded values anywhere from 250 to 
600, but Reference 3 suggests that the higher value is the most 
accurate. Once (Ry) is selected, the value of k required to 
induce transition at a given distance x from the nose or leading 
edge can then be determined by calculating the ratio (Ric) +R 
and reading the corresponding value of 1, from Figure 19 or 

20; this value of 4, is used in equation (91) to give 


(93) ke SXAk 


VRx 
Ey way of example, if we take (Ry), as 600 and base Ry 

on Ue » 60 meters/second, we have 
(Rue | 9.299 


ie Oe 


Suppose, now, we want to know the particle size needed to induce 


(for x given in meters) 


(Re /VR2)2-0 


Figure 19: Y\,, the nondimensionalized rouganese particle height 
required to cause transition from laminar to turbulent flow, plotted 
Re ‘ J 
a function of —=, the ratio of the “roughness Reynolds number" 
as ite ’ ug yu 
to the square root of the "station Reynolds number" for a flat 


plate at zero angle of attack. 


(Ry VR: eo 


Figure 20: Nk» tne nondimensionalized roughness particle height 

required to cause transition from laminar to turbulent flow, 

Plotted as a function of a the ratlo of the "roughness Reynolds 
NV Rx 


number" to the square root of the "station Reynolds number" for a 


Cone whose axis is at zero angle of attack. 
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transition at a distance of 3 cm. (.03 meter) from the nose or 
leading edge of the surface in question. The quantity (Ric) ¢/VRy 
is then 1.73; from the graphs we find the associated two-dimensiona) 
value of \, is 1.20, while the three-dimensional value is 0.96, 
Substituting in equation (93), we then calculate critical particle 
sizes ky, of 2.08 x 1074 meter for the two-dimensional case and 
1.66 x 107* meter for the three-dimensional case. The two- 
dimensional results may be applied with good accuracy to fins, 
body tubes of constant diameter, and other surfaces of zero 
pressure gradient; the three-dimensional results are applicable 
to nosecones, shoulders, and similar components whose boundary- 
layer pressure gradients are favorable. In either case, the 
critical size of distributed roughness particles is found to 

be on the order of 1/100 of a centimeter -- further demonstration 
of the necessity for a smooth surface finish on model rockets 

to minimize the skin-friction drag. It should also be noted 
that the case of our example has an Ry of 1.206 x 10°, which 

4s well above the lower limit of 6 x 10% given in Reference 

15 as the Reynolds number below which a laminar flow cannot 

be disturbed into a turbulent pattern. Hence, transition can 
occur under the conditions given in the example. 

There are certain limitations to this method. First, a 
zero pressure gradient has been assumed in its derivation; it 
seems likely, however, that the pressure gradient on most 
reasonably well-designed model rockets is small enough to keep 
the method accurate enough for practical uge. Second, the 
critical roughness Reynolds number (Ry), can be assumed to have 
the constant value of 600 only if the roughness elements are 
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completely submerged in the laminar boundary layer. The height 
of the roughness particles compared with the boundary-layer 
thickness can be determined from the value of ", found for 
a particular case and the boundary-layer velocity profiles of 
Figures 2la and 21b (3). The values of “1, found for the example 
above are seen to lie well within the boundary layer. 

The reader should note at this point that the variable 
"as used in Reference 3, from which Pigures 19 through 21 are 
taken, is not the same as the variable 7 used in the presentation 
of the Blasius solution of Section 3.3. If we identify the 
\ of Ref. 3 as %3 and the of Blasius by 1, , we have 


= Xf Og tae EES 4 af Ye 
(90) Ns = oe VRa = aR rele VX 


(95) “es — Y = 
so that 
(96) Ns = rd ON 


The two-dimensional boundary-layer profile of Pigure 2la is thus 
identical to that of Mgure 14, except for a scale factor of two 
in the vertical coordinate. 

The station x s 3 cm. generally corresponds to a position 
On the nosecone or fins of a model rocket. As x is increased, 
the boundary layer becomes thicker (varying as /x' for a laminar 
boundary layer in zero pressure gradient) and the particle size 
required to induce transition at that value of x is also increased. 
Eventually, the increase in downstream distance from the nose or 


leading edge will result in a value of Ry sufficiently great 


Figure 21: Boundary layer velocity profiles for laminar flow 


over flat plates (a) and cones (b). 
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to cause natural transition without the presence of any surface 
roughness- Calculations of induced transition due to surface 
roughness are, of course, applicable only for values of R, less 
than the critical Reynolds number Rorit: 

An increase in the free-stream velocity will decrease the 
poundary-layer thickness at a given station x, so the particle 
size required to cause premature transition will also decrease. 
High-performance model rockets, which are expected to travel 
at extreme velocities, therefore require exceptionally smooth 
surface finishes to minimize their friction drag. 

Finally, we should note a third limitation on the general 
applicability of the calculation method presented in this section: 
the "distributed" roughness particles are actually assumed to 
lie in a thin band transverse to the stream direction so that 
the given value of Ry can apply to them all, and the transition 
induced by particles of diameter ky is presumed to occur instan- 
taneously as the air flows over this band. In actuality, of 
course, the roughness in a model rocket's finish is usually 
distributed fairly evenly over the entire surface of the rocket 
and the transition induced by the particles occurs at some 
finite distance downstream of them. The calculation method 
presented does, however, provide the kind of order-of-magni tude 
information useful to the model rocketeer in ascertaining the 
Permissible roughness of surface finishes that will avoid 


premature transition and keep friction drag as low as possible. 


3.5.3 skin-Friction Drag of Boundary Layers 


with Transition 


One can estimate the skin-friction drag on a flat plate 
on which boundary-layer transition occurs if it 1s assumed 
that, behind the transition point, the turbulent boundary 
the leading edge. Since the laminar region introduces a reduction 
in drag from what the drag would be if the entire boundary layer 
were turbulent, we can just substitute the laminar drag up to 
the transition point for the turbulent drag over the same 


distance (15). The incremental decrease in drag force is then 


(97) AD=-L Ue? b Xerit [ce deury Ce ian | 


whe re (Of) turn and (Cf) am are the respective coefficients 
of turbulent and laminar skin friction. 


The change in overall skin-friction coefficient becomes 


(98) AC, cae 2 ta ede = (Celaw! 


or 

R . 
(99) aCe = ~ REE [(Caeuen -(Ceiam| 
Letting 


(100) 6 = Ruiz Te) ee " (Cains) 


we derive the overall skin-friction coefficient as (15): 


C. = 2.074 oe 
f Ry Re 


where the laminar and turbulent skin-friction coefficients 


(101) 


are evaluated from the previously derived expressions, equations 


(86) and (63): 
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_ 0-074 
(1024) (Cour = (Ry) 


1.328 
(Rp)% 


approximate values of B for several possible values of Rorit 


(o2b) (C+) am 


are listed below (15): 


eS 
Rorit 3x105 5x109 1.x106 3x 106 


B 1050 1700 0 8700 


In order to apply equation (101) in a particular case, 
the value of R.,44 must be known. Since no value of this 


quantity has been determined for a model rocket, we shall 


assume an average value for calculation purposes of Rorit 2 5X 10>, 


corresponding to a B of about 1700. Since this value is near 

the lower end of the R44 range for flat plates (3 x 10> to 

3x 10°) ,» the results obtained should be somewhat conservative, 
making it unlikely that the drag will be underestimated. Section 
6 discusses the matter of critical Reynolds number for model 
rockets further in the light of data gathered by Mark Mercer. 

The transition curve described by equation (101) for B = 1700 

is plotted as function C in Pigure 22, along with the pure laminar 
and pure turbulent functions from equations (63) (function 4) 

and (86) (function B). Pigure 22 can be used directly to find 
skin-friction coefficients for use in the method described 

in Section 6. 


2:6 ‘Three-Dimensional Oorrections to the Flat-Plate 


Skin-Friction Qoefficients 


Approximate methods have been developed for estimating 


a 


a a 
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Figure 22: Skin friction coefficient for flow over a flat plate 
with boundary layer transition, based on the assumption of 


Rorit 2 5X 109 (corresponding to B = 1740 in equation (101)). 
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the effects of three-dimensionality on the values of the skin- 
friction coefficients derived for the flat plate. ‘The results 
of an approximate method described in Reference 9, which can 
pe used to correct two-dimensional skin-friction coefficients 
for application to three-dimensional surfaces, are presented 


below. 


3-6-1 Body Corrections 
For laminar boundary-layer flow over a circular cylinder 
held with its axis parallel to the stream, the increase in skin- 
friction coefficient over that of a two-dimensional plate having 
the same length is given approximately by (9) 


(103) (acs), > aus 

In a previous example, we determined a skin-friction coefficient 
of 0.00382 for laminar flow over a flat plate at a Reynolds 
number of 1.206 x 105. For a model rocket body with a length- 


to-diameter ratio of 10 at the same Reynolds number, we obtain 


Crore fee = |lbbx io” 


The adjusted skin-friction coefficient is thus 


: Kaze gaye W 
(Cy hae = (Cen. + (BC $)iom = Ry + a 003986 


With equation (103) accounting for a 4.4% increase in the value 
of Cr. 


In the case of turbulent flow, the increase in skin-friction 


coefficient is found from (9) 


—— a 


een 
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022 (A/a) 
(104) (ace), = oe Ce tuk 


or, since (Cr)turp = -074/Rg% for a flat plate, 


1.6x1073 (2£/d) 


(105) (Cea = (Rg) 


In our turbulent-flow example, it will be recalled that the skin. 
friction coefficient for a completely turbulent boundary layer 
over a flat plate at a Reynolds number of 1.206 x 10° was 

found to be 0.0045. Assuming a length-to-diameter ratio of 


10 and the same Reynolds number, we have for the cylinder 
(oCedeueh = 5-93 x 107° 


Then the adjusted skin-friction coefficient is 
-3 
-074 1.6x10->(2/d) 
‘ et ee = 0045593 
(c, dies Ra)’ (Re) i 
with equation (105) accounting for a 1.3% increase from the 
flat-plate value -- a bit less than 1/3 the percentage inorease 
for the laminar case. In Section 6, corrections of these 
magnitudes will be used to determine the skin-friction drag 


on the constant-diameter body tube sections of a model rocket. 


3.6.2 Fin Oorreotions 
A model rocket fin is generally not quite thin enough to 


be represented as a flat plate. The average tangential velocity 
of the airstream about a fin with a symmetrical airfoil section 
46 higher than that of the undisturbed flow, even at zero angle 
of attack when the fin produces no side force (or “lift", as 
the side force ie sometimes colloquially called) (9). The 
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griotion drag coefficient of a flat plate wetted on both sides, 
with the planform area (area of one side only) used ae the 


reference area, is 


(106) Co, = 2C¢ 


Now the increase in friction drag with thickness is proportional 
to the jncrement in dynamic pressure caused by the increase 

4n flow velocity required for the air to negotiate a fin of 
finite thickness. This increment, in turn, 1e proportional 

to the thickness ratio t/o, where t denotes fin maxisum thickness 


and oc denotes fin chords 


Ac b t 
(107) Seg ee 


Then for the fin drag coefficient, based on fin planform area, 


corrected for thickness effects, we obtain 
/ 34 
(108) Cp, = 2c, (1+ 2€) 


For a typical model rocket fin having a thickness ratio of 
0.05 the correction introduced by the use of equation (108) 
1s seen to be 10%. 

Again, we shall have occasion to return to these formulae 
in Section 6. In that section also, procedures for converting 
skin-friction drag coefficients based on body tube lateral area 


and fin planform area to coefficients based on maximum frontal 


area will be presented. 
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4. Pressure Drag 
4.1 Introduction 


Pressure drag was defined previously in Section 2 as the 
integral over the body surface of the components of pressure 
forces acting directly opposite the direction of the rocket's 


motion; that is, 
(109) Dp = (( pcos(n,v)ds 
s 


where the unit vector n is everywhere normal to the surface 

(you may wish to refresh your memory in regard to the notation 

by consulting Figure 11 again). For purposes of analysis, it 

is useful to divide this integral into two parts: first, the 
integral over the base area of the rocket, called base drag, 
which will be discussed in Section 4.4; and second, the integral 
over the remainder of the rocket body and fins (pressure foredrag), 
to be discussed in Section 4.3. 

The existence of pressure drag is intimately associated 
with the phenomenon of boundary-layer separation. In general, 
for a rocket with a streamlined nose, streamlined fin profile, 
and no launch lug, the base drag will be considerably larger 
than the pressure foredrag. This is because separation of the 
boundary layer from the rear of the rocket, unavoidable due to 
the presence of the opening into which the engine casing must 
be inserted, creates a relatively large component of pressure 
drag. In the event that extensive flow separation occurs on 
the forebody, however -- as the result of blunt surfaces directed 


against the airflow -- the pressure drag of the forebody can 
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pe quite large, perhaps several times the base drag. 

Since an understanding of the mechanigm and prevention 
of boundary-layer separation 1s essential to the study of pressure 
drag, we begin with a discussion of this phenomenon in Section 
4.2. Unfortunately, there is very little quantitative information 
available concerning the two most important sources of pressure 
drag on well-constructed model rockets: the launch lug (if the 
model has one) and the base. Section 4.3 discusses Mark Mercer's 
data concerning the first question, and in Section 4.4 the 
empirically-derived expression which is used to evaluate base 
drag is presented, although it 1s noted that thie formula does 
not take into account either the effects of stabilizing fins 
or the influence of the engine exhaust on the base drag. 


4,2 Boundary-Layer Separation 
The skin-friction coefficients which were derived in Section 


3 for laminar and turbulent flow presuppose that the boundary 
layer remains attached to the solid surface on which it ie 
formed. This assumption is generally valid for a flat plate, 
&s the pressure gradient along the plate's surface dp/dx is 
zero; but in regions of increasing pressure (dp/dx positive, 
@ so-called adverse pressure gradient) the boundary layer 
may be unable to follow the contour of the body surface beyond 
& certain point and it will break away from the surface. When 
this happens, the skin-friction coefficients of Section 3 are 
Not applicable beyond the point of separation. 

To illustrate this phenomenon, we examine the flow past 


® blunt body, such ag the oircular cylinder shown in Pigure 
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23. In the inviscid flow of a "perfect" fluid, the fluid 
elements are accelerated from point A to point B, and are 
decelerated from point B to point C. In accordance with 
Bernoulli's equation, there is a decrease in static pressure 
between A and B and a corresponding increase along the downstream 
surface from B to G. This theoretical pressure distribution 
(which appears in Figure 24 as the curve 0, = 1 - 4sine?) is 
impressed upon the boundary layer in real fluid flow; that 1s, 
at any station in the boundary layer the pressure over the 
thickness of the layer is virtually constant and is taken as 
equal to the pressure in the exterior flow at the same station. 
dn element in the exterior flow, because of the pressure 
distribution, undergoes a continual change in kinetic energy 
as it moves from the front to the rear of the cylinder, first 
increasing, then decreasing. Because there is no dissipation 
of energy in inviscid flow, the theory of perfect fluids predicts 
that a fluid element will arrive at C with the same velocity 
4t had at A. Within the boundary layer, however, fluid elements 
are subjected to large frictional forces which consume much of 
the kinetic energy gained in travelling from A to B. Hence 
an element near the wall will not have sufficient kinetic energy 
to overcome the positive pressure gradient on the downstream 
side of the cylinder, and at some point its motion will be 
arrested. Acting under the influence of the pressure gradient, 
4t will then reverse the direction of its motion so that it 
is actually moving against the exterior airstream. 
This process and its consequences are depicted in Mgure 


25, which shows how the velocity profiles in the boundary layer 


Figure 23: Flow about a circular cylinder held transverse to the 
airstream. Inviscid ("potential") theory predicts taoat tae flow 
near the surface of the cylinder will be accelerated from point A 
to point B and decelerated again from B to C. In actuality, the 
boundary layer develops an inflection point due to the adverse 


pressure gradient between B and 0, and separation occurs at Ss. 


— ' 


C,=1-4sin? 


= 4 + + . 
: O° 60° 120° 180 


Figure 24: Theoretical and experimental variation of pressure 
coefficient in flow about a circular cylinder. The theoretical 
curve obtained from potential flow theory is displayed and compared 
with average curves of experimental data taken at the subcritical 
Reynolds number 6 x 104 and the supercritical Reynolds number 

3 x 10° (based on cylinder diameter). The angle Pis the angle 
between a line drawn from the cylinder axis to point A in Figure 

23 and a line drawn from the axis to any other point on the cylinder 


t) 
periphery. Point Bin Figure 23 thus corresponds to p= 90° and 


point C to @ = 180°. 
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are altered near a point of separation. The boundary layer 

has a full, stable velocity profile at point a, well upstream 
of the separation point c. As the flow moves into the region 
of increasing pressure, however, the particles at the wall begin 
to be retarded until, at c, the velocity profile develops an 
inflection point and has a zero velocity gradient at the wall. 
The layer of fluid nearest the wall has consequently lost all 
4ts forward momentum. The condition of zero normal velocity 


gradient at the wall is expressed mathematically as 


au) _ 
Jy) =0 
(110) (au a 


Downstream of c, the separation point, the layers of fluid 
nearest the wall reverse their motion, a vortex is formed, and 
the general accumulation of fluid in the boundary layer leads 
to a rapid increase of boundary-layer thickness (points 4@ 
and e). The layer becomes so thick, in fact, that the original 
assumptions which were made in the derivation of the boundary- 
layer equations (equations 38 and 39) are no longer valid and 
a "boundary layer" as such can no longer be said to exist. Hence, 
the boundary-layer approximations apply only up to the point 
of separation, and resort must be had to experiment to determine 
the conditions on the rear of the body from which the flow has 
Separated. 

The remarkable series of photographs in Plates 4a through 
4j, made by Prandl and Metjens (Reference 12), illustrates 
the actual development of separation at the rear of a circular 
Cylinder. In Plate 4a, the flow has just begun; the boundary 
layer is very thin, and conditions conform very closely to ideal, 
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Uwe 
inviscid potential flow. In the next picture, some particles os = 
nearest the wall have been retarded by the adverse pressure Te 


gradient; they appear as bright, white dots. This corresponds 


to the velocity profile of point c in Figure 25. These particles 


have acquired a backwards velocity in Plate 4c, and a line of 


stationary fluid now exists at some distance from the wall, as 
at points d and e in Figure 25. The external flow persists 
in forward (left-to-right) motion outside this line. The 
instability of the dividing line is demonstrated in the concluding decabents 
plates of the sequence as it breaks up into separate vortices, 
grossly altering the pressure distribution beyond the separation 
point. 

Figure 24 compares the theoretical pressure distribution 
(Cp zl- 4sin°?) on a circular cylinder with experimental results 
obtained at various Reynolds numbers. Because of the symmetry 
of the theoretical curve, integration of the pressure forces 
over the surface of the cylinder will yield a pressure drag 
of zero -- the same result obtained for an object of any shape 
using potential-flow theory alone. In the experimental cases, 
however, the pressure over the rear of the cylinder never 
attains its original value at P= 0°. Pressure recovery is 
thus said to be incomplete. The suction forces due to the 
negative pressure coefficient at the rear will predominate 
over the suction forces acting on the upstream side, and a 
net positive pressure drag (force in the direction of the 
stream) will result. 

The existence of a point of inflection in the velocity 


distribution is a necessary condition for separation (15). 


Figure 25: 


Undisturbed outer flow 


aeZ: 
Positive ~~ 
pressure 
gradient 


The development of boundary layer separation from 


a surface due to the influence of a positive (adverse) pressure 
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In Section 3 we saw that the stability of a laminar flow is 


also related to this characteristic of the velocity profile; 


the existence of a point of inflection is a necessary and 


sufficient condition for the amplification of turbulent distur. 


bances. The significance of this correlation is revealed 


when one considers the variation of the drag coefficient of 


a sphere or circular cylinder with Reynolds number, as shown 


in PMigure 26. 
At a Reynolds number of about 3 x 10° for a sphere, and 


about 5 x 10° for a circular cylinder held transverse to the 
flow, the drag coefficient exhibits 4 sudden and considerable 
decrease. This phenomenon is due to the transition of the 
boundary layer from laminar to turbulent flow, causing the 
separation point to move downstream -- and, therefore, causing 
the total width of the “stagnant” or “dead-air" region created 
by the separation to decrease. This effect is also demonstrated 
4n the experimental pressure distributions of Figure 24, as 

for supercritical (post-transition) Reynolds numbers, the 
pressure recovery is more complete than at subcritical (pre- 
transition) Reynolds numbers. Hence the fluid flow resembles 
frictionless flow more closely, and the pressure drag is corres~ 
pondingly reduced. The magnitude of the decrease in pressure 
drag is considerably greater than the increase in the friction 


drag due to the attached turbulent boundary layer. This 
accounts for the sharpness of the drag coefficient curve's slope 


at the critical Reynolds number. 


A striking flow-visualization experiment, originally performed 


by Prandtl (12), demonstrates the validity of these assertions. 


Co 


Co 


Figure 26: Variation of drag coefficient with Reynolds number 
based on diameter for circular cylinders (a) and spheres (b). 
The curves shown are average values obtained from a large number 


of experiments. 
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He placed a sphere in subcritical flow and observed the resulting 


flow pattern, made visible by smoke (Plate 5a). As expected, 


the laminar flow separated just before the shoulaer, and there 


was a very wide wake trailing the body. When a thin wire ring 


was mounted upstream of the sphere's equator, artificially 


inducing turbulence as a subcritical Reynolds number (see 


Section 3.5), the separation point moved well downstream as 


shown in Plate 5b. This movement was accompanied by a decrease 


in the measured drag coefficient, similar to that achieved at 


supercritical Reynolds numbers. The experiment is thus a 


convincing demonstration that the sharp decline in the drag 
coefficient of spheres and cylinders observed at the critical 
Reynolds number can only be interpreted as a boundary-layer 
phenomenon (15). 

It remains to be explained why transition affects the 
position of the separation point. The physical phenomenon 
determining this behavior is that a turbulent boundary layer can 
withstand a stronger adverse pressure gradient than can a 
laminar boundary layer. This results from the mixing action 
present in the turbulent layer, which transfers momentum from 
the outer layers of the flow to the strata of fluid near the 
wall, permitting them to continue their forward motion for 
greater distances against adverse pressure gradients than would 
otherwise be the case. This same mechanism accounts for the 
low drag of many bodies with streamlined aftersections, such 
as airplane fuselages: the transition of the boundary layer to 
turbulent flow prevents the flow from separating in the relatively 


mild adverse pressure gradient at the rear of such a body, and 


Plate 5: Flow about a sphere at a subcritical Reynolds number. 
In (a) the laminar boundary layer separates slightly upstream of 
the shoulder. In (b) the presence of a wire ring "trips" the 
boundary layer, artificially inducing transition to turbulent 


flow and delaying separation until the flow is far downstream 


of the shoulder. 
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thus the pressure drag is very small. Since the skin friction 


of such a body in fluids such as air 18 also small, the overall 


drag coefficient is close to zero. 


4.3 Pressure Drag of the Forebody and Fins 


From our discussion of separation, we derive a cardinal 


rule for low-drag model rocket design: never present a blunt 


In general, there are four areas on a 


surface to the flow. 
e capable of violating this rule; 


typical model rocket which ar 


the body base, the launching lug or other protuberances (if 


present), the leading and trailing edges of the fins, and the 


Although at least a portion of the base of any 
off abruptly to permit 


nosecone. 


model rocket must necessarily be cut 


{insertion or removal of the rocket engine, boattailing offers 


a considerable reduction in base drag and will be discussed 


separately later on. In the present section, we shall examine 


the effects of separation on the rest of the rocket body and 


fins and describe techniques for minimizing then. 


4.3.1 MNosecone (Forebody) Pressure Drag 
For the purposes of analysis, it is possible to consider 


the nosecone of a model rocket as being attached to a body tube 
of effectively infinite length oriented with its axis parallel 

to the flow. Such a configuration is known as a half-body. 

An expression for the drag on such a body is a good approximation 
to the pressure drag on the forebody (nosecone and body tube) 

of an actual model rocket, provided that the rocket is long 
enough so conditions near the base do not have a sizeable 


{nfluence on the flow near the nose. The data of Mark Mercer's 
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gnvestigation suggest that this approximation is a good one 

for 4 typical model rocket, since Mercer found changes in 
nosecone shape to cause the same absolute increment in drag 
coefficient for both the blunt-finned and the streamline-finned 
yersion of the model he tested. 

We first examine the flow about a half-body for an incom- 
pressible, {inviscid -- that is, perfect -- fluid (12). The 
mathematics of this problem are such that it cannot be solved 
unless some specifications are made regarding the pressure at 
the rear of the body. To circumvent this difficulty, aero- 
dynamicists assume that, at a sufficient distance from the nose, 
there exists a slot into which the surrounding pressure penetrates 
(Figure 27). The pressure drag on such a half-body is then the 
resultant integral of pressure over the surface of the “amputated” 
forebody.- 

The techniques of potential-flow theory, involving the 
mathematical concepts of sources and sinks, could be used to 
obtain the pressure drag, but a simpler model is presented 
here (12). As in Figure 27, we enclose the half-body in a 
wide, hollow cylinder and integrate over a right, cylindrical 
control surface as indicated by the dotted line. Denoting the 
cross-sectional area of the cylinder as 4), and the frontal area 


of the half-body as dp, the requirement of mass conservation 


yields 
(111) Au, - (A, - Az) U2 


or, letting Ra = Ap/ dy 


a em es ee es oe 


ee a See en 


ee 


Scheme for computing the pressure drag of a half-body, 


Figure 27: 
4; 1s the frontal cross-section area of the control surface; Ap ig 


the frontal cross-section area of the half-body. 
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(112) uy= (1-Ra)u, 
Bernoulli's equation for steady, incompressible flow requires 
that 


(113) oF. * x ful = Pe +z fur 
so one can write 

g 2 
(114) Pr-~ Pa = £u.? [1- (1- Re) ] 


Drag, it will be recalled, represents the momentum flux through 
the control surface (as in the friction-drag calculations of 


Section 3). Hence, 

(115) D= A, (pi- pe) +A, fu,? -(A,-Az) Pus 
Applying the condition of mass conservation, 

(116) =D =A,(pi-P2) +A, Pu, (u,- u,) 

From equation (113), then, 

(117) De a, £u2{1-(-Ra)* +2 [(1-Rad®-t+ Ral} 
Finally, simplifying the algebra, one obtains 

(is) D= A, Lu2R2 = aphusRa 


Or Cp = Rg. If we let the cross-sectional area 4) of the 
enclosing cylinder become infinitely large, Rg goes to zero -- 
resulting in the prediction that the drag of a half-body in 


& fluid flow of infinite extent is zero. 


A better understanding of this result can be had by examining 
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the pressure distribution over the nose of the half-body under 


the assumption that the flow remains attached to the surface, 


The streamlines (Figure 28a) near the stagnation point are 


convex toward the body; this causes an excess pressure in that 


region. As the flow proceeds downst 


the streamlines turn their concave sides to the body, indicating 


the existence of a diminished pressure. The net effect, as 


can be seen in Figure 28b, is an equilibrium between positive 


pressures and suction (negative pressure increments), yielding 
zero pressure drag. 

Although this result was derived for inviscid flow, it 
has important applications to real fluid flow. Consider, for 
instance, a nose shape with a smooth, gently-sloping profile, 
such as a paraboloid or tangent ogive. We do not expect the 
flow over such shapes to differ much from that predicted by 
potential theory, as separation does not occur. The streamlines 
will be displaced outward some small distance by the boundary 
layer, but they will retain essentially the same contours. 
Hence, it seems reasonable to assume that the pressure drag 
of a streamlined nosecone should be very close to zero in real 
fluid flow. 

There is a considerable body of experimental data supporting 
this contention. Figure 29, due to Hoerner (9), presents a 
variety of possible nose shapes with their tested values of 
pressure foredrag coefficient (based on frontal cross-sectional 
area). As we surmised, the first two shapes, having no sharp 
edges or blunt surfaces, have pressure drag coefficients near 


zero. Furthermore, as the "degree of bluntness" increases 


ream along the nose, however, 


Figure 28: Streamlines and pressure distribution in flow about a 
nalf-body- Drawing (a) snows the streamline pattern and the 
ratio of local static pressure to free-strean dynamic pressure, 
while drawing (b) shows the distribution of pressure over the 
surface. Note that there 1s positive pressure on the forward 
part of the nose region and suction on the after portion of the 
nose. According to potential theory the two effects counteract 


each other and the drag of a half-body is zero. 


Cy,= -.05 +01 .20 .20 34 .90 1.0 
Figure 29: Pressure foredrag coefficients of various nose shapes. 
The rounded shapes exhibit very low drag coefficients, in good 


agreement with the potential-flow prediction for a half-body. 
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(from teft to xight in the diagram) the drag coefficient shows 
a corresponding increase. 

Evidently the first shape, which might represent a conic 
section (ellipsoid, paraboloid, or hyperboloid of revolution), 
is superior for model rocketry applications; in fact, an 
ellipsoid of revolution whose length is about twice its base 
diameter is considered near-optimum by many designers. Its 
negative pressure drag coefficient is due to the predominance 
of suction forces over positive pressure increments on its 
surface. This result can be understood by reexamining the 
experimental pressure distributions determined for a circular 
cylinder held transverse to the flow. The flow over the forward 
half of the cylinder is the two-dimensional analog of the 
three-dimensional flow about a nosecone of rounded profile, 
and it can be seen that integration of the coefficient of 
pressure over the cylinder's forward half (f#< 90°) will result 
in a negative pressure drag coefficient. 


A comparison of shapes #3 and #6 reveals what even a small 


amount of rounding of sharp edges can accomplish The quantitative 


variation of drag coefficient with "rounding radius" for a 
variety of two-dimensional and three-dimensional shapes is 
illustrated in Figure 30. at a value of r/h } 0.1 for three- 
dimensional shapes, Op declines sharply in a manner analogous 
to its behavior at the critical Reynolds number (Figure 26). 
The physical cause of this behavior is not transition, however, 


but a progressive decrease in separation from the forward edges. 
The “critical radius ratio" r/h = 0.1 is then the minimum value 


above which the effects of separation on the pressure drag are 
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Figure 30: Variation of drag coefficient with rounding radius 


for two-dimensional and three-dimensional bodies. 


The two-dimensional 


result can be applied to fin design, while the three-dimensional 


curve is applicable to nosecones. 


Both curves are averages of 


experimental data. 
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Figure 32: Variation in the drag coefficient of a paraboloidal 


nose shape with fineness ratio L/d. 


-386- 


negligible. It appears from tests that (r/h)crit 1s a slowly. 
varying function of Reynolds number, decreasing as R 1s increageg, 

Mark Mercer (10) has wind-tunnel tested all seven of the 

shapes in Figure 29, plus some additional ones of interest, 

on an actual model rocket -- the Javelin, a commercially-availapie 
kit produced by the Centuri Engineering Company, which he modifieg 
to various configurations for test purposes. The trend toward 
greater drag with increasing nosecone bluntness is clearly 
demonstrated in his measurements (Figure 31). Note particularly 
that the five shapes exhibiting the lowest drag (Genturi stock 
nosecones, catalog numbers BC-70, BC-78, BO-72, BC=-76 and BC-74) 
are roughly similar to the first shape in Figure 29; furthermore 
they are representative of what might be considered "typical" 
model rocket nosecones. The essential features which distinguish 
these shapes from the others tested are (a) a length-to-diameter 
ratio of at least 2; (b) a smooth transition between nosecone 

and body, the nosecone being generally tangent to the tube at 

its base; (c) a smooth boundary curve with its convex side 

toward the flow; and (d) no blunt surfaces facing the flow. 
Mercer's data may thus be considered an empirical guide to model 
rocket nosecone streamlining. 

The importance of the length-to-diameter ratio in nosecone 
streamlining is demonstrated quantitatively in Figure 32, taken 
from Stine (18). The pressure drag coefficient is reduced 
significantly as the ratio L/d of the paraboloidal shape is 
increased up to about 2.0; further extension of the nose reduces 
the drag only slightly. This behavior accounts for the relatively 


slight differences in drag among the five streamlined nosecones 
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4n Mercer's tests. 


4.3.2 Fin Pressure Drag 

Since the fin surfaces are generally parallel to the flow 
direction, any pressure drag due to the fins must result from 
geparation of the flow from the leading and/or trailing edges. 
Mercer's data indicate that the effect of blunt fin edges, 
as opposed to streamlined edges, is considerable in this respect 
(Figure 31). The Javelin rocket used in his tests experienced 
an increase in Cp from 0.70 to 2.35 when all the fin edges 
were left squared off, rather than rounded at the leading 
edges and tapered at the trailing edges -- a 236% increase in 
drag over that of the streamlined-fin configuration. 

At the thickness-to-chord ratios commonly encountered in 
model rocketry (usually 0.02 or greater), the separated flow 
from a blunt leading edge will reattach itself to the fin at 
some point downstream. If the trailing edge is also squared 
off, separation will occur there also, resulting in a “base drag” 
analogous to that of the rocket's main body. 

To prevent -- or rather, to minimize -- fin separation, 
Streamlining of the fin section (or "profile") ts required. 
Adequate streamlining can usually be accomplished simply by 
Providing a rounded leading edge (the two-dimensional analogy 
to the streamlined nose shape) and a gently-sloping aftersurface 
Culminating in a sharp trailing edge (the so-called "knife-edge"). 
One must compromise with structural durability requirements here, 
Since a paper-thin trailing edge 1s very easily damaged. The 
Profile of a well-streamlined model rocket fin is illustrated 
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in Figure 38. The characte 


whether they are flat or “airfoiled"” -- does not substantially 


affect pressure drag, but it does play an important role in 


determining drag due to lift as discussed in Section 5. 


4.3.5 Launch Lug Drag 
A remarkable aspect of aerodynamic drag is that small 


changes in the shape of a body can produce large variations 


in its drag coefficient. Mercer's research showed that the 


addition of a launch lug (presumed location: near the rear 
of the body tube) increased the Cp of the streamlined-fin 
version of his Javelin test rocket by about 0.28, or 67% of 


the value for a lugless rocket. This finding agrees rather 


well with estimates of 50% or more reported for much larger 
rockets (7). 

The culprit, once again, is boundary-layer separation -- 
in this case, from the blunt face of the lug. Pressure drag 
due to lugs and similar objects which protrude from the boundary 
layer is often referred to as parasitic drag. The only available 
data on this important effect as it relates to model rockets is 
that of Mercer, so the influence of a launch lug on the (Cp 


values of rockets of different body diameters and fin configurations, 


as well as the effects of launch lug placement, cannot now be 
accurately assessed. We note, however, that the addition of a 
lug to the blunt-finned version of Mercer's Javelin increased 
the drag coefficient by about 0.21, an increment roughly equal 
to that for the streamline-finned version. On this basis it 


is possible to suggest an average drag coefficient increment 


r of the lateral edges of the Profile 
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of S°p ® 0.25 due to the presence of a launch lug on model 
rockets whose configurations are such that the ratio of body 
qiameter to lug diameter is identical to that of Mercer's 
javelin, and such that the lug placement is similar. 

We can develop a tentative formula for extending Mercer's 
results to models in which the launch lug diameter stands in a 
aifferent ratio to the body tube diameter than was the case in 
the Javelin experiments, by computing the drag coefficient of 
the launch lug when in place based on its own included frontal 
area. To do this we note that the standard launch lug used on 
a model of the Javelin's size has a diameter of about 0.40 
centimeter, while the body tube of the Javelin has an outer 
diameter of 1.93 centimeters. The ratio of the tube diameter 
to the lug diameter is then 4.8, and the ratio of A,, the 
reference area for computing the drag of the entire rocket (which, 
4t will be recalled, is equal to the eross-sectional area of 
the body tube), to the area included within the circular cross- 
section of the lug -=- which we shall denote by ‘ug -- is 
the square of the diameter ratio, or 4y/ ALug = 23.0. The drag 
coefficient of the lug based on its own frontal area is therefore 
23 times greater than that based on the body tube cross-sectional 
area. Denoting it by (Cp)iug» we have (Cp)jug # 5-75 -- quite 
a large value, and one that indicates that the lug must cause 


flow separation, not only from itself, but from a substantial 


area of the body tube in its vicinity. The general expression 


for the drag coefficient increment due to 4 body-mounted launch 


lug may then be written 


i 
/ 
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(119) (Cp), = 5.75 Suse = 5.75 (due) 

Data taken by Douglas J. Malewicki (20) indicate that 
placing the launch lug in one of the joints between the model's 
fins and its body can substantially decrease the launch lug 
drag increment. Malewicki determined an overall Cp of about 
0.50 for his Skychute XI rocket tested with a launch lug at 
Reynolds numbers (Rp = 2.5 x 10°) about the same as those of 
Mercer's tests. Since, according to the methods of Section 6, 
the Cp of the Skychute XI without a launch lug is probably not 
less than 0.35, the increment in Cy due to the presence of 
the lug located at the fin-body joint cannot be much more than 
0.15 -= only 60% of the increase determined by Mercer for a 
body-mounted lug on a configuration of the same ratio Ajyg/Ap. 
The wind tunnel used by Malewicki (the low-speed tunnel at 
Wichita State University near Wichita, Kansas) may have had a 
significantly lower air turbulence level than that used by 
Mercer, so it is not necessarily accurate to compare their 
results directly. Given the extremely limited nature of the 
data concerning this important problem presently available to 
model rocketeers, however, the best we can do is to present 
the following tentative formula for the drag coefficient increment 
due to a launch lug mounted at the fin-body joint: 


(120) (ACp), = 3 Aus = 3.45 (4 : 
Bigg Fea = Ae 


The development of accurate, empirical expressions for (ACD) 1ug 
covering variations in lug configuration, size, and placement 1s 


a problem requiring considerable further research. 
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the most effective means of reducing launch lug drag is 
to eliminate the lug completely and launch from a tower or 
closed-breech launching device. Mechanisms by which the lug 
can be retracted soon after launch or left behind on the launch 
rod have also been experimented with, resulting in varying 
degrees of success. One firm, Competition Model Rockets of 
Alexandria, Virginia, has developed a particularly successful 
form of pop-off launch lug and has incorporated the design in 
several commercially-available kits. 

In conclusion, however, I must reiterate that the prediction 
of drag due to launch lugs remains at the time of writing almost 
wholly a matter of empirical art -- of “guesstimating", to adopt 
a colloquialism from professional rocketry. It is hoped that 
in the near future this area of model rocket drag will be more 
thoroughly investigated, and that formulae for predicting launch 
lug drag will be established on a firmer analytical foundation. 


4.4 Base Drag 
The only section of the rocket now remaining to be considered 
in our analysis of pressure drag is the base. Since the plane 
of the base is generally perpendioular to the flow direction 
(at zero angle of attack), base pressures act along the drag 
axis and the second term in equation (28) may be written simply 
as 
(122) Dy =-§§ py dS, 
Sp 


80 
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(122) Cy, = FETE, 


Theoretical analysis of the bas 


in fact, there 1s at this time no theory which can accurately 


predict the base drag of a model rocket during all phases of 


flight. Oomplications arise from the following sources: 


(a) The boundary layer separates from the blunt 


base and, as mentioned previously, the boundary- 
layer equations are not valid beyond the 
separation point; 

(b>) The presence of the fins disturbs the flow, 
generally resulting in a decrease in base drag 
from that observed for finless bodies; and 

(c) A jet exhausting into the base region is 


believed to cause a further decrease in 


base drag. 


The last two problems, peculiar to rocketry, have not been 
well researched on either the hobby or the professional level 
for subsonic flow. The empirical expression for base drag 
presented here is consequently unable to take either of the 
last two phenomena into account. 

Base drag is essentially a separation phenomenon. Figure 
33 depicts the flow to be expected about the base of a model 
rocket when the engine is not firing. The boundary layer 
separates and then converges downstream, enclosing a volume 
known as the "dead-air" region. This term is actually a misnomer 


as there is considerable motion of the air in this region 


e drag is extremely diffiout. 
' 


Pigure 33: Flow about tne base of a model rocket with a conical 


poattail. € is the boattail angle and 6 is tse boundary-layer 
thickness. 
poattail and then separates when the flat base is reached, forming 
a region of low pressure -- the "base pressure" P, -- and then 


reattaching at point R downstream of the rocket. Viscous effects 


cause the circulation pattern showa in the base pressure region. 


The boundary layer thickens as the flow passes over the 


+ re tre 


— 
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resulting from mixing along the free shear layer ~~ the boundary 


region between the dead-air volume and the free stream -- and 


from flow reversal at the convergence point (16). 


The character of the flow as a whole, as Hoerner (9) 


suggests, 1s somewhat like a jet pump: the external flow, 


acting as a "jet", mixes with the "dead air" and tries to 


"pump" it away. The static pressure at the base is consequently 


reduced, and base drag results (see equation 121). The boundary 
layer (which becomes the free shear layer after separation), 
however, acts as an insulating sheet between the jet pump effect 
of the outer flow and the dead-air region, and the effective 


dynamic pressure of the pump is reduced. An increase in boundary- 


layer thickness therefore results ina smaller reduction of 
base pressure, which in turn implies a smaller base drag. 
We have seen that the boundary-layer thickness is proportional 


to the skin-friction drag (for example, compare equations (54), 


(59), and (60)). If we now define a forebody friction drag 


coefficient Crp such that 


ebody>tricti 1 Ss 
(123) Ce = Pensbehsriction = C, S. 


where S, is the wetted area of the body exclusive of the base, 
8, 1s the area of the base, and C¢' is the forebody skin-friction 
coefficient as determined by the methods of Section 3, we expect 


(on the basis of the above discussion) that 


(124) Cp, = f (Cy) 


The nature of this relationship -- that is, the form of the 
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function f -- can be determined from a plot of experimental 
data, as in Figure 34. The empirical function that has been 


aetermined for equation (124) is 


Co, weet. DE 
_ VCey 4S 


As we expected, an increase in the body viscous drag (which 


(125) 


4ncludes the effects of roughness) produces a decrease in base 
drag- Equation (125), however, as previously stated, does not 
take into account the effects of fins or rocket exhaust. 
Although there has been some experimentation with trading 
4ncereased friction drag for reduced base drag by varying the 
roughness of a model's surface finish, model rocketeers are 
generally limited to variations in rocket geometry to effect 


reductions in base drag. The most widely-used technique, 


employed on models which require a main body tube section greater 
in diameter than that which would be a “glove fit" to the engine, 


is referred to as boattailing. A gradually-tapered section 


(see Figure 33) is added to the rear of the rocket body, to 


guide the flow downstream to a reduced base area. If the 


boattail angle € is small enough (about 5 or 10 degrees) the 
flow will not separate from the boattail lateral surface, and 
the increase in base pressure due to pressure recovery along 
The technique is limited 


ee Eee 


the boattail reduces the base drag. 
in usefulness to those models which, for some reason, must use 


ow 


@ main body section significantly greater in diameter than the 
engine casing; there is, of course, no sense in enlarging the 


diameter of a rocket just to enable it to be built with a 


boattail! 
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Figure 34; Variation of the base drag coefficient of a body of 


revolution with forebody friction drag coefficient. Tne curve 


and semiempirical function shown represent a "best fit" to a large 


collection of experimental data. 
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An expression for the base drag of a boattailed config- 


uration can be developed from equation (125). If the body 


maximum frontal area is denoted 8, and its associated body 
diameter d,, then 
d, \* 
(126) Sp= S., (=) 
The friction drag coefficient of the forebody based on maximum 


pody frontal area is 


Dtorebe 
(127) Coy = a 


Now 
Decrebod = Déerebod dm Py 


Furthermore, 
D ide fay S = 
(129) (Cin 7 a 4 Sb (=) 7 Co, Cry 


where (Coy) m is the base drag coefficient based on maximum body 


frontal area. Then 


(130) (Cydo = (4) vena 


or, simplifying algebraically, 


dy)” _ 0.029 __ 


(131) (Coy), = (4+) ae 
It is apparent that (Opp), can be reduced, either by 


decreasing the ratio d)/d, or by increasing the skin-friction 


drag of the body. The first technique is limited by the diameter 


of the engine itself. The danger of separation from the boat- 


tail as the boattail angle € (as defined in Figure 33) is 
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increased aleo imposes a lower limit on dp/dp for @ given 


boattail length. The maximum permissible value of € generally 
lies. somewhere between 5° and 10°; if € is greater than this 


value separation will occur on the boattail and equation (131) 
will not apply. 

Increasing the skin-friction drag of the body can be accom- 
plished by lengthening the boattail, but it can be demonstrated 
from equation (131) that the boattail should not be longer than 
the section of cylindrical body tube it replaces; or more 
precisely, that the rocket with boattail should not be any 
longer than it would have been if designed without a boattail. 


Differentiation of (131) with respect to Op, gives 


Oe cee Ay) 9-024 
(132) Ce. (? 2 (Cy, )% 


where care must be taken to distinguish the letter d as used to 


denote differentiation on the left-hand side from d as used to 


denote diameter on the right, and the assumption has been made 


that dp/dg is unrelated to Opp. Since, for the increase in 
skin-friction drag to be less than the decrease in base drag, 
we require A(Cpp)n < -A(Opr), 
3 
dt\ 0.029 
(133) -(¢ © -o] 
dm 2 (Cp, )¥ 
giving 
% 3 
dh 
(34) (Cy,) << . 0145 (as 
m 
and finally, 


2 
d 
(135) Co, © .054 (¢ 
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The largest value of Op¢ for which an increase in Ope will result 


in a decrease in overall drag occurs for the limiting case 


dp/dm = 1-0, and even then Opp must be less than 0.059. Model 


rockets do not have body skin-friction drag coefficients this 


A typical value of Cp¢ for a well-designed model rocket 
This is because 


small ° 
4s three or more times this value (see Section 6). 


well-designed model rockets have a fineness (length-to-diameter) 
ratio sufficiently great so that the ratio of wetted area to 
frontal area is relatively large, and so, therefore, is Ong. 
Hence, insofar as equation (131) is valid, the contention that 
an increase in Op¢ cannot result in a decrease in base drag 
sufficient to lower the overall drag of the rocket is proved. 

y which Opp is to be increased has not been 


Note that the means b 
specified in the derivation, and that equation (1355) consequently 


refers to variations in Opg effected by any means whatsoever, i.e., 
whether by altering the length of the body to change S, or by 
altering the surface finish of the body to change Og’. Bquation 
(135) therefore indicates, not only that a rocket should not be 
lengthened to incorporate a boattail, but that it should not be 
roughened in the hope that increasing Opp will decrease Cpp 
enough to lower the overall drag coefficient of the model. 
Having determined to design a model with a boattail no longer 
than it would have been without one, the modeler may follow 
Stine (18) who suggests a boattail length of two or three body 
diameters for best results at moderate ratios dp/dp. 

A recent experimental investigation (5) indicates that 


recessing the base of a boattailed configuration may be an 


effective means of reducing base drag. Since the nozzle of a 


sat ee 
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model rocket engine provides 4 natural concavity at the base, 


this technique, although not regarded as such, has been in use 


for some time. Ry recessing the engin 
4t may be possible to 


e slightly into the tube, 


thereby creating a deeper concavity, 


reduce base drag still further. Oare must be taken not to 


recess the engine further than about half a body diameter, or 


the conditions of nozzle overexpansion responsible for the 
notorious Krushnic effect (named for Richard Krushnic, who 
discovered it in 1958) will be created, destroying most of the 
effective thrust (and probably the aft section of the model). 
Those readers desiring a further explanation of this interesting 


phenomenon may consult the article by Gordon Mandell in Model 


Rocketry magazine.for November, 1969. 
5. Other Contributions to Model Rocket Drag 


5el Introduction 
The two preceding sections examined the contributions to 


drag of the tangential (viscous) and normal (pressure) forces 
acting on a model rocket body. Several important assumptions 
were inherent in these presentations; namely that (a) the body 
was inclined at zero incidence (zero angle of attack) to the 
flow; (b) the body was not rotating about its longitudinal 
axis; and (c) surface roughness affected the drag only through 
inducement of premature transition. We are now interested in 
determining the effects on the drag of relaxing these assumptions. 
The determination of tail-body drag at angle of attack is 
extremely difficult, because little is known about tail-body 
interference effects at different flow inclinations. We will 
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restrict our attention to small angles of attack (less than 
about 10°), since at larger values of « the relationship between 
drag and angle of attack ie far more complex and, in any case, 
flight at large angles of attack generally indicates a dynamic 
gtability problem necessitating a redesign of the rocket. 
Furthermore, only very simple single-stage model rocket configur- 
ations will be examined. article 5.2 presents a practical 
method (from Reference 6) for calculating the drag coefficient 
at angles of attack, although (as with many methods discussed 
jn this chapter) it still requires experimental data to confimm 
4ts applicability to model rockets. 

In Section 5435 we examine the effects of rotation about 
the roll axis, which generally produces a drag increase. It 
will be found that the increase in drag coefficient due to spin 
is usually small compared to that due to the mechanism which 
induces the rotation (usually canted fins). 

Previously, in Section 3.5.2, it was seen that surface 
roughness due to single or distributed particles can lead to 
premature transition, and hence to an increase in the skin 
friction. In a purely turbulent region surface imperfections, 
Since they represent obstacles to the flow, have a viscous 


drag of their own. This component of model rocket drag will be 


examined in Section 5.4. 


5.2 Drag at Small angles of Attack 


Due to forces which may arise from causes such as wind 


Gusts, off-center thrust, misaligned fins, or staging transients, 


& model rocket may assume an angle of attack @ to the instantaneous 


a ae 


meee ee nee 7 
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velocity vector, as seen in Mgure 37- If the vehicle is 
aerodynamically stable the angle is usually quite small and 


quickly reduced by the restoring momen 
During the time in which 


+ and damping moment 


characteristic of a stable model. 


the response to the disturbance produces discernable angles 


of attack, however, the drag may be increased considerably, 
A knowledge of the extent to which the drag coefficient of a 


given rocket increases with angle of attack is therefore of 


considerable value. In Sections 5.2.1 and 5.2.2 expressions 


will be presented for estimating the increase in drag coefficient 


of the body and tailfin assembly alone, respectively, with 


angle of attack. The magnitude of the corrections required 


due to fin-body interference will be discussed in 5.2.3, 
and the overall variation of Op with angle of attack, as found 


by experiment and through semiempirical formulae, is analyzed 


in 5.2.4. 


5-2-1 Body Drag at Angle of Attack 
The drag of a slender body (such as that of a model rocket) 
at an angle of attack is closely related to its side force (if 
coefficient 
any) and drag at zero angle of attack. The total drag,of a 
model rocket body (nosecone plus cylindrical body tube, but 
excluding fins, launch lugs, and any other protuberances) at 


a nonzero angle of attack can be expressed as 
(136) Cp, = (Co), + Co, Ca) 
whe re 


coefficient 
(Cpe) is the body drag ,at zero angle of attack. 


-H0} 


A detailed method of estimating this quantity is 
presented in Section 6. A typical value for a 
slender model rocket 1s (0p,)p = 0.27 at a Reynolds 
number of 1 x 10°. Thie coefficient includes base 


drag. 


Cpp(%) is the drag coefficient of the body due to angle of 
attack (the notation is read "Cpp as a function 


of«", or simply "Cpp of"), which will be discussed 


herein. 


When a model rocket assumes a very small angle of attack 
(about 2 degrees or less), the external flow is not significantly 
disturbed from its behavior at zero incidence. Since it was 
shown in Section 4 that (for a streamlined nose) this external 
flow resembles closely that predicted for an inviscid fluid, it 
is reasonable to attempt the use of potential flow theory for 
the determination of aerodynamic forces at very small angles of 
attack -- and, indeed, such analyses have been carried out. 

The forces produced are a side force, perpendicular to the 
free-stream flow direction, and a much smaller drag force, 
parallel to Ue. 

Potential theory predicts a side force (also referred to 
as “"lift") coefficient which varies linearly with angle of 
attack. According to Van Dyke (6), the body lift-curve slope 


at zero incidence is given by 


(137) ao = alark) ¢, 


so that the lift coefficient Cy is given by 


—_—— —— LL 
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ka-k,) Se 


(138) 2 


Applying the approximation sin (x) =, valid for small angles, 


2lka-ki) Se 


(139) Cys (x) =x C, = S. 


we then have 


where 


(Ko-k,) is the "apparent mass factor" as determined 
by Munk, given in Figure 35 as a function of body 


fineness ratio. 


x is the distance from the nosecone tip measured 


along the longitudinal body axis. 


X, is the body station where the flow ceases to obey 
the predictions of potential theory. This location 


can be found from the expression 
(140) xX, = 0.55 X, + 0.36L— 


xX, is the body station where the rate of change of 
cross-sectional area with x (dS,/dx) first reaches 


its minimum value. 

8, is the body cross-sectional area at station x. 
S, is the body cross-sectional area at Xp. 

8, is the maximum body cross-sectional area, 


These terms will be clarified when a numerical example is 


computed shortly. It should be noted that equation (140) 
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Figure 35: Apparent mass factor (kp-k,) as a function of body 


fineness ratio (£L/d). 
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Figure 36; Ratio of the drag coefficient of a circular cylinder 
of finite length to the drag coefficient of a circular cylinder 
of infinite length, N, as a function of cylinder fineness ratio 


(£0/a). 
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has been constructed by slope and intercept extrapolation from 
a graph contained in Reference 6, and that the validity of this 
extrapolation has not as yet been demonstrated. 

As the angle of attack increases beyond about two degrees, 
separation of the boundary layer from the leeward side of the 
body occurs and potential theory no longer yields an accurate 
result; the normal (i.e., perpendicular) forces, and hence the 
lift, increase nonlinearly with angle of attack. The flow in 
the boundary layer exhibits a component in the circumferential 


direction due to the increasing magnitude of viscous cross-flow 


forces. Theories have been developed which take account of 


these effects by adding to the potential-flow solution of 
equations (138) and (139) another, viscous term. The method 


we will present here assumes, as before, that the flow is potential 
over the forward part of the body and that there is no viscous 

contribution to drag due solely to the angle of attack. On 
the aft part of the body, where the flow is assumed entirely 


viscous, lift and drag arise solely from cross-flow forces. 


Then, according to Hopkins (6), 


Ay 
ANS 2 
Gi 2Uka-ky) Po x 4 2a ( mrp. dx 


(141) = 
x 
ks = k,)S. 7 dy 
(142) Co, (x) = 20a be 2 - 2x (/ MW rCo. dx 
where 


“is the ratio of the cross-flow drag on a cylinder 
of finite length to the cross-flow drag on a cylinder 
of infinite length, given in Figure 36; 
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Cp, is the experimental steady-state cross-flow 
drag coefficient of a circular cylinder of infinite 


length. Cy, is equal to 1.2 for all practical model 


rocket problems; and 


Ty is the body radius at any station x. 


The reader is reminded here that equations (138), (139), 
(141), and (142) must be applied using « given in radians rather 
than degrees. In most cases, equation (142) is quite simple 
to apply to model rockets, as xX, (the station where the external 


flow ceases to be potential) usually occurs downstream of the 


nosecone-body joint. The quantity S/S, thus usually equals 


1.0, and the integral, since™, ry, and Cp, are all constant 
along the aft section of a rocket having no shoulder or boattail, 


4nvolves only an exact differential dx. In such a case, 


Le 
(143) f nrCo dx = (Le-x0) rn Cy 
Ko 
In order to acquire some "feel" for the kind of numerical 


results one obtains from equation (142), we shall employ the 
simple, single-stage model rocket configuration shown in Pigure 
37. Its length, 13 inches (33 cm.) and body diameter, 0.813 inch 


(2.06 om.), are identical to the corresponding dimensions of 


the Aerobee-Hi for which Stine (18) has reported the experimentally- 


determined variation of the total Cp with aw. We do not seek 


or expect good agreement with Stine's data, as the methods of 
this and the following sections are approximate, and as the 
trial rocket is somewhat different from the Aerobee-Hi. 


the trial rocket has 4 fins as opposed to 3 for the Aerobee-Hi, 


Specifically, 
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Figure 37: Trial rocket used to compute drag increase due to 


nonzero angle of attack. All dimensions are given in centimeters, 
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a different fin shape, no launch lug, and is without the Aerobee's 
longitudinal fairings. Oomparing the experimental results with 
analytical predictions for a rocket of roughly similar configur- 


ation, however, will give us a “feel" for whether our results 


are, in the colloquialism of engineering, “in the right ball park". 


From Figure 37, Ly /a = 16, for which Pigure 35 yields 


(ko-k,) = 0-97. The quantity dS,/dx attains its minimum value, 
zero, at the body-nosecone junction, so x; = 8.9 cm. We determine 


x, from equation (140) as follows: 


Xo =~ 55 (8.9) +.36(33) = 16.8 cm. 


Since X, is located on the cylindrical body, So/ Sm = 1.0; the 


first term in equation (142) then becomes 


S 
2(k2-k,) 7d a =. 1.14 0? 


From Figure 36, \ = 0.74. The body radius ry is a constant, 


1.03 cm., between x, and Q,. Hence, 


20-74 « 1.03x1-2% 16.2 ] 


2«? 
Sm Ul Coe (L,-x.) = «| 7 x (1.03)* 


= 8.8607 


Finally, we obtain 
(144) Cy, (X) = 1.94 u7+ 8.86 «> 


This coefficient is based on maximum body frontal area Sn: 
Por «= 0.022 radian (about 1.25°), the «* term is at least 
ten times greater than the «>? term. This essentially defines 
the range of validity for the potential-flow solution. The 
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Figure 38: The origin of induced drag. The fin is held at an 

= 
angle of attack «, causing the force F to act through the center of 
pressure. F is tilted back at the angle o&; and is resolved into 


lift L and induced drag Dj. 


Figure 39: Trailing vortices and effective aspect ratio. An 
airplane wing or a pair of diametrically opposed rocket fins sheds 
trailing vortices from its tips (a). As viewed from behind the wing 
the left vortex rotates clockwise; the right one counterclockwise 
as shown. The vortices descend after leaving the wing and also 
"tuck in" slightly, reducing the effective span of the wing and 
therefore reducing the effective aspect ratio, since the aspect 
ratio AR is defined as the span divided by the average chord. Panel 
(bd) shows the change in effective aspect ratio and vortex core 
position (dotted line) measured for a number of different tip shapes 
on wings of AR = 3.0. Since wings of higher A can generate a given 
lift at lower angle of attack and lower induced drag than wings of 


lower AR, zero or positive values of AR are desirable. 
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two terms are of equal magnitude at ~ = 12.5°. It should be 


noted here that Opp) 4s independent of velocity, a result which 


agrees with the predictions of slender-body theory for incon- 


pressible flow. 


5.2.2 Fin Drag at Angle of Attack 
A model rocket fin, which is here assumed to have a symmetrica), 


streamlined section profile, will behave like an aircraft wing 


when it is inclined at an angle to the flow. It will naturally 


produce a side force, or "lift", as shown in Figure 38 -- which, 


after all, is why rockets have fins in the first place. Due 


4 
to the deflection of the flow in the vicinity of the fin, however, 


the total aerodynamic normal force N will not be perpendicular 


to the free-stream flow. Instead, it is turned backwards to 


some angle xj to the line perpendicular to the free stream, 


so that it exhibits a drag component. This drag component is 


known as the induced drag of the fin, and its associated drag 


coefficient is denoted Cp;. 
ds in the case of the body, the induced drag of a fin is 


; related to the lift force it produces. One cannot, however, 


obtain an expression for Cp; unless he has specific knowledge 


of the distribution of lift on the fin. We shall assume for 


the purposes of our numerical example that the following values 
given by Hoerner (9) for a rectangular wing of aspect ratio 


A = span/chord = 3 with sharp chordwise edges are valid for 


the trial rocket: 


dec? = dC _ 
Ce = 186 ic? = °!23 


gnen for« given in radians, 


Le 
ic, 0.32 
go that 
Cy, = -123C,* = 
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This coefficient, based on fin planform area, can be converted 


to a coefficient based on maximum body frontal area by multi- 


plying by the factor Sp/S,. 


We shall assume the angle of attack 


to exist entirely about the x-axis (yaw) or y-axis (pitch) of the 


rocket, so that only two fins are producing lift. Then 


A $4 
Se _ Tits 2.54 = 5.42 


Sm (4.03) 


Gi) Cy =. Sapa lee® = 6:51" 


You should note here that the fin planform area used includes 


the imaginary extension of the fins within the body tube, and 


that "planform" refers to the fact that only the area of one side 


of the fins is used. 


The assumption of square chordwise edges (squared tips) in 


the above calculations is of some significance, as the shape of 


the fin tip can affect the value of the induced drag considerably. 


When a fin is producing lift, it has a lower pressure on its 


upper, or "suction" side, than on its lower side. This phenom- 
enon is associated with the formation of trailing vortices (see 


Figure 39a) near the fin tips as the air from below tries to 


"curl up" around the tips. Depending on the fin tip shape, the 


distance between the resulting vortex cores may be less than the 


od 


ers ee 


yds 


actual span of the fins, leading to & reduction in effective 


span -- and therefore, to a reduction in SERRE EE as pREe th SN NEOs 


Figure 39b depicts several possible fin-tip shapes, with their 


changes in effective aspect ratio MA and the location of the 


vortex core in each case. Those shapes for which OR is 


positive or zero are most desirable, since they produce low 


induced drag. Of the shapes shown, this category would include 


numbers 1, 5, and 6. One shape not shown, but popular among 


designers of high-performance model rockets, is the elliptical 
fin. During the 1930's it was shown mathematically that, for 
airplane wings of moderate aspect ratio and without twist ("washin" 


or “washout" at the tips), an elliptical planform gives the 


least induced drag for a given lift. Elliptical or near-elliptical 


wing planforms were subsequently incorporated into several 

fighter planes of the World War II era, most famous among them 
being the Supermarine Spitfire of the English Royal Air Force. 

It is not known for certain whether the elliptical planform 
retains its advantage in the presence of a body tube of diameter 
commensurate with the fin span, and in fact the testing of model 
rocket fin planform shapes for induced drag is currently a 
pressing need which, it is hoped, advanced hobbyists will 

shortly fulfil. WNevertheless, the elliptical planform is currently 


preferred by a number of successful competition modelers. 


5.2.3 Fin-Body Interference Drag at Angle of Attack 
The subject of interference drag at angle of attack is 
prohibitively difficult to handle theoretically. Consequently, 


we shall rely entirely upon semiempirical determinations here. 
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phe term "interference drag" refers to the increment in drag 
a complete configuration possesses over the sum of the drags 
of its separated, component parts. at the fin-body joints 
there 1s 4 joining and thickening of boundary layers, leading 
to increased drag in this region. Separation is a distinct 
possibility at such joints, and Stine (18) suggests the elimination 
of sharp corners by glue fillets to minimize this danger. Hoerner 
(9) has reported data indicating that interference drag 1s 
minimized when the fillet radius is between 4% and 8% of the 
fin chord at the root. 

Reference (6) gives the following semiempirical expression 
for interference drag coefficient at angle of attack: 


dC. § 
(146) ACy; = [K ecey + K e(F) -1] is Sm oa 


where 


Ky(p) = _fin_ lift in the presence of the body ; 
in lift alone 

body lift in the presence of the fins ; 
fin lift alone 


is the lift-curve slope of the fin at & = 0; and 


Kp FP) 
dee 
da 


Se is the exposed fin planform area. 


The functions Kp( 8) and Kpcp) are both given in Figure 40. 

We can now determine ACy; for our trial rocket. The total 
fin span b is 7.14 cm. and the body diameter d@ is 2.06 cm., s0 
a/b = .289. This gives, from Figure 40, Kp(F) = 0.44 and 
Kp(B) = 1.25. Since only two fins are assumed to be producing 


ee eet 


Kevp) 
or 


Ker) 
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Figure 40: Fin-body interference coefficients for flight at nonzer 


angle of attack. dis the diameter of the body tube, while b is 


the span of a diametrically opposed pair of fins. 


Aerobee-Hi 
experiment +y> 


Cp O08 


Rocket of 


Figure 37 
af a 


a (deg) 
Figure 41: Increase in drag coefficient with angle of attack for 
the trial rocket of Mgure 37 (semiempirical) and for a scale model 
Aerobee-Hi tested by G. Harry Stine, assuming the same drag coefficient 


for both rockets at zero angle of attack. 


lift, Se 2 12-95 om.*, and 


S,,=2 Wr2= 3.33 cm.* 


so that 


12.95 2 2 
(247) OCog = (0.44 +1-25-1)3-12 —r* = B.386 


coefficient 
The interference drag,due to angle of attack is thus of considerable 


magnitude; in fact, it is larger than the sum of Cpp(*) and Cy’, 
as given by equations (144) and (145). 


5-2-4 Total Drag Increase at angle of Attack 


If we now combine the results of 5.2.1, 5.2.2, and 5.2.3, 
coefficient 
we obtain an expression for the total drag,increment Cp(x) due 


to angle of attack: 

(148) Cha) es Crp loon” HEC 
For our trial rocket, the result is 

(149) Cy lx) = 16.93 &? + 8.907 


This function, along with its constituent functions, is tabulated 

in Table 4 and is plotted in Mgure 41. In order to compare 

equation (149) with the experimental data for G. Harry Stine's 
Aerobee-Hi, the trial rocket has been assumed to have the same 
zero-lift drag coefficient as the Aerobee-Hi (about 0.75). The ' 
trial vehicle would probably have a much lower zero-lift drag 
coefficient in actuality (unless its surface were very rough), ; 
but the assumption of equal zero-lift drag for the two vehicles 

makes it more convenient to compare their drag increments due 


to angle of attack. ‘The agreement between the curves for the 


TABLE 4 


Body drag Fin drag 
covetiorant coefficient 
due to &: due toe; 


C 
Cop ) Di 
1.94«2 + 8.860 6 .5lee* 
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Table 4: Increase in drag coefficient with angle of attack for 


the trial rocket of Pigure 37. 
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two vehicles 1s surprisingly close, considering the physical 
differences between the rockets and the simplifying assumptions 
made in the derivation of equation (149) -- a result which 
tends to confirm the validity of the semiempirical approach. 

It 1s, however, hoped that experiments will be performed in the 
near future on rockets similar to that of Pigure 37 (with and 
without launch lug), to determine with greater precision the 
accuracy of this computational method. 

One fact is clearly established in Pigure 41: that the 
4ncrease in drag at small angles of attack can be a sizeable 
portion of the zero-lift drag. For the Aerobee-Hi model, the 
drag coefficient is doubled at an incidence of ten degrees. 
Clearly, then, for maximum altitude performance, it is desirable 
to design a rocket such that all oscillations resulting from 
in-flight disturbances are damped out as quickly as possible. 

We observe that equation (149) is dominated by the ~* term 
over the entire range of angles of attack of interest in model 
rocketry; up tom = 5°, the x? term may be neglected with less 
than 5% error in the final result. With respect to determining 
the coefficient € introduced in Chapter 1 and used in Chapter 4 
to compute the effect of dynamic oscillations on altitude 
capability, however, the modeler will generally want to be 
Conservative. A conservative determination of € may be made 

by finding the value of & at which Op is doubled over its zero- 
lift value, according to equation (148), and then determining 


the value of € in the approximate function 


(150) Cp (x) TPE x? 


> 
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such that the drag is again doubled at this same value of «%, 
In the case of our trial rocket, the drag coefficient will be 


doubled over its zero lift value when Op(«) = 0.75. This 


occurs for « = 0.201 radian, or about 11.5". From equation 

(150) we find that the value of F- required to produce a Cp(x) 

of 0.75 ate = 0.201 radian is 18.52, and this would determine the 
value of € used in determining oscillation effects on altitude 
performance by the methods presented in Chapter 4. Equation 
(150) is conservative (that is, it slightly overestimates the 
drag) over the range of angles of attack between zero and that 
at which the drag is doubled -- and for the average model rocket, 
the ~ at which Cp is doubled marks the upper limit of the range 


of angles of attack of interest. 


5-3 Drag Due to Rotation 
A model rocket, rotating about its longitudinal -- or roll -- 


axis in flight, will experience an increase in drag due to the 
thickening of the boundary layer resulting from the circumferential 
velocity of the body tube surface. We shall denote this circun- 
ferential velocity component by u. This thickening of the 
boundary layer could conceivably cause separation on the forebody 
and fins, and an increased dead-air volume aft of the base, if 


u is sufficiently large. 


The drag increase due to rotation may be estimated by examining 


Figure 42. The circumferential velocity is given by 
(151) uU=Tdn 


where d is the diameter of the body and n is the number of 


Co 


Figure 42: Increase in the drag coefficient of a finless projectile 
due to rotation (spinning) about the longitudinal axis. u is the 
tangential velocity of the projectile's surface due to the spin; U 


is the longitudinal free-stream velocity. 


— 
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revolutions per second. If we assume that the trial rocket 


of our numerical example (diameter = 2-06 cm.) has been given 


a roll rate of 100 radians per second (15.9 revolutions/second) 


at an airspeed of 60 meters (6000 cm.) per second, we obtain 


Ais 
ita 0.0172 


The effect of such small ratios of body tube circumferential 
velocity to vehicle airspeed -- ratios typical of model rockets -. 
is too small to be read from the curve of Figure 42. One may 
therefore conclude that, as far as the finless body is concerned, 
rotation does not exert a significant influence on model rocket 
drag. 

The mechanism for inducing rotation in a model rocket 
purposefully is usually fin geometry -- that is, by canting 


the fins, giving them an asymmetrical section profile, or 


adding spinnerons. Of these three techniques, fin canting is 


the most commonly used. Since canting merely creates a permanent, 
artificially-induced angle of attack for the fins, the drag due 

to fin cant can be estimated using the methods of Chapter 2 

and the results of Section 5.2.2 of the present chapter. According 
to equations (90), (115), (116), and (117) of Chapter 2, canting 


the fins of our trial rocket will give it a roll rate determined 
by 

(152) wz = -1672 U8 

For Wz = 100 radians/second at U = 6000 om./sec., a fin cant 


angle @ almost exactly 0.1 radian is required (0.1 radian = 5-73°): 


Now the effective angle of attack of the fins is always less 


423 


than the cant angle, since the airflow itself is “canted” as 
seen by the rotating fins. To be more precise, the angle of 


attack varies with radius from the rocket's centerline according 


to 
w 
(153) x(t) = O- a 


For the simple, rectangular fins of our trial rocket, the average 
effective angle of attack can be used to determine the induced 
drag due to fin cant. The value of e(r) at the fin root is 
0.0828, while the value at the tip is 0.0405. Since m(r) 
varies linearly with radial distance from the centerline, the 
average effective angle of attack «x is just 

= EERE OHS = 0617 
In equation (145) the induced drag of two of the trial rocket's 
fins was found to be 6.24«%% In the case of canted fins, all 
four fins are at the angle of attack & ; equation (145) must 


therefore be doubled to give 


a CS re PS 


For the computed & of 0.0617, (Cp:’) = -0475. If the rocket's 
zero-incidence drag coefficient is .75 without fin cant, this 
means a 6.34% increase in Cp,- If a spin rate double that used 
in the above calculations were desired, it would be necessary 
to incur four times this drag penalty, or an increase of 25.4% 
in Cp,. These figures, together with the realization that they 


Probably represent minimum values for the drag increase due to 


fin cant -- they do not account for increased fin-body interference -- 
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indicate that, while the effects of rotation themselves may not 
be significant, the effects of the mechanism by which rotation 


is induced are considerable. Furthermore, there is an increasing 


danger of separation in the vicinity of the fin leading edges 


as the angle of cant is increased. Such separation could result 


in a gross magnification of pressure drag. While the angle of 
cant at which such phenomena become significant has not as yet 
been established with precision, it has been generally accepted 
for a number of years that cant angles greater than 15° produce 


reductions in performance so severe as to be detectable with 


the naked eye. 


5-4 Drag Due to Surface Roughness in Turbulent Flow 
In Section 3.5 we examined the critical height of roughness 


elements necessary to induce premature transition in the boundary 
layer from laminar to turbulent flow. Within the turbulent 
boundary layer which is prevalent over most of a model rocket 
at higher Reynolds numbers, roughness can affect the drag in 
another manner: if the individual roughness particles protrude 
above the thin laminar sublayer, they will have a viscous drag 
of their own. The turbulent skin-friction coefficient derived 
in Section 3 (equation 86) applies only to "hydraulically smooth" 
surfaces; that is, surfaces on which the grain size k of roughness 
particles is less than the thickness of the laminar sublayer. 

The admissible height k,4, for roughness particles is defined 
as the maximum height of the particles which gives no increase 
in the drag compared with a smooth wall. A simple, conservative 


formula for determining k,4, for a flat plate is (15): 


(155) Kaa < Bar a 
@ 


This relationship is accurate for Reynolds numbers below about 
1x 10°. It does not take into account the fact that the 
poundary-layer thickness increases with distance from the 
leading edge, and hence that kam 4s smaller upstream than 
downstream. Its use is justified, however, because it provides 


values of Kggm which are generally smaller than those obtained 


from the more precise expression (15) 


Zy 
6 ——_— 
(156) Kade ~< TT os 


where Cg, is the local skin-friction coefficient, given by — 
Equation (155) may thus be used for the entire range of model 
rocket Reynolds numbers without fear of obtaining walues of Kaa 
which are too large. 

If we let U = 60 meters/second, for instance, and 


Dp = 1.495 x 1079 meter?/second, equation (155) yields 


kadm & 2-48x107 meter = 2.48 «1072 cm. 


~ 


This result applies specifically to sand grains, for which 
equation (155) was empirically determined, but it can be used 

4s an approximate guide for other forms of roughness. Hence, 

at a velocity typical of model rocket flight, the surface of 

the model downstream of the transition point may be regarded as 
hydraulically smooth if the size of distributed roughness grains 
does not exceed about 0.0025 em. If this condition is satisfied, 
the smooth turbulent skin-friction coefficient of Section 3 may 
be used in calculations. It should be noted that the calculated 
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value of k,gm is considerably less than the roughness helght 


required to induce premature transition as determined in Section 


3.5. If the criterion of this section {gs satisfied, therefore, 
transition will not be induced prematurely. 


Table 5 provides information on grain sizes in microns 


(1 micron =1 x 10-6 meter = 1 x 1074 cm.) for various surfaces. 


It indicates that the finish on 4 model rocket should be about 


as smooth as that of paint on mass-produced aircraft, or better. 


Note that poorly-sprayed paint has a grain size 
A rocket with such 


of about 200 


microns -- eight times our calculated Kgqm- 
a poor finish will have 4a considerably higher skin-friction 


coefficient than one that is sufficiently well painted to be 


hydraulically smooth. The skin-friction coefficient of a surface 


having roughness elements sufficiently large that it cannot be 


considered hydraulically smooth may be found from the semi- 


empirical formula (15) 
-2.5 


(157) Cy = (1-87 + 1-62 log ) 


which is valid for values of Ab between 10° and 10°, where 


dy denotes the length of the body (or fin, as the case may be), 
and the notation “log” denotes the logarithm to the base 10. 
According to equation (157), a body 30 cm. in length having 
roughness particles of k = 0.02 em. will exhibit a friction 


drag coefficient of 


C_ = 7.63 %107° 


The corresponding value for a hydraulically smooth body in 


turbulent flow is 4.5 x 107+, so in this instance roughness 


TABLE 5 


Type of surface Approximate grain size k 


in micron 
surfaces like that of a "mirror" fe) 
surface of average glass O01 
finished and polished surfaces 0.5 
aircraft-type sheet-metal surfaces 2 
optimum paint-sprayed surfaces 5 
planed wooden boards 15 
paint in aircraft-mass production 20 
pare steel plating 50 
smooth cement surface 50 
surface with asphalt-type coating 100 
dip-galvanized metal surface 150 
{ncorrectly sprayed aircraft paint 200 
natural surface of cast iron 250 
raw wooden boards 500 
average concrete surface 1000 


Table 5: Size of surface roughness elements for various surfaces. 
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increases the friction drag by about 70%. 
Equation (157) applies only to surfaces which are completely 


rough; i.e., those for which the height of the roughness elements 
is everywhere greater than the thickness of the laminar sublayer, 
The degree of roughness of a given surface thus depends upon 
k/§ , the ratio of grain size to boundary-layer thickness. 
Since § varies with Reynolds number, a given surface may appear 
rough or smooth, depending on the value of the free-stream 
velocity. If, for example, we examine a turbulent boundary 
layer over a surface at relatively low Reynolds numbers (around 
5 x 10°), the roughness elements may be completely submerged 
in the laminar sublayer, making the surface appear hydraulically 
smooth. As the velocity (and therefore the Reynolds number) 
increases, the boundary layer becomes thinner, and the roughness 
elements begin to protrude from the sublayer. This process 
is initiated near the nose, or leading edge, where the boundary 
layer is thinnest, and progresses downstream with increasing 
R. When a surface is in this "transition" state between a 
completely smooth and a completely rough appearance, its skin- 
friction coefficient will have a value intermediate between 
those determined from equations (86) and (157). Note that 
this process proceeds along a body in a direction opposite to 
that of laminar-to-turbulent boundary-layer transition, as 
described in Section 3.5.1. 

Two final observations can be made regarding drag due to 
roughness. First, since equation (157) ig independent of 

Xe 


velocity, Cp 1s a constant for any given ratio —& . In 


k 
accordance with equation (18), it may” ther ‘ba sosnctudsa: erat 
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hydraulically rough surfaces obey the quadratic drag law exactly. 


Furthermore, equation (155) for kia, is 4ndependent of body 


length; hence any two rockets travelling at the same velocity 
under identical atmospheric conditions have identical values 
The maximum velocity attained by a rocket determines 


of Kaam: 
If this minimum grain size is not 


the minimum value of Kaam* 
exceeded anywhere on the surface, the rocket may be regarded as 
hydraulically smooth throughout its flight, and the friction 


drag equations of Section 3 are applicable to the calculation 


of its drag coefficient. 


6. Calculation of the Zero-Lift Drag of Simple Model Rockets 


Datcom Method 


In the previous sections we have analyzed in detail the 
origin of drag forces on model rockets. Information of this 
nature is of interest in the design stage, when it is desired 
to minimize the drag on a vehicle whose size and shape are 
known to be subject to certain constraints arising from the 
purpose for which it is built, but whose precise, final form 
is yet to be determined. After the construction of the rocket 
is complete and it stands ready to launch, however, the modeler 
invariably finds himself asking, "Just how high will it go?". 
To answer this question one requires a knowledge of the overall 
drag coefficient of the model, which can generally be obtained 
in actual cases only through accurate wind-tunnel or drop tests. 
Since the facilities required for such tests are not available 


to the majority of model rocketeers, most of us must be content 
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with calculating fairly accurate Cp values from available 
semiempirical expressions. 

This section presents and discusses one such semiempirica) 
method, derived from the United States Alr Force Stability and 
Control Datcom ("Datcom" standing for Data Compendium). The 
existence of this method was first brought to the author's 
attention through a short paper entitled "A Critical Examination 
of Model Rocket Drag for Use with Maximum Altitude Performance 
Charts", a work prepared by Dr. Gerald M. Gregorek of Ohio 
State University for presentation at the Eighth National Model 
Rocket Championships in 1966, and which subsequently received 
limited distribution to certain interested parties and local 
sections of the National Association of Rocketry. Through 
his compilation of this work, Dr. Gregorek deserves full credit 
for being the first to apply the Datcom method to model rockets. 

The USAF Stability and Control Datcom is a large compilation 


of semiempirical expressions for evaluating the aerodynamic 


forces acting on aircraft and missiles in subsonic, supersonic, 


and hypersonic flight regimes. It is updated periodically 


to include new developments in the literature of aerodynamics. 
The formulae presented here are taken from the most recent 
edition available to the author at the time of writing (6). 
According to the Datcom, the zero-lift drag coefficient of 


a fin-body combination may be represented ag 


(158) (Co). = (Cp,), - (C»,.), 


where 
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Sp is the total planform area of all the fins; 
Sn is the maximum body cross-sectional area; 


(Op o)p 18 the zero-lift drag coefficient of the 
fins as derived in Section 3.6, equation (108): 


t 
(159) be) 22 ieee) ; and 


(Cpo)p is the zero-lift drag coefficient of the 
body, which is further subdivided into the forebody 
drag and the base drag: 


(160) (Cog = (Cod, + Co 


where 


Q.\ | Ss 
oO & —_* 
(161) (Cog), = (Ces [I+ Gegaays + 00025 (#)] em 


3 
(162) Cy = oe 
V £ 


(Cpo)pp is based on the maximum body frontal area S,- Figure 
43 explains most of the notation pertaining to rocket geometry 


used in equations (159) through (162). Additional explanatory 


discussion may be found in Sections 6.1.1 and 6.1.2, where we 


Shall examine in detail the calculation of (Op,)p and (Cp )g, 
respectively. 


6.1.1 Zero-Lift Drag Coefficient of the Pins 
The Datcom expression for the drag coefficient of the 


fins at zero angle of attack 1s equation (159), which we repeat 
here for convenience: 


L 


= Ly 
Figure 43: Notation used in the Datcom method for computing the 
drag of simple model rockets at zero angle of attack. Note that 
the variable b as used here refers to the span of a single fin, frog 
root to tip; elsewhere in this chapter it usually refers to the 


span of a diametrically opposed pair of fins, tip to tip. 


Rectangular a Swept 


Trapezoidal Aerobee - Hi Python-2 | 


Figure 44: Obtaining the gross planform area of various fin 


shapes (shapes after G. Harry Stine). 
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t/c is the average streamwise thickness ratio of the fins; 


(Cr)p is the flat-plate skin-friction coefficient of 


the fins; 


Sp is the total fin planform area; and 
S, is the maximum body frontal, or cross-sectional, area. 


In the interest of clarity, certain of these terms are explained 
in greater detail below: 

For the purpose of these calculations, the planform area 
of a fin is considered to be the sum of its actual, exposed 
planform area and the planform area of its imaginary extension 


into the body tube. Migure 44 illustrates the procedure for 


obtaining this "gross area", denoted by @; , for a number of 
possible fin planforms. For most fins, T; can be obtained by 
simply extending the leading and trailing edges until they 
intersect the body longitudinal axis. For shapes like that 
of the Python-2 (18), where the trailing edge intersects the 
body tube at a very shallow angle, it is better to extend 
straight lines from the leading and trailing edges of the 
root chord, parallel to the base, until they intersect the 
body centerline as shown. Por a rocket with n identical fins, 
the total fin planform area Sp is equal to ng. 

Because Sp is greater than the exposed fin area Sz, we 


expect (Cpo), as given by equation (159) to be an overestimate 
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of the true skin-friction drag. The difference between the 


overestimated and true values represents an approximation to 
the interference drag resulting from the juncture of the body 


and fins. Cpy;, the interference drag coefficient, is then 


given by 
13 Se7Se 
(163) Cpr = atc) Usee) Sin 


In the Datcom method, therefore, the skin-friction drag of the 
imaginary fin area within the body tube is taken to be the 


interference drag at zero angle of attack. It is apparent from 


our rather arbitrary means of determining the “hidden" fin area 
that we cannot expect any great precision in such a determination 
of Cpy- This is the best practical method currently available, 
however, since Cp; is an extremely difficult quantity to evaluate, 
whether theoretically or experimentally. 

The thickness t of the fin can be represented for most 
purposes by the thickness of the original material from which 
the fin was constructed. Painstaking micrometer readings may 
look scientific, but they cannot improve the accuracy of an 
approximate method. The chord c used in these calculations 
is the average chord of the fin. For simple planforms, the 


expression 


(164) c= Croot_ + Ctip 
2 


can be used, while for more complicated shapes the determination 


can be made according to 


(165) 
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where JE denotes the exposed planform area of one fin and b 
4s the fin span, or radial distance from root to tip. 


The skin-friction coefficient of the fins, (Cr)p, can be 


determined from the results of the preceding sections. Equation 


(63) may be used 4f the flow is completely laminar, while 
equation (101) applies in cases where transition occurs. 


Alternatively, the designer may choose to read the skin-friction 


coefficient from Figure 22 to save the work of making 4 calculation. 


The Reynolds number used in the determination of (Cy)p is based 
Ur C Since the local chord 


on the average fin chord: R, = =: 
may be considerably larger than this average value at certain 

locations on the fin, it is possible that transition will occur 
at lower velocities than predicted on the basis of R,, and that 


the skin-friction coefficient will be underestimated when using 


equations (63) or (101), or Figure 22. Fortunately, the danger 


of this is not very great, as the flow over the fins is almost 
entirely laminar throughout the flight for all but a few model 
rockets, owing to the extremely high airspeeds and large chords 
necessary to effect transition on a model rocket fin. The 
implications of this problem will be further explored later on. 
Equation (159) is valid for fins without separated flow 
at the leading or trailing edges; hence it is valid only for 
streamlined fins. 
analytical method for estimating the effects of blunt leading 
and trailing edges on fin drag. This, however, is not a serious 
handicap, since no designer careful enough to apply analytical 
methods to his work will be inclined to permit a threefold drag 


increase on his rocket by neglecting the small Job of sanding 


At the time of writing there is no convenient, 


nega 
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its fins to the proper shape. 


6.1.2 Zero-Lift Drag Coefficient of the Body 
N 
The Datcom expression for the drag coefficient of the stones body | ose , | 
body at zero angle of attack is -_ nee : | Ga _— 
60 0 0028(4¢)] Ss, 0246/4)! “jt * | | it 
(266) (Cre = Cee LI* Ga meee oe” Me | =i if 
where 


] 
| 


Blunt base I (dm = dp) | 


Biunt base I (dm # Gp) 


Figure 45: Definition of fineness ratio for various bodies of 


L— 


(Cpr), is given by equation (161), and is also the 


rm Ln 
by —” ; 
oe in equation (166); revolution. The fineness ratio of the nose is given by im ‘ 
» 
for the other three shapes the fineness ratio is defined as oan 
QM is the total length of the rocket body; 


S, is the total wetted surface area of the body, 


excluding the base; 


Sn is the maximum frontal cross-sectional area of 


Ss 
the body; 


dp is the diameter of the base; and 


(Cp)p is the applicable skin-friction coefficient 
for the body. 


3 
4 
Om 


Again, a more detailed explanation of these terms may prove 


Figure 46: Ratio of surface area to maximum frontal area S,/Sp 
useful in cases of practical application. 


as a function of fineness ratio 4/ay for various component shapes. 
Strictly speaking, equation (166) is valid for bodies of 


The functions for ellipsoids, comes, and ogives are approximate and 
revolution, a class of geometrical shapes to which most model 


are terminated at the lower limit of fineness ratio for which they 
rockets belong. 


The fineness ratio Ly/d,for several body 


configurations is defined in Figure 45, 


give acceptable accuracy. 
An excellent approxima- 
tion to the drag coefficient of an object which is not a body 
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of revolution can, however, be computed by utilizing the equivalent 


diameter given by 


Cross-sectional area 
(167) d equiv. = 0.7854 


Such a procedure might be used, for instance, to determine the 
drag coefficient of a model rocket with an elliptical cross- 
section. 

The wetted area of the body S, is defined as the total 
surface area of the body in contact with the surrounding fluid, 
excluding in the case of a model rocket the area of the blunt 
base. Mathematically speaking, if P(x) is the cross-section 
perimeter of the body at any station x (for this calculation 
x may be reckoned either forward from the base or aft from the 


nose), 
Ly 
(168) S.=) Plxdx 


° 
For a circular, cylindrical body tube P(x) is a constant 
P= nie oo » and 


(169) (S, Fi = Tm Ly 
5:2 
Since Sauce Te = orig , we then have 


cro) ($5), = Tagly = 4 Bs 


In Pigure 46 S./S, is plotted as a function of component fineness 
ratio for the cylinder, as well as for ellipsoidal, conical, 
and tangent-ogive nose and afterbody shapes. The following 


equations may also be used to determine 8;/S, for a variety 


of nosecone shapes; 
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' dm? 
(S) = | + _ 2hf/dm __ cin7 | ~ 4h2 
(1714) co ELLIP. ~ | = eae 
S ~ .4 Ld >? | 
(171d) ot) - U rtz.) daar 
S a i I 
ane) (Bedaue 267 Ze a a 
S 
ana) (dove = 2ferQay 
5 2 7 
(171e) (2) aye ya Ea For dm >> | 


The above shapes, or combinations thereof, may be taken 
as good approximations to most model rocket nosecone shapes. 
The geometrical definitions of these shapes are illustrated 
in Mgure 47. The ellipsoidal nose is constructed by first 
forming an ellipse (which is done by passing @ plane through 
a cone at some angle less than a right angle to the cone axis, 
but greater than the half-angle of the cone itself), then 
dividing the ellipse about its minor axis, and finally revolving 
the remaining half-ellipse about its semimajor axis. As geometers 
know, parabolae and hyperbolae can also be constructed from 
the intersections of cones and planes; a parabola is formed by 
passing the plane through the cone at an angle to its axis 
equal to the cone half-angle, while a hyperbola results if the 
intersection occurs at a lesser angle. Paraboloidal and hyper- 
boloidal nosecones can, of course, also be constructed, but 
they are not as good as ellipsoids because they do not become 
tangent to the body tube at their bases. Half the lateral 


section of a tangent-ogive nosecone is formed by the area 


bounded by a circle, a diameter of that circle, and a half-chord 


o 
6 


Figure 47: Geometrical definitions of common nose shapes. (a); 


© 


ellipse is formed by passing a plane through a cone at an angle to 
the cone axis greater than the cone's half-angle. The ellipse is 
divided along its minor axis and spun about its semimajor axis to 
form an ellipsoidal nose. (b): A parabola is formed by passing a 
plane through a cone at an angle equal to the half-angle of the 
cone and is then rotated to produce a paraboloidal nose. (ce): A 
hyperbola is formed by passing a plane through a cone at an angle 
less than the cone half-angle and is rotated to produce a hyper- 
boloidal nose. (d): A chord line is passed through a circle; the 


smaller segment thus formed is bisected by a radial line and the 
shaded half-segment is revolved about the chord line, forming a 


tangent ogive nose. (e): A right triangle is revolved about its 


altitude to form a conical nose. 
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of the circle perpendicular to the diameter. The familiar 


tangent ogive nose shape is generated by revolving this section 


about the chord line. The cone, simplest of the shapes, is 


generated by revolving a right triangle about its altitude. 
The cone suffers from the same shortcoming as the parabola 


and hyperbola in that the intersection of the nose with the 


body tube is not smooth. Its sharp point, however, gives it 


favorable drag characteristics in supersonic flight, as we 


shall see in Section 7. 

When computing the ratio (8,/S,) for a boattail, account 
must be taken of the fact that the geometrical solid in whose 
shape the boattail has been made is truncated by the presence 


of the blunt base. For a conical boattail of maximum diameter 


d, and base diameter dp, the ratio of surface area to maximum 


cross-sectional area is given by 


medee dn —du\2 
2Gn apy er I+ i) 


:) 
( Bo TT 
A AIL 


Anpeo) (3 ee =e (1 ~ ot | - i dm-adb 
Equations (172a) and (172b) may also be used to approximate 
(S./Sy) for boattails made in the shape of truncated ellipsoids 
Or ogives, as the exact formulae for these shapes are too 
complicated to be worth the gain in accuracy over (172a) and 
(172b) resulting from their use in practice. 

If the body, nose, and boattail (if any) have the same 
maximum diameter, the overall ratio of surface area to maximum 


Cross-sectional area can be expressed as 


> S Ss S 
an) = Gt) + tht te 
m m “Nose cre m BoatTai 
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The original Datcom method employs the turbulent skin- 
friction coefficient of the body for (Cr), and the turbulent 


skin-friction coefficient of the fins for (Cr)p in all its 


This, presumably, is because the Datcom wag 


calculations. 
devised for the purpose of providing drag coefficient predictions 


for full-scale aircraft and rockets. The Reynolds numbers of 


such vehicles are much higher than those commonly encountered 
in model rocketry. In the numerical example treated in Section 
6.2, we shall begin the calculations by assuming completely 
turbulent flow over the rocket body and see how the estimate 
of the drag coefficient thus obtained compares with experimental 
values. 

The body friction drag coefficient given in equation (161), 
which is also the first term on the right of equation (166), 


is of the form 


S 
(174) (Co), = (Ce), C14 a) Se 


The quantity a, which typically has a value of about 0.05, may 

be thought of as a three-dimensional correction to Cr as 

discussed in Section 3.6. The term 0.0025 i, according to 

the Datcom, is the pressure-drag contribution of the body due 

to the effect of its “thickness", or cross-sectional area. 

In the Datcom method, therefore, the pressure drag of a streamlined 
body is reckoned for the purposes of practical calculation as 

part of its friction drag. The second -- 1.e., base-drag -- 

term in equation (166) requires no further discussion here, 


as it was presented previously in Section 4,4. 
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Javelin Rocket 


6.2 The Datcom Method Applied to the 
To illustrate the application of the equations presented 


4n the preceding section, I shall perform the zero-lift drag 


coefficient calculation for a specific model rocket: the 


Javelin, a kit produced by the Centuri Engineering Company, 
and the same model for which Mercer has published experimentally- 
determined information on drag obtained through wind-tunnel 


The availability of published data gives us a standard 
The 


tests. 
by which to measure the accuracy of the Datcom results. 


Javelin, a simple, single-staged vehicle with a tangent-ogive 


nose, is shown in Figure 48. 
I shall begin the calculation by making the following 


assumptions: 


(a) the angle of attack is zero; 

(b) the model has no launch lug; 

(c) the airspeed is 60 meters/second and Y= 1.495 x 107? 
meter/second; 

(d) the finish is hydraulically smooth at the given velocity; 

(e) the flow over the fins is completely laminar; 

(f) the flow over the body is completely turbulent; and 


(g) the flow does not separate from fins or body, 


except at the base. 
The determination then proceeds as follows: 


Step 1; forebody drag coefficient (Co,), 


60 LE 1s 
(Cr), = (Ce), [1 + TAL + 0.0025 tj= 


4 -4h5- 


a 31.75 


Assume (Crp)p given by equation (86): 


(Cee = (Creu = Troe 


since A, = 31-75 om. = 0.3175 meter, the Reynolds number based 


on body length is given by 


4223 
’ O07 

Figure 48: The Javelin rocket, produced in kit form by the Centuri . 

Bngineering Company of Phoenix, Arizona, shown with its stock Then the skin-friction coefficient of the body is 


BC-74 nosecone. All dimensions are given in centimeters. (c ) >. poaas 
/B 7 * 
| ee 
ane Since (e = 7.43 = 16-45 we obtain 
| 
[\+ 60 +9925 44] = 1+ .0135+ 0411 = 1.055 
78 /d Tew dm 
The ratio of wetted area to cross-sectional area is 
2 « (2 + ( 2+) 
Sa Sm /JcerL Sm /Joeive 


For the cylindrical body we find from (170) 


(22)... = . + = ay ~ 46.1 


Sm 


and for the ogival nose Pigure 46 or equation (17lc) gives 


=) cond aa 14 
C= hie ea a ee 


So 
Ss 
== 46.1 +12.8 = 51.7 
, The forebody drag coefficient is thus 


(Coz), = 60466: % 1.055%: 54.7 = 0.274 


ee eee | eee 


-446- 


Step 2: base drag coefficient Cp, 


Cp as 0.029(dn/ded 
: VCCoe), 


From Step l, 


V(Coe)y = V.274 = .528 


and hence the base drag coefficient is 


Cp, = = = .055 
Step 3: fin drag coefficient (0po)p 
+ Se 
Ves.) = 2(C.). (+22) Sn 


Assume (C-)p given by equation (63): 


1.328 
ae See 


(ss = VR 


The average fin chord is simply 


C= 2 


Hence the Reynolds number for the fins is 


— $0%-0302) _ 5 
R.= .49SxK 1io75 12) x«lo 


which gives 


(Cy), = e228 = .00382 


Vianie® 


Fins made of 3/32" balsa give t = 0.238 cm., so 


tn. 5208. 


c” 3.02 0.074 


3-17+2-07 _- 3.02 cm. = .0302 meter 
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the gross area TF of a single fin can be determined by resolving 
the Javelin fin into rectangles and right triangles, a6 shown 
in Figure 49b; this method simplifies the calculation of UF 
and, although it results in a slightly larger value than that 
obtained by the standard method (shown in Pigure 49a), the 
difference 1s not very significant. Pollowing Pigure 49b, then, 


Area of region I - $ x 1.90 x 4.19 = 3.98 cm.? 


Area of region II = 2.07 x 4.19 = 8.68 om.¢ 


Area of region III = 3-21 x 0.965 = 3.10 cm. 


Te = (3.98+ 8.68+ 3.10) om. = 15.76 om.* 


Since the Javelin has four fins, 


Se = 4c, —4 63 cm.* 


The body frontal area is 


2 2 
Sim = oEe = aa aa = 2.92. cm* 


and hence the fin drag coefficient is 


(Cy). = 2x.00382 «/.159x Te =: 10 


Summing the results of steps 1, 2, and 3, we obtain the 
total zero-lift drag coefficient of the rocket: 


CObs) re = 2271-088 +110 =e 1824 


This value is about 25% greater than the drag coefficient 
measured by Mercer for the Javelin rocket with a Centuri BO-74 


nosecone (see Figure 31). 


Figure 49: 


gross fin planform area of the Javelin rocket. 


method (b) is preferred to the standard method (a) because it is 


more conservative; that is, it results in a larger value of 


Standard and approximate methods of determining the 


The approximate 


OF 
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Now suppose we see what happens if I rescind assumption 
(f) above and replace it with the more accurate assumption 
that the flow over the body is partly laminar and partly turbulent, 


with transition occurring at the critical Reynolds number 


5 
Rorit = 5x 107. 


Step 1: forebody drag coefficient (Cpr)p 
The body skin-friction coefficient will now be given by equation 


(101): 


0.074 : 
(Cede= —CRyy® ~ Re 


From equation (100) we find B = 1735; since Ry = 1.27 x 10°, 


(Ce), = .00445 —.00137 = .00308 


The forebody drag coefficient then becomes 


(Cy, ), = .00308 x 1.085% 59-7 =.194 


which is a reduction of 30.5% from its previous value of 0.279, 

or a reduction in the contribution to the overall drag coefficient 
by 0.085. This is due to the fact that, at these Reynolds numbers, 
the skin-friction coefficient for a laminar boundary layer is 


considerably lower than that for a turbulent boundary layer. 


Step 2: base drag coefficient Cp, 
Using the new value of (Cp¢)p, we find the base drag coefficient 


to be 


Cy, = —222l = 006 
ob aaa 


The base drag coefficient is thus increased by 20%, but since 
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it was a relatively small quantity to begin with the actual 


increase in drag coefficient due to this percentage increase 


is only 0.011. 


Step 3: fin drag coefficient (Cyo)p 
Since Rg is less than the critical Reynolds number, laminar 


flow will be maintained on the fins. The fin drag coefficient 


thus remains unchanged from its previous value of 0.190. 


Summing the contributions from Steps 1, 2, and 3 we obtain 


a new value for the total drag coefficient: 


(Codeg = 194 4.066 4.190 = .450 


This result is only about 7% greater than Mercer's measured 
value of 0.42 for the Javelin rocket. Actually, we have no 
right to expect any closer agreement with Mercer's data, both 
because a 7% error is within the measurement uncertainty of 
the type of equipment used in the wind-tunnel experiments and 
because the wind-tunnel tests were conducted at a much lower 
velocity than 60 meters/second, and hence a much lower Reynolds 
number than that on which the above calculations were based. 

An airspeed of 15 meters/second is representative of the test 
velocities produced by the type of wind tunnel used in the 
Mercer experiments. Suppose we then rescind assumption (c) 
above and replace it with the assumption that the airspeed 

is 15 meters/second. This gives Ry = 3.175 x 10° and 

Ro = 3-02 x 10+. Both Reynolds numbers are subcritical, so 


the flow will remain entirely laminar over both body and fins. 
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gtep 1: forebody drag coefficient (Cpg)p 
the body skin-friction coefficient is given by 


1328 = 00154 


(Cod, = or ee = Vaieni 


so the forebody drag coefficient is 


(Cor)y = -001S4% 1.055 x 59-7 = .097 


This represents a decrease of 0.097, or 50%, from the transition- 


flow value of (Cpr)p- 


Step 2: base drag coefficient Cp, 


Cy = aS .013 


V.097 


This is an increase of 0.028, or 41% over the transition-flow 


calculated value. 


Step 3: fin drag coefficient (Cp,)p 
The fin skin-friction coefficient is 


3 
Then (Cy,)p = 2.00765» 158 x S = .380 


This is an increase of .190, or double the value calculated for 


60 meters/second. 


From these calculations we obtain an overall drag coefficient 


of 


(Cy)pg = 017 +-093 +.380 =.570 


ee © 
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This is a substantial disagreement with the experimental 


result -- almost 36%. And yet the Mercer data should be Closer 


to this value than to the other two values calculated, according 
to theory. Discrepancies of this kind can and often do arise, 
however, due to the airflow characteristics present in the 
test sections of many small, subsonic wind tunnels. Test 
facilities of this type are prone to have much more free-strean 
turbulence in the air moving through their test sections than 
is present in the open atmosphere. The effect of free-stream 
turbulence in wind-tunnel testing is to raise the effective 
Reynolds number of the test; j.e., to make the data look as 

4f the Reynolds number were much higher than it actually is. 
One may thus conjecture that, although the Mercer tests may 
have been conducted at an airspeed closer to 15 than to 60 
meters/second, free-stream turbulence in the wind tunnel made 
the drag coefficient appear as if the Reynolds number of the 


test had been closer to that produced by a 60 meter/second 


airspeed. If this were the case it would present model rocketeers 


with a rather paradoxical advantage, for it would mean that a 
turbulent, low-speed wind tunnel could produce drag coefficient 
data applicable to higher-speed model rocket flight in the open 
air. The difficulty with such an approach, of course, is that 
one cannot tell precisely what the effective Reynolds number 
of a test in a turbulent wind tunnel 1s, except by comparing 


the data with the semiempirical predictions of Datcom theory. 


At a given Reynolds number, there are two major parameters 


h can be used t 
ee 0 adjust the Datcom prediction of the drag 


coefficient of a given rocket; the Critical Reynolds number 
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(and hence, the quantity B) and the decrease in base drag 
coefficient due to the presence of the fins. Since there are 
no data available to relate these effects quantitatively to 
either rocket geometry or flow conditions, such a process of 
adjustment must at present be considered pure guesswork. 
Variations in critical Reynolds number and base-drag reduction 
due to the fins could certainly be considered to account for 
the discrepancy between the prediction of our last calculation 
above and Mercer's experimental determination, but even if 
numerical estimates of these quantities are derived which, when 
used with the Datcom method, give an accurate value of (Coo) pp 
for the Javelin rocket, there is no assurance that their use 
can be extended to other rocket configurations. The constant 
B, for example, almost certainly depends upon the individual 
rocket, so there will always be some error inherent in a general 
technique like the Datcom method. It can only be hoped that 
the variation of B from model to model is small enough so that 
the error is maintained within acceptable limits for model rocketry 
work =-- say, about 10%. 

In conclusion, it would appear that full adaptation of 
the Datcom method to the practical calculation of model rocket 
drag coefficients requires research to establish reasonably 
representative values of B for model rockets of different shapes, 
and to establish a semiempirical relationship between base drag 
and fin geometry and location, if this effect is indeed significant. 


6.3 General analysis of the Datcom Method 


6.3.1 The General Configuration Rocket (GCR) 


The preceding section was inten 
reader with the application of the Datcom method to a particular 


ded to familiarize the 


problem. In this section the drag coefficient equations will 


be cast into special forms, particularly applicable to model 


rockets, which will clarify the relationships between rocket 


geometry and drag. This general, nondimensional approach will 


be utilized to discover the behavior of the drag coefficient 
and the drag force with respect to changing Reynolds number 
jin Sections 6.3.2 and 6.3.3. 
We begin by listing in general form the functional dependence 
of the drag coefficients upon the variables of the Datcom 


equations (equations (158) through (162)): 


RX $s 
(175) CCrg)y = 6, (8, RL, ge, Se) 
QL So Ab 
(176) Coy = Gs (zB, Re, =. ) =) 
Ss 


i oe 

Xe do 
(177) (Coss i: Ga, fe ‘an Sm ) ep 

t: Sr 
(178) (Co), = G, (8, Res 3 Sie 

Qo Ss de t S 
(179) Ges = Gs (8, 1 Nr wate mate Te Re, ec ) =) 


where the right-hand sides of the equations are read as "Gy 
i. Ss 
of B, Rg, = ’ = and so on. They are simply a form of 
methematical shorthand to indicate that the drag coefficients 
depend on the quantities in parentheses on the right in some 


(as yet unspecified) fashion, 


Theoretically, we could obtain a graphical relationship 


between any one of the above drag coefficients and one of its 
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variables by assigning constant values to all the other variables 
4n the function. As a practical matter, however, this would 
not be very illuminating, as variables like S,/8, and Sp/S, 
do not convey any concept of shape and are difficult to visualize. 
They can be converted to expressions involving only linear 
dimensions, though, if we assume specific shapes for the nosecone, 
fins, main body and boattail (if any) of the rocket. 

For this reason, we adopt as the basis for the remainder 
of the analysis in this section the configuration shown in 
Figure 50: a rocket consisting of an ogive nosecone, a circular 
cylindrical body, rectangular fins, and a conical boattail. This 
class of vehicles will henceforth be referred to as the General 
Configuration Rocket (GCR), since by varying its proportions 
one can obtain reasonable approximations to the shape of many 
single-staged model rockets. It should be noted that the fins 
enter the Datcom equations only through their surface area Sp 
and the thickness ratio t/e; hence no generality is lost by 
assuming rectangular fins for the GCR. The shape of the fins 
is important only in determining the drag and side force due 
to a nonzero angle of attack, whereas the Datcom equations 
Presented here involve only the determination of the zero-lift 
drag coefficient. Furthermore, the GOR has no specific size 
until a numerical value for one of its linear dimensions is 
Specified; the variations depicted in Pigure 50 could be ten 
Centimeters or one meter in length. This “nondimensionality" 


1s the most valuable property of the GOR concept. 


We can now write for the GCR, 


we 


}+—2,, Ly ~ 
n eal 
L t 
: a = b 
Ogive qT i. L. | 
Conical 
boattail _ [ 


Figure 50: 


nomenclature and three of its possible variations. 


The General Configuration Rocket (GCR), 


shown with its 


ot) = (#) 2s) (= 
(180) (= Jes ~ \ Son Zocive uae ae cre + Sm Jeonrra 


The approximate expression for the ogive nose is 


(181) Gane = 2.7 ae (# - I.5) 


and the exact equation for the cylindrical body is 


(182) (3). = 4 # 


For the conical boattail, 


nian) (& Bz = pteadyl te | +(4354¢) 


which, for any practical boattail, can be accurately approximated as 


Ss ) ~~ 
(183b) (& ace = 2(I- 


Hence, 


S £ 
(184) Gt) = a7tre ee 2(i-3 = 


Equations (175), (176), and (177) can also be written 


H, (8, Re eo a Ma +}) 


Ha (8, Re, oan - ae ria }) 


Hs (8, Ra, fe fh oe +}) 


Where the letters H again just refer to the fact that the value 


(185) (Coe), 


(186) Cou 


(187) (Cy,), 


of the quantity on the left-hand side of each equation depends 
Upon the values of the quantities in roe Rage Pat ie the right- 
hand side. The bracket {is aa ts 

e bracketed expression de = tea ‘ roe zt means 


that only three of the four length-to-diameter ratios may be 


Pa 
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Chosen to specify the problem, since choosing values for any 


three determines the value of the fourth. This follows fron 
the fact that 


f + 
(188) + = 4s sar eae Wk 


In a similar manner, Sp/Sy may be transformed: 


(189) Se = 4c, = 4(c#) = 2ch 


S 
(190) es Ta = (2\(\e 


Furthermore, 


Veo Le Ue ¢ 
v 


(191) Rp = and Res 


and R, can therefore be eliminated by substituting 


c (C/iw). 
(192) R= ic) Re = (he/dm) Re 


Consequently, equation (178) becomes 


h c b 
(193) (Cp) c= Hy CBr Re = Tease HE, ibe 


The fin-body interference drag coefficient, which is one component 


of the fin drag coefficient, is given by 


t Se-Se 
(194) Cpr = 2(Ce), (i+2+) eae 


For the GCR, it is found that 


avy Sel = +1G\) «G5) (42) (1- 2) 


60 


Q 
(196) Cor = Hg (8, Re aot 


io aa 
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The total drag coefficient is then seen to exhibit the functional 
dependence 


(197) Career = Hy (8 


a. ts es be Qu As =}) 
Re, qn cod 


idm ) hai” Oa i va p 
Nine independent, dimensionless variables completely 
determine the overall drag coefficient and its various con- 


stituents, as seen in equations (185), (186), (187), (193), 


(196), and (197). Seven of these are strictly geometrical 


factors; the remaining two (B and Rpg) are related to the inter- 
action of the rocket and the fluid through which it moves. 


This set of variables is not unique; for example, since 


ave (NG) = & 


any two of these three quantities may be used to replace t/ec 


and c/dg. Although each drag coefficient is a function of 


more variables than before (equations (175) through (179)), the 
problem has been simplified because there is a direct and 


visible relationship between (Cpo)pR and the pertinent factors 


of rocket geometry and vehicle-fluid interaction. The Datcom 


€quations, expressed in terms of these 9 variables for the 
GCR, are as follows: 


(199) (.,), = [1+ qtdcys +.0025-4¢ ][2.74% +4 E+20-# ENG, 
(200) Cpy = 1024 \ Ge 

(201) (Cae = Coe (EME) +24) 

(202) Cpr = = (c,), (i+2¢ YE rales i*)+(&) ($)( *)] 


~ dm 


-460- 


where 


(203a) (Cy)p = ee CRe< Revit) 


Z| 


B 
(203b) (Ce), = “ky - Re (Rx z Rerit ) 


(204a) (Cee = y 2e ae (Re < Rerit ) 


(204) (Cy), = (£)4_2-024-, - (4+) re (Rez Rerit) 


and the overall zero-lift drag coefficient is given by 


(205) (aes = (Cos), + Cp, + (Co. )- 


It is now a relatively straightforward matter to produce 
graphs depicting the behavior of any of the above drag coefficients 
as one of its parameters is varied. Some of these relationships 
will be more useful than others; it does not seem productive, 
for example, to determine the effect of the nose fineness ratio 
on the base drag coefficient. To illustrate such an analysis, 
we instead consider the far more important relationship between 
drag coefficient and Reynolds number -- which, for a rocket of 
given length, translates directly into a relationship between 


drag coefficient and airspeed. 


6.3.2 Dependence of the Drag Coefficient on Reynolds 
Number for the General Configuration Rocket 


The Reynolds number Ry is itself a function of three 
variables, Us», &, , and ». If the relationship between drag 
coefficient and Rg is known, therefore, this relationship can 
be used to determine Cp as a function of velocity by assuming 


numerical values for the 8 other quantities in the Datcom 
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equations: 


(206) Cp = +(Us) 


A knowledge of this function is essential for accurate performance 


( 4¢ = constant) 


calculations. In particular, am assurance that Cp does not 
vary greatly over the expected velocity range encountered by 

a given model in flight is required before a constant Cp can 

be used in the performance calculations for that model with 

a high degree of confidence. To determine the variation of Cp 
with Rg for a particular example of the GCR (denoted GCR-x) the 


following values were assigned to the 8 variables: 


db = 8 3 fe = 3.5 As = 1.5 
m mm =m 
C 
fe02 F175 5 B=1735 (Reit = 5x10) 


The overall fineness ratio L./d,is thus 18, making the GCR-z 
a fairly slender model. Substituting these values into equations 
(199) through (204), we obtain 


(Co,), = 82.9(C,)s 
Ci. = 28 (Cory + Co = (Cog 


Vico), 


Cor = 4.25 (Cy)- 


Ci) s ap ale), 
whe re 
1.328 
(Cy), = = (ry = Yeth < sni05) 
- _ 0-074 _ 1735 $ 
Coe = Gn- (Ra = Sxto*) 
(Cp): - 4.25 (Re < S.l4 to ) 


a 
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400 (Ry > 5.14% 10°) ; 
‘cre = ONG a ee Ri = TABLE 6 
J (Re)%s mo R C (Op,) (Cp) (Cy9) 
and the overall zero-lift drag coefficient is therefore | L Db Do/B Do/P Do’ PB 
0144 | 1 x 104 .014 1.114 1.970 3.080 
(Coreg = S2-8(CHet Verte he ee 5 x 104 .021 .513 .883 1.396 
The results obtained for Reynolds numbers between 1 x 104 7 x 104 .023 .438 -748 1.186 
and 1 x 10’ are summarized in Table 6 and presented graphically 1 x 10? 2025 -373 -627 1.000 
in Figure 51. The total drag coefficient (Coo) pRB has a very 1.5 x 10° -028 312 -510 ~822 
interesting shape which exhibits three main phases. 2 x 10° -030 - 276 -441 eTL7T 
At Reynolds numbers less than 5 x 10° the flow over the 3x 10° 033 +233 359 -592 
entire rocket is laminar and Phase I behavior of the total 4 x 10? -036 210 312 522 
drag coefficient is observed. At small Reynolds numbers, (Cp,) pp 5 x 10° -038 -194 -279 -473 
is extremely large, achieving a value of 3.08 for Ry=1 x 104, 6 x 10° -034 +223 -255 -478 
This behavior is expected, as the boundary layer thickens with 7 x 109 -033 +242 236 -478 
decreasing Reynolds number and viscous forces play a much greater 8 x 109 031 257 +221 -478 
role in the flow behavior than is the case at higher Reynolds 9 x 10? 7031 - 266 - 208 474 
numbers. For a model rocket of 30 centimeters length, a Reynolds 1 x 10° ‘On 272 -197 -469 
number of 104 corresponds to an airspeed of only about 0.6 1.25 x 10° 030 284 -176 -460 
meter/second. A well-designed model rocket does not leave its 1.5 x 108 «Oe? - 289 -161 ~450 
launcher with a velocity much less than 9 meters/second, so the =o - 29 +295 139 -432 
behavior of the drag coefficient at such low Reynolds numbers 2 ee 029 292 112 +404 
is not of much interest in model rocket flight calculations. ses 10° oe -287 2098 385 
At Reynolds numbers between 5 x 109 and 5 x 10° the rocket chai eee sane -089 370 
is operating in Phase 2 flight. When the critical Reynolds ite oe ee sede -102 +378 
number Rp = 5 x 10° is attained, a region of turbulence begins cy wee $209 -122 +390 
to grow from the model's base forward. This ie reflected in see aan og -031 261 +135 -396 
an increase in the body drag coefficient (Cpo)p with increasing ne 6: Drag coefficient of the GCR-x rocket at various Reynolds 
ers. 
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Figure 51: Variation of (Cyo)pp with Reynolds number for the Gop.y 
rocket. Also shown are the constituent drag functions (Coo), and 


(Cp,)p and the base drag coefficient Cp,- At Reynolds numbers 


below 5 x 10° the flow over the entire rocsxet is laminar. Between 
5x 102 andSx 10° (region (2) on the graph) transition to turbulent 
flow occurs partway down the body but the flow over the fins igs 
laminar. Above a Reynolds number of 5 x 10© transition to turbulent 
flow occurs partway back on the fins as well (region (3) on the graph), 
Region (2) is referred to as the body transition zone; region (3) 


is called the fin transition zone. 
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flow over the fins, and from equation (204a) it is seen that 
(Cyo) P will decrease with increasing Reynolds number. The net 
effect of these two opposing trends is to hold (Coo) pp virtually 
constant in this phase, denoted the body transition Zone on 

the graph of Pigure 51. (Cp))p does not increase indefinitely. 
however, as it too is subject to opposing phenomena. Prom 

Rp = 5 x 10° to Rg = 2x 10°, the increase in skin-friction 

drag due to the growing turbulent region on the body is greater 
than the decrease experienced in both the laminar and turbulent 
regions due to the inverse variation of (Cr)p with Rp (see 
equations (203a) and (203b)); thus (Cpg)p increases. at 

Rg = 2-5 x 10°, however, the body is mostly turbulent and the 
important effect becomes the reduction in (Cg) with increasing 
Reynolds number. Hence, in the upper range of the body transition 
zone, both (Cpo)p and (Cpo)p are decreasing, and (Cp.) pp decreases 
with them. Phase 2 is the flight regime of greatest interest 

to the model rocketeer, as most model rocket flight occurs in 

this range of Reynolds numbers. A 30-centimeter-long rocket 

is in Phase 2 flight whenever its velocity is between about 

30 and 300 meters/second. 

At a Reynolds number of 5.14 x 106, the fins of the GOR-x 
experience the development of a turbulent boundary layer beginning 
near the trailing edge and the rocket enters Phase 3 flight. 

In this phase the behavior of (Cpo)p is completely analogous 
to that of (Cp o)p in Phase 2. If Pigure 51 were extended to 
higher Reynolds numbers, (Cp,)p would be seen to attain a peak 
and then decrease again. In essence, the roles of (Coo), and 


(Cpo)p are reversed in Phases 2 and 3 with respect to their 


ee en 
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effects on (Cp o)ppR- Phase 3, labeled the fin transition zone 
in Figure 51, is rarely attained in model rocket flight. due to 
limitations on engine power and the rapidly increasing magnitude 
of the drag force at the velocities required to produce these 
high Reynolds numbers. Of course, rockets with very large 
fin chords, comparable to the rocket length Qy, will attain 
phase 3 at comparatively low Reynolds numbers -- but this is 
an uncommon occurrence. The effects of compressibility generally 
become noticeable in Phase 3, or even in the upper range of 
Phase 2, so our analysis is not completely valid for these 
high-velocity regimes. 
The base drag coefficient is essentially constant over 
the entire spectrum of Reynolds numbers, attaining its maximum 
value when (Cp,)p attains its minimum value -- which occurs 
at Rg =5x 10°. Itisa relatively insignificant contribution 
to (Cp o)pp at low Reynolds numbers, but in Phase 2 or Phase 3 
flight it represents about 7% of the total drag coefficient. 
Although the curves of Figure 51 were determined from 
specific values for the Datcom variables, their general behavior 


will not be altered by changes in the values of these variables. 


g 
For example, an increase in fu Te or ot, or any combination 
wm 


of these three, while the original values of all the other 

variables are maintained, will widen the body transition zone, 
as transition on the fins will now occur at a higher value of 
Rg (although Rot remains unchanged). Furthermore, (Cp) g 


and (Cpo)pp Will be shifted slightly upwards, while Opp will 


Figure 51 thus presents the correct 
shape of the drag coefficient ys. 


be decreased everywhere. 


Reynolds number curves for 
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any model rocket which can be represented (even approximately) 
by some variation of the GCR. This category includes a great 
Ris 
many slender Sor anaes 5) single-staged model rockets. 
To determine the drag coefficient as a function of velocity 
U. » it is required to know only the values of y and &,. 


While » does vary somewhat with altitude as discussed in Section 


2.1, one may reasonably assume a constant value of ¥y 3 1.495 z 1079 


meter°?/second, giving 


-5 
i * 1.475% 10 Ro 


(207) Ly 


Multiplying the abscissa Ry of Pigure 51 by converts 


1.47S« 1o7 5 
L 
the Reynolds number axis to a velocity axis, measured in neters/ 


second. For a rocket of 30 centimeters length, 


Us = 4.975 x1o7S Rg 


The body transition zone will then begin at an airspeed of 
24.9 meters/second, and if the rocket has the same geometric 
proportions as the GCR-x, fin transition begins at 256 meters/ 
second. 

In general, obtaining a plot of drag coefficient versus 
Reynolds number, as in Pigure 51, requires a considerable 
amount of calculation. This work cannot be avoided if maximum 
accuracy is desired, as for theoretical predictions of altitude. 
As the following section will show, however, it is possible to 
Choose a single value of the drag coefficient (Coo) BE which, 
if used in performance calculations, yields a good approximation 


to the "exact" behavior predicted by the Datcom method. 
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6.3.3 Dependence of the Drag Force on Reynolds 
Sad ® Dependence 2- -——= brag sv.== Rey 


Number for the General Configuration Rocket 


The drag force D is expressed in terms of the drag coefficien 


as 
(2008) Deas Uso Cy Sm 


To eliminate §, and U., , we write 


a ti 
m= —F 
and 
20,2 
U,? = Rev 
eo 2 
Then 


and finally 


2 
(29) D = Kereale Ry® 


Since Cp is known as a function of Rg from a plot like 


that of Figure 51, compiled from Datcom calculations, it is 
possible to determine the behavior of the drag force as a function 
of Rp using equation (209). Assuming » = 1.495 x 167° 
meter@/second and § = 1.225 kilograms/meter? (sea-level atmos- 
Ay 
a 


m 


phere), and = 18 as for the GCR-x, we have 


(210) DS: 3733:%10° Ch Raz 


for the drag force in newtons. 


The column headed De in Table 7 summarizes the results 


TABLE 7 
R De (¥) Da (N) percene 
i a Sa 
1 x 104 1.03 x 107% 1.57 x 1079 -84.6 
5 x 10+ 1.16 x 1072 3.94 x 107% -66.2 
7 x 10% 1.94 x 1073 7-79 x 1074 -60.1 
1 x 10°? 3.33 x 107 1.57 x 1079 -52.6 
1.56% 102 6.18 x 1079 3.53 x 1074 -42.7 
2 x 10° 9.55 x 1079 6.31 x 1079 -33.9 
3 x 10°? 1.77 x 1072 1.42 x 1072 -20.0 
4 x 10°? 2.77 x 1072 2.51 x 1072 -9.4 
5 x 10° 3.94 x 1072 3.94 x 1072 0.0 
6 x 10° 5.74 x 1072 5.65 x 1072 -1.5 
7 x 10° 7.80 x 1072 7.70 x 1072 i Wa | 
8 x 10° 1.02 x 1071 1.01 x 1072 “1.3 
g x 10° 1.28 x 1071 1.27 x 107} =0.2 
1 x 108 1.56 x 1074 1.57 x 1072 0.9 
1.25 x 10° 2.39 x 107) 2.46 x 107+ 2.9 
1.5 x 106 3.39 x 107+ 3.53 x 107+ 4.2 
1.75 x 10° 4.50 x 107) 4.82 x 107 7.0 
2 x 10° 5.82 x 1071 6.31 x 1072 8.4 
2.2 x 10° 6.89 x 1071 7.63 x 1071 10.8 
2.4 x 109 8.05 x 1071 9.09 x 1071 12.4 
3 x 106 1.21 1.42 i733 
4 x 106 2.05 2.51 22.8 
5 x 106 3.07 3.94 28.0 
6 x 10° AL4S 5.65 27.1 
8 x 10° 8.31 10.1 21.0 
1x 107 3.2 15.7 19.6 


Table 7: Comparison of the “exact" drag force in newtons on the 
GCR-x rocket, calculated using the variable drag coefficient 
obtained from the Datcom equations, with the approximate drag 
force calculated on the assumption of (0p.)pR = 0.473 at various 


Reynolds numbers. 


Wl : 


eter 
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obtained from equation (210) over the Reynolds number range 


1x 10° 


through 1 x io’. For Reynolds numbers up to about 

1x 10°, the drag force is very small compared with either 

the rocket weight (very few model rockets weigh less than 

0.25 newton at liftoff) or the thrust levels commonly encountereg 
in model rocket engines. The drag force is sO minute in this 
flight regime that in the graphical representation of the data 
shown in Figure 52, no distinction between values of the drag 
force predicted by equation (210) and by the assumption of a 
constant Cp can be seen. 

The reason for this behavior is that, although (Cp.) pp is 
very large for values of Rg less than 10°, the quadratic 
dependence of the drag force on the Reynolds number drives 
D downwards as Ry decreases. Since the laminar skin-friction 
coefficient is inversely proportional to the square root of 
Rp » (Cpo) pp cannot increase rapidly enough to offset this 
effect. 

As the Reynolds number increases into the body transition 


zone, the drag force climbs rapidly, experiencing a tenfold 


increase between Rp = 6 x 10° and Rp 22x 10©, Plotted along 


with the "exact" function D, in Figure 52 is an approximating 
function for the drag Dg, derived from equation (210) by 


assuming the drag coefficient to be constant over the entire 
Reynolds number range. 


The value I have elected to choose for 
this constant is the value of (Cpo) pp at the initiation of 
PHase 2 Fi gnt, or Res 5.x 10>:. Prom fable 6 we vend this 
as (Coo) pp = 0.473, so 


Re 


Figure 52: Variation of drag force in newtons with Reynolis number 


for the GCR-x rocket. Dg is the “exact” drag obtained using the 


variable drag coefficient computed by the Datcom method; Da is the 
approximate drag obtained by taking (Cp) pp as 0-473. 
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(211) D = 1.58 me es Re 


gives the approximate drag force in nONPene 


From inspection of Table 7, 4t may be seen that this 


function approximates Dy quite closely over eae eee 


Reynolds numbers of interest in model rocket flight, deviating 
less than 10% from the exact function for Reynolds numbers 
between 4 x 10° and 2.2 x io®. Furthermore, although the 
percentage error is large below Rp = 4x 10° (as Cp attains 
large values in the exact calculation), the absolute magnitude 
of the drag force is so small that these deviations are insig- 
nificant in the calculation of model rocket performance. It 
4s not necessary to know whether the drag force is 1/1000 of 


a newton or 2/1000 of a newton when the thrust and weight of 


_ the vehicle are both three or four orders of magnitude greater 


than these values. 

At higher Reynolds numbers -- that is, Ry greater than 
5 x10? -- D, represents a good approximation to the actual 
drag force because, as we saw in Figure 51, the drag coefficient 
is very nearly constant in the body transition zone. The 
value of (Cpo)pp at Rg = 5 x 10° was chosen as the approximate, 
constant Cp for the calculations on which Table 7 and Figure 52 


are based for two major reasons: first, because Rp = 5X 10? 


may be considered to represent the onset of body transition 


for all model rockets, regardless of configuration; and second, 


because the exact magnitude of the drag is obtainable from this 


Warne: pi Op $0 within: 10% ip 40 tayo law: nunbary dn “he tetenbe™ 


hood of 2.2 x 106 
- » very nearly the Practical limit of Ry 


—— 


seen ta piece tat 


a 
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encountered during the flight of small- to moderate-sized model 
rockets. 

This result can be stated in the form of a semiempirical 
rule: for single-staged model rockets not expected to exceed 
a Reynolds number of about 3 x 106 in flight, the assumption 
of a constant Cp with a value equal to that attained at Rp = 5 x 10? 
yields acceptable estimates of performance when used in closed- 
form altitude calculations requiring the assumption of a 
constant Cp. 

The Reynolds number axis of Figure 52, like that of Pigure 
51, can be converted to a velocity axis by applying the coordinate 


transformation given in equation (207). 


7. Model Rocket Drag at Transonic and Supersonic Speeds 


ZT-1 Limits on the Applicability of Incompressible Analysis 
As stated in Section 2.1.1, the results of the analyses 


and semiempirical treatments contained in the first six sections 

of this chapter can be assumed accurate on an a priori basis 

only if the compression of the atmosphere due to the airspeed 

of the model is relatively slight. The reader may also recall 

from this discussion that the analytical criterion of “sufficiently 


slight" compression corresponds to a Mach number M of less than 


0.316, where 


and c is the speed with which sound waves travel through the 


air: the so-called "speed of sound". 


Strictly speaking, the Mach number associated with a given 
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airspeed varies with atmospheric conditions, since c itself 
varies with atmospheric composition and temperature. In this 
connection you may again wish to consult Figure 4, which shows 
the variation of sound speed with altitude for the United States 
standard atmosphere. The dependence of c upon local temperature 


is given by 


+ 
(213) ©} Csi 4 hg 


where Tytq is the standard atmospheric temperature at the altitude 
in question and T is the actual temperature at that altitude 

at the time in question, and where the temperatures must be 
measured on one of the absolute scales, Rankine or Kelvin. 

It is found from Figure 4 and equation (213), however, that 

the speed of sound varies only slightly -- a few percent at 
most -- over the range of temperatures for which it is practical 
to launch model rockets and over the range of altitudes present- 
day models can achieve. It is therefore reasonable to assume 
that c remains constant at its sea-level standard value of 
about 340 meters/second for all calculations of interest to 


model rocketeers. The maximum airspeed at which the results 


obtained from incompressi ble-flow theory can be considered 


analytically valid is therefore approximately 107 meters/second. 
Above this speed the influence of compressibility on the 


flow about the rocket makes its presence known through a number 


of phenomena. The air in the vicinity of the stagnation points 


at the tip of the nose and the leading edges of the fins, as 


well as the air within the boundary layer, increases noticeably 


in density. The boundary layer thickens and its velocity 


Se 
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profile becomes vores. The fins behave as if their aspect 
ratio were lower than,which 1s geometrically the case. A 
precise, analytical description of the effects of each of these 
phenomena upon the overall drag of the model would fill a 

book by itself. It is not our purpose to present such a treatment 
here, 48 the mathematics involved are quite a bit more complex 
than those by which we have been able to treat incompressible 
flow. Furthermore, only a small portion of the vast literature 
that has grown up around the study of compressible fluid flow 

is of appreciable interest to model rocketeers. What is of 
interest to us as designers of high-performance model rockets 

is the experimentally-observed fact that the overall drag 
coefficient of a finned body of revolution, such as a model 
rocket, does not exhibit any appreciable deviation from the value 
predicted by incompressible flow theory at Mach numbers below 
QO.9- It is Nature's gift to the designer that the various 
compressibility phenomena interact in such a manner as to make 
this true. Although the results of incompressible flow theory 
are not analytically valid above M = 0.316, therefore, they 

are numerically accurate up to M = 0.9 and may thus be used 
without modification in closed-form performance calculations. 

In short, the effects of compressibility om the drag coefficient 


of a model rocket are negligible at airspeeds up to approximately 
306 meters/second. 


(-2 Drag Divergence 
As a model rocket approaches “Mach one" -- the speed of 


Sound -- regions form near the nose tip and the fin leading 
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edges in which the air ia highly compressed over @ relatively 
short distance. In a similar manner, regions form near the 
fin trailing edges and the body tube base in which the air 
expands again to fill the partial void left by the rocket's 
passage. This behavior is associated with the fact that the 
speed of sound in a fluid is the speed with which fluid elements 
can transmit information to one another. As a body travelling 
through the fluid approaches the sonic velocity the fluid directly 
in front of it cannot "inform" the fluid further upstream that 
the body is approaching in time for the upstream fluid elements 
to move smoothly aside to let the body pass (as they do in subsonic 
flight). The upstream elements therefore "pile up" on one 
another and become crushed, or compressed, against the nose 
tip and the fin leading edges of a model rocket entering the 
transonic flight regime. Once the model has passed by, the 
compressed fluid elements endeavor to return to their original 
volume, thus undergoing a rapid expansion. 

At a Mach number of 1.0 the region of compression at the 
nose becomes a thin surface normal to the longitudinal axis 
of the rocket, called a normal shock. As M increases above 1.0 


the compression region becomes conical, with the cone half-angle 


decreasing as the Mach number increases: a three-dimensional 


oblique shock. The surface bounded by the oblique shock trailing 


from the nose of a supersonically-flying body of revolution is 


called the Mach cone; in cases of horizontally-flying airplanes 


this cone may intersect the §round, causing observers to hear 


the so-called sonic boom. In addition, any sound produced by 


the body itself can only be heard within the Mach cone; to an 
, 
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observer outside the cone the vehicle appears to be flying in 
perfect silence. For this reason a supersonic airplane can 
only be heard after it has already passed overhead, and an 
observer on the ground must "lead" the sound (i.e., look ahead 
of it) in order to see the aircraft. The expansion of the 
atmosphere into the region behind a model rocket in supersonic 
flight occurs with a very rapid decrease in density, exhibiting 
a characteristic flow pattern known as the Prandtl-Meyer expansion 
fan. 

Now the importance of these phenomena to model rocket drag 
4s that the air which passes through the shock and expansion 
pattern surrounding the model is not returned completely to 
its original state once the rocket has gone by. The shock/expansion 
system causes a certain amount of momentum to be transferred 
from the model to the airstream over and above the quantity 
that would be transferred under subsonic conditions. The drag 
coefficient of a model rocket in transonic and supersonic flight 
is therefore greater than its subsonic drag coefficient. 
Typically, Cp increases rapidly as Mach 1.0 is approached, 
reaches a peak at slightly above the sonic velocity, and declines 
again toward a value that is somewhat greater than the subsonic 
drag coefficient as the Mach number increases toward 2.0. fhe 
rapid increase experienced in the transonic regime, between 
M = 0.9 and the Mach number at which the peak Cp occurs, is 
Called drag divergence. The existence of drag divergence is 
One reason that it was common to call Mach one "the sound barrier" 
before the rocket-powered Bell X-1 airplane first exceeded it 


in 1947, and for some years thereafter. Drag divergence also ; 
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means that it is extremely difficult for small vehicles of 


limited total impulse, such 4s model rockets, to exceed Mach 


one. Only our very highest-performance designs can accomplish 


this feat, and then only when powered by the highest-thrust 


model rocket engines available -- types Bl4, FO7, F100, and 


sO on -- and even then resort must often be had to multiple 


staging. 


7-3 Semiempirical Determination of Transonic and 


Supersonic Drag Coefficients 
The mathematical complexity associated with the analysis 


of compressible fluid flow about a finned body of revolution 
is too great to permit the practical calculation of transonic 
and supersonic drag coefficients directly from first principles, 
As was the case for subsonic flight, we must have recourse to 
semiempirical formulae based on experimental data in order to 
obtain values of Cp for use in model rocket performance calculations. 
Hoerner (9) presents drag coefficient data for a number of 
small fin-body combinations tested at transonic and supersonic 
velocities. As shown in Figure 53a, the test results fall into 
, two distinct categories: one containing rockets having sharp 
(ogival or conical) noses, and one comprised of models having 
rounded nose shapes. For the sharp-nosed rockets the drag 
coefficient Cp rises to 1.7 times its subsonic value (denoted 
Cp,) at M = 1.05 and then declines again to about 1.27 Cp, 
as M approaches 2.0. The round-nosed configuration is more 
severely affected by Compressibility: its Cp peaks at 2.170ps 
at Mz 1.2 and falls back only as far ag 2-00p, for M approaching 
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Figure 53: Variation of drag coefficient with Mach number for 
finned bodies of revolution. (a): Experimentally determined 
behavior of the drag coefficient of the rocket pictured, using 
both ogive and half-round noses. (b): Analytical functions 
described in equations (214) and (215) that approximate the 


experimental behavior to within 10%. 
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2.0. The difference in behavior between the two configuration 
classes is due to a fundamental difference in nature between 

the shock associated with a sharp nose and the shock generateg 
by a rounded nose. The oblique shock produced by a sharp noge 


in supersonic flight is an attached shock; i.e., the shock 


appears to be shed directly from the point of the nose like a 
cone suspended on a pencil point. The shock due to a rounded 
nose, on the other hand, is itself rounded at its forward 

extremity and is detached: it "stands off" slightly ahead of 
the front surface of the nose itself. Figure 54 illustrates 


the difference in structure between the two shock patterns, 


and also the shock/expansion pattern observed in the neighborhood 


of the base of a blunt-based body of revolution. As there ig 
appreciably greater momentum transfer associated with the 
detached than with the attached shock, the rounded-nose config- 
urations have higher drag coefficients at transonic and super- 
sonic velocities. ‘ 

It is mathematically possible to construct formulae for 
the drag coefficients which will represent the curves of Figure 
53a to a very high order of precision. Such a procedure is 
not really worth the trouble, though, since the data presented 
in Figure 53a are only approximate (in fact, the curves above 
Mach 1.5 are based on extrapolation) and their applicability to 
a wide range of model rocket configurations 
If one takes the liberty of initially assuming a high- 
rocket configuration (which in itself is justified by the fact 
that only the highest-performance model rockets are in fact 


capable of exceeding Mach one), 


has not been established: 


performance 


however, it should prove possible 


© 


Figure 54: Shock and expansion patterns about sharp-nosed and 


blunt-nosed bodies of revolution. Solid lines indicate shocks 
and compression waves; dotted lines indicate expansion waves or 
fans; wavy lines delineate the wakes of the bodies. The conical 
nose produces an attached shock (a) which results in a lower drag 
than the detached shock (b) formed in front of the rounded nose. 
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to construct approximating functions that are relatively Simple, 


yet will represent Cp with reasonable accuracy over the Mach 


number range of interest to the hobbyist. 
One possible choice for such a function assumes a rise in 


Cp given by a power function in Mach number, followed by a 


decline given by an exponential in Mach number. Such a represen. 
tation is referred to as piecewise smooth, since the graph 
obtained from such a set of formulae is a smooth curve everywhere 
except at the point at which the first formula leaves off and 

the second begins -- where there is a sharp "peak". It will 

be found that a reasonably accurate set of approximating functions 


of this type for sharp-nosed vehicles is given by 


(214a) a = 120+35.5 (m-o0.4)° (0.4<Mé<é 1.05) 
-5.2(M-1.05) 
(ala) 2 = 1.27 +0.53€ (1.05 £M 2.0) 
S 


and that a similar set for round-nosed rockets may be written 


Md 
(isa) = 10+ 4.88 (M-0.4) (0.4 <Mé< 1.2) 
(215) rag “C6e08e (1.2 €M£2.0) 
s 


These approximating functions are displayed in Figure 53b and 
compared with the experimental data curves in Table 8. Inspection 
of Table 8 reveals that even these relatively simple functions 
predict Cp values within 10% of those determined by experiment 
over the Mach number range 0.9 through 2.0. 

I cannot emphasize strongly enough, however, that you 
should not regard equations (214) ana (215) as having any valid 


basis in mathematical physics, or ag having @ precision anywhere 
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Table 8: Comparison of the analytical drag divergence functions 
(Cp/Cps),_ given in equations (214) and (215) with the experimentally 
observed drag divergence functions (Cp/Cps)e for rockets with 


Ogive and nalf-round noses at Mach numbers between 0.9 and 2.0. 
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near that of the Datcom equations for subsonic flight. The 


tenuous nature of the connection between the experimental data 


and the actual flight of model rockets, and the extent to which 


I have extrapolated the data curves, is such that the best that 


can be said of equations (214) and (215) is that they represent 


reasonable suggestions of the behavior of model rocket drag 


coefficients at transonic and supersonic speeds. They are to 
be used with the understanding that they are tentative and 
with the provision that they are acceptable for use only until 


better approximations are available. At present, however, 


they may be considered accurate enough for design study and 
altitude prediction work. 

Finally, the reader should realize that the behavior of 
the drag coefficient at these high velocities presents us with 
a fundamental analytical difficulty in carrying out performance 
calculations. Since Cp in this flight regime is a strongly- 
varying function of Mach number, and hence of velocity, a 
constant, average value of Cp cannot be used in computing 
altitude performance. This precludes the use of any of the 
closed-form, analytical altitude-performance equations presente 
in Chapter 4 and makes the use of computerized interval methods 
essential in calculating the performance of any model rocket 
that is expected to enter the transonic and/or supersonic 


range of velocities at any time during its flight. 


8. Experimental Determination of Drag Coefficients 
All the material presented thus far in this chapter has 


dealt with the theoretical or semiempirical prediction of 


TM 


d 
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model rocket drag coefficients. In order to determine the 
accuracy of the drag coefficient values obtained from such 
predictive calculations it 1s necessary to compare them to 

results obtained by experimental measurement. In addition, 

there exist designs whose shape is too complicated to permit 

the use of any of the analytical methods discussed in the preceding 
sections (the reader will recall, for instance, that even the 
presence of a mere launch lug forced us to use a tentative and 
highly speculative semiempirical rule to account for its effect). 
we therefore conclude this chapter with a brief discussion of 
three basic experimental techniques which may be used to determine 


the drag coefficient of any model rocket. 


The most common experimental technique presently in use 
for determining drag coefficients, whether of model rockets or 
any other objects, is the wind-tunnel test. I will assume that 
readers of this volume already have some knowledge of wind tunnels, 
balances, and testing procedure; for the topic of wind-tunnel 
testing itself is a very broad one and would require far too 
lengthy a discussion for us to include it here. Those interested 
may find explanations of the various types of tunnels and balance 
systems, as well as information of use in designing and building 
wind tunnels, in ah excellent book on the subject called Wind 
Tunnel Testing, by Alan Pope, published by John Wiley and Sons 
of New York in several editions over the last twenty years. 

Plate 6 shows a small wind tunnel and balance system 


Capable of testing model rockets at airspeeds up to about 19 


~—ee hte on” 


Plate 6: <A small wind tunnel that can be used to measure the 


drag coefficient of a model rocket. 
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meters/second. The particular version illustrated is a return- 
flow tunnel of the "single-return" variety, in which the air 
circulates clockwise through the closed, doughnut-like duct 
system. It can be constructed, complete with variable-speed 
drive, for several hundred dollars and represents a type that 
can be afforded by some of the larger model rocket clubs and 

NAR Sections. A somewhat similar (but larger) design was used 
by Mark Mercer for his drag experiments. One can also construct 
much simpler, "open-circuit" tunnels in which the air is drawn 
through an intake, passes through the test section, and is 
expelled through a "diffuser", or exhaust. In designing any 
wind tunnel the greatest care must be exercised to prevent, f 
insofar as is possible, turbulence in the airstream which passes | 
through the test section. If too much turbulence is present 
the tunnel airflow will not accurately duplicate the conditions ! 
existing in free flight and the experimental results may not 

be accurate. Most wind tunnels thus far constructed by model 

rocketeers are in fact known to suffer from this problem. Another 
difficulty encountered by hobbyists attempting to design home- 

built wind tunnels involves velocity: the test-section airspeed 

must be high enough to provide reasonably good dynamic similarity 

(a Reynolds number not too different from those encountered in 

flight); yet, for a given test section cross-sectional area, the 

motor power required increases approximately as the cube of the 

desired airspeed: In short, the design and construction of a 

Wind tunnel that can provide high-quality drag data is not a 


Project to be taken lightly: it will make considerable demands 


On a modeler's time, skill, and finances. 


Oe 
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Assuming that one has 4 wind tunnel and balance system 


(or access to one, as in a university), however, the drag coef. 


ficient of any model mounted on the balance can be determined 


by reading the drag directly from the balance indicator. The 


drag reading obtained must be corrected for tare (the drag of 


the balance support arm itself), aerodynamic interference 


between the model and the balance arm, and the effect of the 


test section walls on the airflow pattern about the model. 
Pope's text outlines the techniques for accomplishing these 
corrections with a high degree of precision (this is, however, 
a rather tedious task and many hobbyists prefer simply to 
subtract the tare drag from the total drag reading, a procedure 
which still permits determinations of Cp to within 5% in most 
cases). The drag coefficient is then found from the corrected 


drag using the equation 


oe ad as 
(216) D = £9 S,,U2 
where the test-section velocity U is that which has been measured 
on the velocity-indicating manometer. In a good wind tunnel 
the airspeed can be varied from zero to the maximum of which 
the tunnel is capable at will, by using an electrical or hydraulic 
control. 


The performance calculations of Chapter 4 use a drag parameter 
k, given by 


(217) k= $SSmCp 


rather than the drag coefficient Cp explicitly, in determining 


velocity and altitude. This drag parameter can be determined 
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from the corrected drag as just 


D 
(218) k = Tz 


8.2 Vertical Wind Tunnel 

A number of prominent modelers have suggested the construction 
of a vertical wind tunnel; that is, one in which the test-section 
airstream travels directly upward. Such a design has the 
advantage of not requiring a balance system, since the airspeed 
can be adjusted until the model is suspended motionless in the 
center of the test section. The drag is then just equal in 


magnitude to the model's weight: 


(219) D=kU* = mg 
so 

mg 
(220) le Uz 


Where m is the mass of the model and g is the acceleration of 
gravity. In MKS (meter-kilogram-second) units, m is given in 
kilograms and g is 9.8 meters/second®. The drag coefficient, 
if desired, can be extracted from the drag parameter using the 


relation 


(221) Cy —— 

es Sm 

The vertical tunnel concept does have some drawbacks. Por one 
thing, fairly high velocities -- 50 to 75 meters/second or even 
more -- will be required to make the drag of a high-performance 


Model rocket equal its weight. The required velocity can be 
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reduced by constructing a light test model and leaving out the 


engine, but the vertical wind tunnel will still need quite a 


lot more power than a standard, horizontal design using a 


balance. There may also be problems in maintaining the model's 


position within the test section, and the testing technique 


can only determine drag at a zero angle of attack. 


8.3 Vertical Drop Test 


It has also been noted that the drag parameter of a model 
can be determined without a wind tunnel, by measuring the time 
taken by the model to fall a specified distance when released 
from rest in a nose-down attitude. The relationship between 
the time of fall and the drag parameter\can be determined by 
solving the differential equation of the rocket's motion, which 


is just Newton's second law for an object of constant mass: 
= dv 
(222) F=ma=m ra 
—_> 
Where F is the vector sum of the forces acting on the object and 
ais its acceleration. If we adopt the convention that force, 
acceleration, velocity, and displacement are all to be considered 


positive downward we have for the falling rocket 


a Ps 
3 — = -k 
(223) ube: mg U 


This equation can be solved for time as a function of velocity: 


VU 
d 
(224) t= Siete 


The integral on the right-hand side of (224) is known to have 
the form 
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(225) t-/& pani (Uy | 


from which, by algebraic manipulation and the use of inverse 


functions, we obtain 
= Ld) k 
cosy = VE tanh [t YE | 


Since the hyperbolic tangent function approaches 1.0 for time 
approaching infinity, the terminal velocity of the falling 
model is seen to be {rz .- the same velocity required to 
suspend the model motionless in the vertical wind tunnel. 
Letting the displacement, or distance fallen, be denoted 


by x, and recognizing that U = dx/dt, we have 


Then equation (223) can be written 
AU _ 2 
(227) ol [= mg -kU 


and solved for x as follows: 


U 
(228) x= [ ETE 


performing the integration, we have 


(229) Perea es 2 | eee 


Note that the argument of the natural logarithm function is 
always less than one; hence the logarithm itself is a negative 
number and x is a positive quantity, as it should be, indicating 
downward displacement. By substituting the right-hand side of 


Squation (226) for U we obtain the desired functional relationship 


ee ee eee 


| 
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between displacement and time: 
v= )) 
aoe ee Pe tanh? (t+ 2S 
2k 


positive values of ¢, 


(230) X = 


Again, x will be found positive for all 
n be used in conjunction with computert zeq 


Equation (230) ca 
calculation methods to compile graphs which display time as a 
function of the variable (k/m) for various values of the "drop 


One such "drop chart" 
s that a fairly sizeable drop 


nin Fi 
distance" x. is show gure 55. 


Inspection of the chart reveal 
distance is required to enable the determination of (k/m), and 
hence k, to a reasonable accuracy, since the velocity must be 


allowed to increase to the point at which drag has a significant 


influence on the model's behavior. The minimum distance needed 


for an accurate determination decreases as (k/m) increases, 
but something on the order of 10 meters seems to be the limit 


for any reasonable test model -- even if it is of lightweight 


construction and dropped without its engine. This means that 


a tower or building of some sort must be used for drop testing, 
and that the model must be cushioned at the end of its fall to 
avoid damage. Not all models can be tested in this manner; no 
amount of cushioning, for instance, can protect a model of 

the Saturn-V. The drop test, like the vertical wind tunnel, 

is suitable only for determining the drag parameter at a zero 
angle of attack -- but it also eliminates the need for a balance 
system and has the added advantage that the test takes place in 


the open air, so that there are no tunnel wall effects. 


to — Stes 
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Figure 55: A "drop chart" of the type that might be used in 
determining the drag parameter k of a model rocket from vertical 

drop tests. Ourves are presented for drop distances of 10, 25, 

50, and 100 meters. The curves flatten at the top because k/m 
becomes great enough for the rocket to attain its terminal velocity 
within the specified drop distance, after which the drop time becomes 
roughly proportional to,/E. For the smaller drop distances accurate 


determinations of k cannot be made without extremely accurate timing 


devices. 
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8.4 Conclusion 


The relative merits of the three experimental techniques 


described above can only be properly judged at such time as 


all three have been tried in practice and developed to the 


highest level of effectiveness of which it is reasonable to m 


believe they are capable. It 4s our hope that, in the near 


f them will be tried and that an extensive exper. 


future, each o 5 
imental literature will be generated within the hobby as a 
result, for only a large body of reliable experimental data 5 
can permit us to verify or improve upon the techniques herein 
described for the analytical prediction of model rocket drag, 
4. 
5s 
6. 
7. 
; 8. 
1 9. 
; 10. 
{ 
j bl. 
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SYMBOLS 


Meaning 
dummy variables used in trigonometric identities 


amplitude of sinusoidal forcing 

reference area 

value of Ap at an airspeed of 1 meter/second 
coefficients used in Riccati solution 
coefficient of drag 

corrective moment coefficient 

damping moment coefficient 

drag 

vector sum of all externally applied forces 
average thrust 

force 

thrust as a function of time 

maximum thrust 

average thrust of nth stage motor 

component of thrust perpendicular to trajectory 
sustainer thrust 

component of thrust tangent to trajectory 
average thrust of second stage motor 


function of thrust, mass, and drag parameter 
used in writing Riccati solution 


strength of yaw impulse 
strength of pitch impulse 


os. 


sd 7 


d( )/at 
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Meanin 


longitudinal moment of inertia 


radial moment of inertia 

specific impulse 

total impulse 

strength of step moment in yaw 
strength of step moment in pitch 
acceleration 

magnitude of exhaust velocity 

exhaust velocity 

derivative of ( ) with respect to time 


base of the Napierian logarithm systen, 
numerically equal to approximately 2.718 


function of angle of attack 

yaw forcing function 

pitch forcing function 

acceleration of gravity 

parameter of drag at zero angle of attack 


drag parameter of nth stage carrying all 
subsequent stages atop it 


drag parameter of second stage 
mass; also average mass 

mass as a function of time 
burnout mags 

mass of propellant charge 


mass of nth 
stages atop hides carrying all subsequent 


initial magg 


average masg of 
subsequent tegen toy see’ carrying all 
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Meaning 
average magz of second stage 
mass flow rate (alternate aotation) 
differential of expelled mass 
mass flow rate 
momentum 
differential change in momentum 


differential change in momentum due to the 
action of externally applied forces 


differential quantity of momentum added to 
the exhaust stream by the rocket motor 


time 

burning time 

coasting time 

time at which maximum thrust occurs 
burning time of nth stage rocket motor 


time at which in-flight disturbance begins 
to act 


time at which sustainer thrust begins 
first stage burning time 

second stage burning time 
differential of time 

time increment 


variable of transformation used in Riccati 
analysis 


magnitude of velocity 
velocity 
burnout velocity 


burnout velocity of nth stage 
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Meanin 
horizontal component of velocity 
vertical component of velocity 
burnout velocity of first stage 
burnout velocity of second stage 
differential change in velocity 
change in velocity 
actual velocity increment 
drag-free velocity increment 
horizontal coordinate, range 
range at burnout 
increment of range 


horizontal component of velocity (alternate 
notation) 


actual increment in horizontal velocity component 


drag-free increment in horizontal velocity 
component 


vertical coordinate, altitude 

burnout altitude 

coasted altitude increment 

altitude increment gained during nth stage burn 
first stage burnout altitude 


el a increment gained during second stage 


increment in altitude 
vertical velocity component (alternate notation) 
actual vertical velocity increment 


d - 
rag-free vertical velocity increment 


angle of attack 


gymbol 
«(t) 


KX 
x, (t) 
XxKo 
AXx 


ay 


Ayo 


A&y 


angle of attack as a fanction of time 
yaw angle 

yaw angle as a function of time 

yaw angle at time t, 

increment in yaw angle 

pitch angle 

pitch angle as a function of time 
pitch angle at time t, 

increment in pitch angle 

average rate of mass expulsion 
parameter of drag due to angle of attack 


damping ratio 


angle between tangent to trajectory and local 
vertical 


angle between direction of launch and local 
vertical 


density of the atmosphere 

angular frequency in radians per second 
coupled resonant angular frequency 
angular frequency of sinusoidal forcing 
natural frequency 

yaw rate 

yaw rate at time t, 

increment in yaw rate 

pitch rate 

pitch rate at time t, 


increment in pitch rate 
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Meaning 
roll rate 
roll rate at an airspeed of 1 meter/secong 
value of We, at an airspeed of 1 meter/secong 


derivative of ( ) with respect to time 
(alternate notation) 


second derivative of ( ) with respect to 
time (alternate notation) 


integral of [ ] with respect to ( ) 


ELEM“NTS OF TRAJZCTORY sl aLYSIS 


Introduction 


The interest of model rocketeers in determining the flight 
paths that their models will follow, once launched, dates back 
to tne earliest days of the hobby itself. Questions of trajectory 
analysis, and yarticularly the question of altitude capability 
determination, antedate all other topics in the literature of 
model rocketry. 

The first technical report issued by the then-infsnt 
National Association of Rocketry (#TR-1, first printed in 1958), 
entitled "Busic Model Rocket Flight Calculations" and written by 
former NAR President G. Harry Stine, described a simple technique 
for computing the burnout velocity, burnout altitude, and maximum 
altitude of a model rocket under the assumptions of zero drag 
and a perfectly vertical flight path. The effect of drag in this 
treatment was allowed for by observing that a typical model 
rocket attains only 40 to 60 percent of the altitude calculated 
under the drag-free assumption. The report ulso contained drag 
data obtuined from testing a model Aerobee-Hi in the subsonic 
wind tunnel of the United Stutes Air Force Academy, as well as 
a brief discussion of the effects of nonvertical launch on a 
model's trajectory. 

Stine observed that, to take the effects of drag into 


account more accurately, it would be necessary either to apvly 


7 i «qe 
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the techniques of integral calculus or to divide the time of 
flight into small intervals (a tenth of a second or less each) 
during which tie velocity of the model, and hence the drag on 
it, could be assumed constant. With the mass of the model 
approximated by a constunt in each interval computable from 
the rate of mass expulsion, the simplified form of Newton's 
second law (F = m2) could then be applied to determine the 
acceleration, velocity, and altitude of the rocket at any time 
during the flight. The interval method was discussed in greater 
detail in Stine's Handbook of Model Rocketry, whose first 
edition appeared in 1965. 
During the period 1958 through 1964 the interval method 
was virtually the only analytical tool available to model rocketeers 
who wished to take the effects of drag and mass variation accurately 
into account in computing model rocket flight paths. This 
technique can be quite accurate if the intervals used «are sufficiently 
small; it provides, in fact, an exact solution “in the limit" 
as the intervals become Vanishingly small. Unfortunately, as 
the size of the intervals decreases the number of intervals 


required to describe the entire flight increases, so that a 


modeler desiring a really high order of accuracy in his trajectory 
calculations would find himself faced with the task of performing 
hundreds -- or even thousands -- of calculations. Such a 
procedure involves a prohibitive amount of drudgery for a human 
being, but it 1s well suited to automatic computing machines 

that can perform the thousands of relatively simple calculations 


required in wa matter of only a few seconds for any given rocket, 
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The step-by-step results obtained for the vertical upward 
flight of a typical model rocket as determined by an IM 
1620 computing system appeared in the first edition of the 
Handbook of Model Rocketry and served well to illustrate the 
accuracy attainable with the interval method. 

Still, the user of the interval technique must eitaer 
perform many hours of calculations himself or have access to 
and the ability to use an electronic computer for each case ne 
desires to analyze. Since most model rocketeers do not have 
free access to computers or a knowledge of how to use then, 
this constitutes an essential practical shortcoming of the 
technique. 

Efforts on the part of advanced model rocketeers to overcome 
this difficulty by using the techniques of integral calculus 
to derive closed-form analytical solutions (i-.e., single algebraic 
formulae) for the burnout velocity, burnout altitude, maximum 
altitude, and flight path of a model rocket began about 1964, 
and during the period 1964-1965 Leonard G. Feaskens and Douglas 
J. Malewicki, working independently, succeeded in obtaining 
such solutions for vertical flight. Malewicki subsequently 
prepared his results for publication in graphical form, and 
they appeard as technical reports published by two of the 
large model rocket manufacturers: Estes Industries, Inc., of 
Penrose, Oolorado, and the Oenturi Engineering Company of 
Phoenix, Arizona. 

The present author began investigating the problems of 


model rocket trajectory analysis in the fall of 1965. aA 


paw eee 
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number of different solutions to the equations of vertical motto, 


were obtained between 1965 and 1968, some oF: She CBr STEE Mork 


in this period being done in collaboration with Fehskens ang 
with William P. Bengen. In this chapter I have taken the liberty 
of presenting all the most important results obtained during the 
1965-1968 period, as well as those derived during the actual 
preparation of this book, both for historical completeness anq 
because I believe the multiplicity of approaches will enhance 
the reader's physical insight into the problems involved. Most 
of the material contained in the present chapter was formally 
prepared for publication during 1968 and 1969, and it was during 
this period that the investigations into the behavior of model 
rockets in nonvertical flight and into the importance of altitude 
reduction due to dynamic oscillations were begun. 

The equations describing the point-mass motion of a model 
rocket along its flight path, like many of the equations in this 
book, are differential equations and as such require either 
calculus or numerical techniques for their solution. As in the 
previous chapters, it is possible to facilitate the solutions to 


some extent through the use of linearization approximations, and 


such approximations have been used wherever they are consistent 


with the desired accuracy. It will be found, however, that the 


equations of motion contain an essential nonlinearity due to the 


quadratic dependence of aerodynamic drag upon velocity. The 


presence of this nonlinearity increases the difficulty and mathe- 


matical complexity of the solutions, necessitating the use of such 


techniques as th 
q S the change of variable and estimation 


— 


EES 


a 


4 


and truncatio 


of integrals. All approximations and other 
techniaues used during the derivation of solutions wil] be 
;dentified in the text as they are used, for the information 
of those advanced rocketeers who have a special interest in 
the mathematics involved. As has been our policy throughout 
the book, however, special emphasis will also be placed on 
the algebraic results obtained from the calculus derivations, 


for the vractical use of modelers who are not so mathematically 


inclined. 


1. The General Differential Equations of Motion 

The general differential equations of motion for a free, 
pallistic rocket follow directly from the fundamental principle 
of classical mechanics: Newton's second law of motion. It is 
well to acquire a good intuitive, physical understanding of 
this principle before launching into the mathematical complexities 
involved in obtaining varticular solutions to the equations of 
motion. I have therefore taken the liberty of presenting the 
following detailed derivation of Newton's second law as applied 
to rocket-propelled bodies: 

Consider a rocket as shown in Pigure la, at some instant 
of time which we shall denote as t. At this time the rocket 
has a mass m(t) (read "m as a function of t" or simply "m of t", 
meaning that the mass of the rocket varies with time) and a 


(vector) velocity ¥ with respect to an observer stationary on 


the ground -- and therefore a vector momentum given by 


(1) P m(t)yv 
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The rocket will, in general, also be acted upon by a number of 


externally-applied forces, whose vector sum we shall denote 
—_ 
by E. 

Now suppose we wait for some very short interval of time 
dt (which mathematicians call a differential of time; an 
interval of "infinitesimal" or "vanishingly small" duration) 
and observe our rocket again at time t + dt, when the rocket 
appears as in Migure lb. We shall find that a number of 
changes have occurred during the interval despite its extreme 
brevity. For one thing, the rocket's velocity has changed by 

+ — 
a differential increment av, so its velocity is now v + dv. 


For another, a differential quantity of mass dm, has been 


ee 


expelled from the motor nozzle during dt, decreasing the vehicle 


mass to m(t) - dmg. The rocket's vector momentum at time 


t + dt is therefore 


[m(t)-dme] (V+dV) 


(2) ptdp 


m(t)V - Vdme + mit)dv —dmedv 


Subtracting equation (1) from (2), we find that the rocket 


has acquired a differential increment of momentum given by 


= — 
dp = m(t)dv - vdme -dme dv 
The term dmodv 
and is of negligible magnitude compared to the other terms; it 


may therefore be discarded without loss of accuracy, resulting 


in 


(3) dp = m(t)dv -Vdme 


involves a product of two differential quantities 


NE A RTE LIE EN 


- ‘a 


Time =t 

Rocket mass=m(t) 
Rocket velocity=V _ 
Rocket momentum =p 


© 
Time =t+dt 
Rocket mass=m(t)-dme 
Rocket velocity=Vv+dv _ 
Rocket momentum =)+dp 
© 


Figure 1: Model rocket in flight, with its engine thrusting and 
under the influence of externally-avplied forces. Panel (a) 
shows the rocket at time t; (b) shows it a short time later at 
time t + dt. 


en 
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Now according to classical mechanivs, © “S <i sery 


that is, the total momentum of the system consisting of the 
’ 


ed; 


Ete 


rocket and all its surroundings must remain constant. This 


being the case, the momentum increment dp must have had some 


quantitatively identifiable sources outside the rocket airframe 


itself -- and the sum total of the momentum increments contri buteg 


by these sources must precisely equal dp. There are in fact 
two such sources in the case of the rocket: the momentum flux 
due to the exhaust and the action of the externally-applied 
forces. 

4s we have already noted, the rocket motor has expelled a 
mass increment dm, during the interval dt. It has, moreover, 
expelled this mass at a high velocity -- the exhaust velocity 
@ with respect to the rocket, which is a velocity (@+¥) with 
respect to our hynothetical observer standine stationary on 


the ground. An increment of momentum 
(4) dpe = (t+V )dme 


has therefore been transferred from the rocket to the exhaust 
stream by the expulsion of mass from the rocket nozzle: Ane 


as given by (4) has been added to the exhaust stream and 


subtracted from the rocket. 


The vector sum of all the externally applied forces, E, 


acting over the interval dt, produces an impulse Bat. This 


impulse is equal to the momentum increment imparted bv the 


externally apnlied forces to the rocket. We may then write 


(5) dpe = Edt 
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Now dpe has been added to the rocket during dt, while 
dp, nas been subtracted from it, and the sum total of the two 
effects is precisely equal to the total momentum change experienced 


by the rocket during the interval. That is, 
Lg = dp, -dfe 
or 
(6) m(t)dv -Vdme = Ete (t+v) dme 


Collecting terms and dividing by dt, we obtain the general, 
vector differential equation of motion for a rocket under thrust 


and subject to externally-applied forces as 
v = dm = 
(7) m(t) 4% = -CSE+E 


The term -c(dme/dt) 1s just the thrust of the rocket motor an it 
would be measured in a static test stand. Since the exhaust 
velocity @ is directed backward along the longitudinal axis of 
the rocket it is vectorially negative with respect to V. and 
since the rate of mass expulsion has been expressed as the 
positive mass-flow rate dm,/dt, eauivalent to m as used by 
professional rocket engineers, the thrust is a positive force 
tending to increase ¥ -- which, as practical rocketeers, we 
already know from experience. The thrust can be denoted by the 


single symbol W(t), so we can write 


a A... oe = 
(8) m (t) T- = F(t)+E 


Both the engine thrust and the externally-applied forces will 


be referred to as flight forces, as per the notation of Chapter l, 


.. ‘ 


er 
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in the following discussion. The externally-applied flight 


forces whose vector sum is here represented by E will be 


resolved into two components: Weight and aerodynamic resistance, 


or drag. 


1.1 Mathematical Representation of the Flight Forces 


The various forces acting on a model rocket in flight were 


described in Chapter 1. We now proceed to represent these forces 
as explicit functions of time, angle of attack, mass, and go 
on. Once these representations have been constructed the 
general, componentized differential equations of motion can be 
formed explicitly according to the general law expressed in 
equation (8). 

The first of the flight forces to be considered will be 


pai nah aa 


the tarust of the engine. Phe thrust 1s usually a rather compli- 
cated function of time, wiose general fora way be expressed by 
the fuactional notution P(t), and in a properly designed aodel 
whose engine is functioning normally is directed along the 
longitudinal principal axis (centerline) of tne rocket. Dis- 
turbances due to winds, misaligned fins, asymmetries, and other 
factors as discussed in Chapter 2 will cause tue longitudinal 
axis of the vehicle to deviate from the tangent to tne traject-cry 
at the point of interest -- that is, such disturbances will 
cause tne model to develop an angle of attack. Such a rigid- 
pody rotation will thus produce components of tarust in other 
than the intended direction of flight, and in particular will 
reduce tune effective thrust in the direction of tne trajectory 


according to 


(9) Fy = F(t)cose 


(10) PF, P(t) sine 


where the subscripts t and p denote thrust components tangential 
and perpendicular to tune trajectory at the point of interest, 
respectively, « is a generalized angle of pitch or yaw (or both), 
and P(t) is the thrust of tae engine expressed exolicitly as a 
function of time. 

Also of importance in determining the trajectory is the 
weight of the venicle. The weight of a model rocket is always 
a function of time, as the quantity of oronellant expended during 
the engine burning phase continuously decreases the rockxet's 


welght. The weight veotor always points in the negative vertical 


eae ee eed 


vs | 


(downward) direction, and may be denoted simply by m(t)g, where 


m(t) is tue model's mass as 4 function of time and g is the 


acceleration of the Earta's gravity field. 


Perbaps the most interesting of the flight forces, and algo 
the most difficult to handle analytically, is aerodynamic drag, 
As described in Chapter 3, it is a function of the model's 
velocity, its shape and size, the smoothness of its finish, 

and so on. For purposes of analytical convenience the net 
effect of all these various influences will be accounted for 
by expressing the drag force as kve, as was done in Ohapter 1, 
where tue lumped parameter k is a function of Reynolds number, 
atmospheric density, shape, etc. The drag force is subject to 
the same perturbing influences as the thrust, namely the rigid- 
body rotations which change the cross-sectional frontal area 
and effective shape of the model, resulting in an increase in 


drag with angle of attack. The total drag force on a model 


flying at an angle of attack can thus be characterized as 
(11) Dz (k +€ f(x) )v? 


where € is some constant and f(x) is some function of the angle 


of attack. 
The flight forces just considered are referred to as 
external forces; that is, they represent net forces acting on 


1 
the rocket's center of mass (for all practical purposes the 


center of uass is identical to the center of gravity, or 0.G.)- 


These forces interact with, and are thus said to be coupled to, 


the detailed dynamic moments waich cause the rigid-body motions 
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giscussed in Ohapter 2. The rigid-body rotations, nowever, 

do not affect the motion of the C.G. directly; they can only 
influence it through their interaction with the external forces. 
This interaction, as discussed in Chapter 1, occurs through the 
sncrease in drag and the side force associated with changes in 
the angle of attack. Hence, it is sufficient to consider the 
forces already discussed in order to obtain a suitable repre- 
sentation of the rocket's point-mass motion, as we have already 
accounted for the interaction of the rigid-body retations with 
the external forces in the terms previously considered. The 
increase in drag with angle of attack has already been expressed 
jn equation (ll). Side force, as can be deduced from the treataents 
4n Chapter 2, is an oscillatory phenomenon of extremely short 
duration in any one transverse direction for any reasonably 
well-designed model rocket. It can therefore be disregarded 
under the same rationale by which the effects of lateral 


translation were neglected in Chapter 2. 


1.2 Selection of tue Coordinate System and Formation of 
the General Differential Squations of Motion 


In order to write down the differential equations of motion, 


One must first select a suitable coordinate system with respect 

to which the different components of the model's motion will be 
taken. an exact description of the trajectory of any flying 

body would require taking into account the curvature and rotation 
rate of the Barth; spherical polar coordinates would thus seew 

a likely choice. aA model rocket, however, never attains altitudes 


sufficiently great to warrant considerations of planetary 


=.45 
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curvature and rotation in the computation of its flight path, 
we might just as well select a rectilinear, Cartesian Coordinate 


system as our reference frame. Such a coordinate frame wil} 


be used for all subsequent analvsis in this chapter. In 


addition, the horizontal Cartesian axis will be taken to lie 
in the plane of the rocket's trajectory, so only one horizontal 


coordinate need be used. The horizontal axis will be referred 

to as the x-axis; the vertical axis will be called the y-axis, 
The differential equations of motion can then be formed 

along the two mutually perpendicular axes, vielding a horizontal, 


or x-component of motion and a vertical, or y-component of motion; 


(1?) m(t) 4 F, cos - m(t)g - [k+ Ef (Ca) ] v2 cos 0 


Fy sin® -[k+€f(«)] v2 sind 


dV 
(23) m(t) 


where @ is the value of the angle between the tangent to the 
trajectory and the y-axis at the instant of time under consideration, 
Pigure 2 illustrates this componentization of the rocket's motion. 
The cosine and sine in terms of the velocity v along the trajectory 
and the vertical and horizontal components of v, which may be 


written as ¥ and x, respectively, are 
(14) cos 9 = 


(15) sin® = 


<|x . Ss lx: 


The placing of a dot over a variable is one of the standard calculus 
notations for denoting the variable's time derivative; the notation 


x is thus @ shorthand way of writing dx/dt, and so on. Similarly: 
multiple dots are used 


Trajectory 
a 
Launch point 
x=y=O 
Figure 2: Resolution of a model rocket's flight path, or trajectory, 


along rectangular Cartesian coordinates. 


x travelled from the launch point is the range; the wertical distance 


y travelled from the launch point is the altitude of the model. 


The rorizontal distance 
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to denote multiple differeutiations with respect to time; hence 
X is equivalent to a°x/at2, etc. The dot shorthand for time 
differentiation will be used extensively throughout the treatment, 
of this chapter, as it saves considerable writing when the 
formulae being discussed become longer and more complicated 
than those for wuich the conventional notation for the derivatives 
would be convenient. 

Substituting (9), (0), (4) and (15) into (12) und (13) results 


in general differential equations of motion in tne form 


(16) mit) $= F(t) cosa (y/v) — mOL)g - [k+eF(«)] vy 


(17) mity SE =F LE) cos 4 (i/v) - [K+ ef l«)] vk 


It must be noted here that the generalized angle of attack 

& is assumed to be decoupled from the rest of the terms in 
toe equations. That is, any rigid-body rotational oscillations 
of the model are assumed to be rapid in comparison to the 

rate at which the model's velocity is changing and the effects 
of pitch or yaw on tne rocket's velocity are, to a first-order 
apvroximation, decoupled from the actual determination of the 
pitching and yawing angles. 


2. The Non-Oscillating Rocket: Solutions for Vehicles 


Launched Vertically 


2:1 The Specialized Differential Equation for the 


Vertica 


In attempting to solve equations (16) and (17) we will 


introduce certain physical snd mathematical approximations 


| 
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that will enable the modeler to obtain solutions for a number 
of specific, idealized cases. Once these solutions are obtained, 
they will be modified to account for the varying angle of attack 
produced by rigid-body motion (that is, pitching and yawing 
oscillations). Por most of the cases under consideration, it 
will be found possible to obtain closed-form solutions to (16) 
and (17) while maintaining a high order of accuracy. 

The simplest idealizations of (16) and (17) that are 
consistent with the accurate representation of an actual model 


rocket flight involve the assumptions that 


(a) The rocket is launched vertically and maintains 
a purely vertical direction throughout the course 
of its flight; 

(bd) The angle of attack is zero; that is, the rocket 
does not oscillate; and 

(c) The mass of the rocket remains constant at the 


average of the initial mass and the burnout mass. 


With these approximations, equation (17) becomes identically 


zero and equation (16) may be written in the form 
(18) mds -mq-kv2 
it F(t) -mg 


Where it is to be understood that v is identical to Vy in all 
cases of purely vertical flight. Even this greatly simplified 
equation cannot be solved exactly in closed form. One can, 
however, obtain excellent approximations by any of the procedures 


described in the following sections. 


Fe 
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2.1.1 Fehskens-Malewicki Solution 
This method consists of replacing F(t) by the average 


value of the thrust over the burn time and solving the re sul ting 


equation by a method known to mathematicians as separation of 


variables. This technique involves rearranging the differentia) 


equation algebraically so that the dependent variable -- Velocity 
in this case -- appears on one side of the equation and the 


independent variable -- time -- appears on the other: 


l mdv 
(19a) Eo mngenve dt 


Equation (19a) can then be integrated to yield the value of 


the burnout velocity as follows; 


Ve te 
m dv = 
(19d) \ Smaeees \ dt 


° 


Upon performing the integrations one obtains 


(20) Ve = ee tanh [ 28 ak (F-mg) | 


where F denotes the average thrust, vp is the burnout velocity, 
and t, is the engine burn time. Equation (20) was first obtained 
by Leonard G. Fehskens and later, independently, by Douglas J. 
Malewicki. Both researchers also performed an additional 
integration with resnect to time to obtain the burnout altitude, 


Yp» in the form 


(ly y= a dn [cosh ($ a/k(F=mq) )] 


in eauations (20) and (21) the notations tanh( ), 1n( ), and 
cosh( ) refer to the hyperbolic tangent, natural logarithm, 


and hyperbolic cosine functions of the parenthesized quantity, 
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respectively. These functions, like the natural trigonometric 
functions, have been tabulated and may be found in any good 

pook of mathematical tables and formulae. In order to use 

such tables, as with the natural trigonometric functions, it 

is necessary to compute the numerical value of the parenthesized 
quantity, or argument, of the function beforehand. The numerical 
value of the argument is then located in the table and matched 


with the corresponding value of the desired function. 


2.1.2 Caporaso-Bengen Solution 
A second approximate procedure for calculating the burnout 
velocity and burnout altitude consists in trying to integrate 
(18) directly with respect to time. In this method the actual, 
time-varying value of F(t) can be used but the integral of ve 


with respect to time must be approximated: 
te t, te Te 
(22) mee at = { Fitydt - f mgt - ( kv2dt 


The left-hand side of (22) becomes the burnout velocity times 
the average mass. The thrust integral just yields the total 
impulse of the engine, irrespective of the particular functional 
form of F(t), and the weight term is just the product of the 
average weight mg and the burn time t,. The drag integral, 
however, must be computed by considering v? as its equivalent 


form v(dy/dt) and applying the following rule of integral 


calculus: 
th Ye“ tr 
(23) j kv ty dt = kyv |. -k\ y edt 


The first term on the right of (23) 1s just the product kyv taken 


—- oa, 


~~ 
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t kyv taxen at v 20 
at v =v, and y = Yp: minus the product ky as 
y = O -- or simply kYpVp- The second term, however, cannot jn 
general be integrated. The integral on the left side of (23) ts 


therefore truncated by disregarding the seco 
The approximate solution of 


nd term on the right 


to obtain a first approximation. 


(22) then becomes 


(24) mvp =I_— mate - kyeve 


where I, denotes the total impulse of the motor. Equation (24) 
can then be integrated again if one replaces the velocities, 
times, and altitudes by "dummy" running variables to avoid 
confusing their running values with their end-point values. 


Upon completion of the integration one obtains 


th... 
(25) my, aa "LU raat Jat -mg 


te _ ky 

2 2 

where you should note that, once the drag integral (23) has 
been truncated to obtain (24), no further truncation is required 
to obtain (25). It can be seen that, while the burnout velocity 
does not depend on the exact functional form of the thrust, 


the burnout altitude does. In particular, if we approximate 


F(t) by a constant, average value F as in equations (19), (25) 


becomes 
= t2 te k Pie 
(26) my, = Fp - mg - Yb 


which, when solved algebraically for Yp» yields 


(27) y, = =me¥ mie kt (F-m 


7 k 


Wee ae 


pepe. es SR 
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ypon substituting (27) into (24) and solving for v, one obtsins 


Vp = Ix —- mots 
Vmi+ kt.2(F-mg y 


This alternative approximate approach was firet used by #illias 


(28) 


Bengen and the present author shortly after Fehskens bad 


P. 


derived equations (20) and (21). 


2.1.3 Caporaso-Riccati Solution 
A third solution to equation (18) can be obtained by 


recognizing (18) as a form of what mathematicians call the 
Riccati equation. The method of Riccati can then be applied 


to solve (18) as follows: 


Suppose we introduce the transformation of variables 


and substitute for v everywhere in (18). The result 


will be a second-order linear differential equation for the 


unknown function u: 


coy ETRE] (RY = reer 
Combining terms, we have 


rT as m 


Upon multiplication of both sides by u and a little rearrangement, 


a linear, second-order differential equation for u with one 


time-varying coefficient is obtained: 


(31) u- [Ae ens |u = 0 


~~ 


"te 


er 
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as not been necessary to make any approximationg. 
J 


Thus far, it h 
on (31) using the full, general functiona) 


one can obtain equati 
form of F(t). In fact, the Riccati technique would even have 
permitted the use of the time-varying mass m(t) instead of the 
average value Ml. 


Eouation (31), however, 4s impossible to solve in closeq 


form unless it 18 simplified in some manner. It will possess 

a relatively simple and rather well-known solution if all the 
coefficients of the various derivatives of u are constants, 

In order to obtain and investigate this solution we shall, 

in addition to approximating m(t) by the average mass m, consider 
F(t) to be F, the average value of the thrust over the burn 

time. Under these assumptions (31) has a solution familiar 

to students of methematics and the sciences, namely the exponential 


solution 


t t 


(32) u=A,e" Ave” 


where e is the base of the natural, or Napierian, system of 


logarithms and H has the following form: 


(33) H = = 4] k (F —mg) 


The constants A) and Ap must be determined from the initial 


conditions that both the velocity and the altitude of the 


model 
poy ee ee Mees Constructing v from u according to 


(34) veg | Adel — Aal ovt 
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Imposing the initial condition that the velocity is zero at 


t = 0 forces the numerator of (34) to vanish for this value of 


times 

A,H-AL2H =0 
so that 
(35) A, = Az 


When A; is substituted for A, everywhere in (34) 1t cancels 


in division, leaving us with 


a elt _ ao 
(36) V= Ht | erty, ent 
Now it is known that 
Ht -Ht 
(37) ae = tanh (Ht) 


for this is just the exponential definition of the hyperbolic 
tangent. The burnout velocity can then be obtained by setting 
t = t, and substituting the right-hand side of equation (33) 


for H: 
8) vy = YP ESBE tanh [te ykte-m ad | 


The altitude is determined by integrating the expression for 
the velocity with respect to time. When this is done it is 
found that the resulting equation identically satisfies the 
Condition that the altitude be zero at t = 0, and that the 


burnout altitude is given by 


(39) Ye = a de [cosh (te 4/k (emg) ) 


Ee ae Tee eee 


+ tee 
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Equations (38) ana (39) are seen to be identical to equations 
he Riccati technique is t 


n obtain the Fehskens-Malewick4 


(20) and (21). 17 aS ese 


procedure by which one ca 


solution. 


Equation (39) concludes this 
which has been restricted to the 


section's treatment of mode] 


rocket trajectory analvsis, 
determination of the burnout velocity and burnout altitude of 


non-oscillating, single-staged model rockets flying straight 


of those readers who have found the 


upward. For the benefit 


mathematical derivations burdensome or impossible to follow, 
I shall complete the section with a summary of the important 
results and explicit instructions on how to apply then. 

To use the Fehskens-Malewicki method, compute the burnout 
velocity using equation (20) and the burnout altitude using 
eauation (21). 

To use the Caporaso-Bengen method, compute the burnout 
velocity by using equation (28) and the burnout altitude 


according to equation (27). 


mt a 


velocity and burnout altitude according to equations (38) and 
(39), respectively -- although, since these equations are 
identical to those of the Fehskens-Mal ewicki method, there is 
no real reason to consider them distinct from the results 


obtained by Fehskens and Malewicki. 


:2 Extension of the Solutions to Multistaged Vehicles 
The probl 
p em of computing the burnout velocity and altitude 


of the u 
oper stages of a multistaged model rocket is somewhat 


meeiiettineneti tet de Ce i—t_puwsfens o ~ 
. ae 
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more difficult than that of computing the burnout velocity and 


altitude of a single-staved model. In each case the differential 


equations of motion have vrecisely the same form: in fact, the 
general forms of the solutions are also identical. The crucial 
difference between the single-stage and multistage solutions 
lies in the choice of initial conditions and limits of integration. 
The problem essentially reduces to one of choosing the correct 
limits in the indefinite integral solutions thus far derived. 

As will be shown in Section 2.5, the approximations derived 
in Section 2.] are auite accurate and compare very well with 
each other, as wel] as with computer solutions obtained by 
interval methods (which are, in the limit of vanishingly small 


intervals, exact). Since extending the methods of Section 2-1 


to multistaged vehicles is algebraically laborious, we shal] 


first want to choose the easiest approximation to handle analytically. 


Such a choice is perfectly justified, as all the apvprorimations 


are more than sufficiently accurate for model rocketry purposes. 


2.2.1 Extended Caporaso-Bengen Solution 
The most logical choice in this respect would seem to 


be the Caporaso-Bengen method used in deriving equations (27) 
and (28), since it not only is analytically simple, but also 


affords the greatest physica). insight into the problem of choosing 


the limits of integration. In extending this method we shall 


first apply equation (22) to a two-staged model, modifying the 
limits of integration for the calculation of the second-stage 


burnout velocity and burnout altitude. The following notation 


Will be used: 


ee oe ee 


twee 
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Yr, = burnout altitude of first stage 
b 


v v,, =< burnout velocity of first stage 
1 eed es 
- burnout velocity of second stage 


the burning time of the 


altitude gained DUPNE the total second-stage 


second-stage engine (n 
burnout altitude) 


n average mass of first and second stages together 
l= 


= average mass of second stage alone 


k, = second-stage drag parameter 


t. = burning time of second-stage engine 


ty = th = burning time of first-stage engine 


To better conceptualize the reasons for the choice of limits 
to be made in the following derivation, suppose we consider the 
rocket just after the burnout of the first stage, in the 
infinitesimal time interval before the second stage ignites. 

The second stage has already jettisoned the first through the 
action of the propellant-wall blow-through function of the first. 
stage engine (which also ignites the second-stage engine), but 
the second-stage engine has not been lit long enough to have 
developed any measurable thrust. The upper stage will have 
aerodynamic drag on it equal to the square of the first-stage 
burnout velocity times the second-stage drag parameter; i.e., 
the drag will eoual Kpv,?. The weirht of the second stage is 
the only other force acting on the model and, if the second-stage 
engine did not ignite, would (in conjunction with the drag) begin 
to decrease its unward momentum. 

The second stage now fires and contributes to the vehicle 
a quantity of momentum equal to its total impulse. Thus, after 


the bur 
nout of the first stage, the momentum of the rocket is 


” 
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changed only by the forces actine on it durine the second-stare 
rning time and we may write 
si t,+t2 t,+t, t,+ tz t,+t2 
dv ( dt.= kav2dt 
m, “dat = \ F(t)at -} mag 2 
oe Pe | t, t, 


The value of the integral on the left taken between the indicated 
jimits is just mo(vo-v,)- It is now necessary to make the same 
truncation approximation as was made in eouation (23). and to 


guoply the proper limits of integration for making such an 


approximation. Here we are integrating the drag from a nonzero 
quantity uD through its second-stage burnout yalue; we are 
attempting to find the drag integral only over the second-stage 
purning time. Now it is a well-known property of integrals that 
they obey the following additive relationshiv with respect to 


their limits of integration: 
x B ‘€ 
(41) ( 1GhMx = | fw ax + a f (xrdx 


where x, in this case, represents anv indenendent vartable (not 
the horizontal coordinate to be used in our later investigation 
of nonvertical trajectories), and f(x) represents any function 
of that variable. In the present case, we desire the solution 
for the component integral over the last intervals 

a“ « p 
(42) { f(x)dx = f fixddx - ( f (x) dx 

B ° ° 
Replacing the dummy function f(x) by v@ and the dummy variable 


x by t, we have ; 
ty+ta t,+ta 1 


(43) vedt = vedt - \ vedt 
t ° ° 


i: . 
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] and using the same truncation procedure as in (23), you should note at this point that all quantities relating 
! t +t the first-stage burnout 
| Pe ta ai ‘i to Values v, and ¥) are to be treated 
(44) vedt = Uy tya)V2- yy v nstants and not to p 
t, as Cons *———~ —-= “0 be integrated as their respective functions. 
It is essential to note here that we are integrating the drag the first-stage burnout velocity and altitude are assumed to be 
| 
| known, havin 
| as it would have been if the drag parameter k had been ko throughout aidan & been computed by treating the model as if 
the flight. The reason for this is that, at the instant after it were single-staged and applying the methods of section 2.1. 
first-stage burnout and jettison, the drag is Kov7° and k, should Equation (47) can then be solved for Yor yielding 
/ 2 Fe Ss Py rT 
have nothing at all to do with the integral of the drag during (48) Y2= = (mz +key) + (marks ¥) +2k.t2 F (Fa- mag) + (kayivi-mavil 
ee 
the second-stage burn, except insofar as it has played a role 2 
in determining v, (which is already known). Substituting (48) into (46) gives the second-stage burnout 


The drag integral must be evaluated in this manner, since velocity as 


there is considerable analytical difficulty involved in matching (49) Gove tz (F2 - m29) + Mavi + kann 
Te 2 
] the drag of the rocket just before and just after burnout and v (ma +k2y,) + 2katz [B(F.-m.g)* (kev —™2%,)) 


jettison of the first stage without assuming that the drag As a check on (48) and (49), suppose we let y, and v) both be 
parameter has been k, up to that point. Substituting the zero; we should then get back equations (27) and (28) fora 

| approximation (44) into (40) and evaluating the other integrals single-staged rocket with k s k,, Fs Py, ty = to, and m= my. 
subject to the approximations of constant average thrust and It is readily seen that setting y) and v, to zero does indeed 
mass. we obtain reduce the above equations to a form identical to (27) and (26). 


The generalization of the burnout velocity and altitude 


(45) MaVa-mzv, = Fat, - m2 qta -k, Icy +y2)V2-% vi increment equations to rockets of three or more stages is now 


which can be solved to give V5 in the form fairly simple. In the case of a three-staged rocket, for 
; ! (46) Vp = t2,(F2-m2g9) +mMavi + kaMiV example, the first-stage burnout velocity = Eaenee 
me +k, (y+ Yo) | Calculated using the methods of Section 2.1; the seco & 
Proceeding as in the single-stage case, we integrate (45) to burnout velocity and the altitude {nerement gained during the 
| obtain a solution for yz: second-stage burn are then calculated by (48) and (49), and 
te ¥2" the third-stage altitude increment and burnout velocity are 
(47) me y¥2 - MV, t2 = F (F2-m2q9)-kayy2- k, + kay Ce | 


a. 
found using the same method by which (48) and (49) were derive 


on 


: rere = 


er a 


Py 
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In more general terms, the burnout velocity of the nth stage of 


a multistaged rocket is given by 


tn (Fn-n9) + MnVn-1 + kn Yn-1 Vn-) 


(50) v,= —]>=> a 
. V/ [mn thn (yet Yd] + 2 kent F (Fr-mng) + lhnl ym. oom] 


and the altitude increment gained between burnout of the (n-1)th 


stage and the nth-stage burnout is 


= -[mn rkyl¥it...t¥n-))) 
Yn = kn 


a [mn alien I +2kntnt z (F, -mng) +Lknly 
kn 


where Pa and th are the average thrust and burning time of the 


(51) 


nth-stage engine, ky, is the drag parameter of the nth stage 
plus all subsequent stages, and m, is the average mass of the 
nth stage with all subsequent stages carried atop it. 

I have presented eouations (50) and (51), which are applicable 
to a model rocket of any number of stages, in the interest of 
analytical] completeness and generality. The reader should 
bear in mind, however, that the construction of rockets having 
more than three stages is a risky and ill-advised undertaking. 
The probability that all stages will fire successfully decreases 
alarmingly as the number of stares increases. Mul ti staged 

model rockets, moreover, have been observed to suffer more 

from "weathercocking" -- the tendency of the model, when launched, 
to flv directly into the wind -- than sinele-stared vehicles. 
Weathercocking, plus transient disturbances due to the staring 
process jtself, has even been known to cause the upper stages of 
multistared model rockets to fire ir a nose-down attitude! For 


these reasons, the United states Model Rocket Sportire Code 


pres? Yn=-)¥ner - nao] 
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of the National Association of Rocketry prohibits the launching 


of Hy ORS SOSRSS NAV Ne word: than thkn Aweeabie Beusak dn 


NAR-sanctioned comnetition, 


2:P.2 Extended Fehskens-Malewicki golution 


The Fehskens-Malewicki techniaue can be extended to multi- 
staged model rockets by appropriately alterine the limits between 
which the integral (19b) 1s evaluated. Using the same notation 
as in Section 2.2.1 for a two-staged model, one obtains the 


sntepral in the form 


V2 t+t 
madv - 
(52) \ Fe-mag-kv2 { dt 


performing the indicated inteeration, we have 
Vv. 
2 


rot [ES 
(53) Eos an Vv F, -mag ' 


which, when expanded, fields 
ta 
(54) tanh ‘(vey aks ie tanh (v, V onde Fi ma V Ka(Fa-™29) 


Solving eauation (54) for Vo, we obtain 


- k 
[TEBE tan [ Bim + toh” (“Ys J] 
(55) Vos a ae tanh [4 k, (Fe-™2q) + tanh (v, Fa-mag 


n the left of (52) 


Now the upper limit of {ntegration 0 


could have been taken as Vv, the velocity of the second stage 
at any time t during its burn, while the upper limit on the 


en as 
right of (52) could accordingly have been tak 
of time that 1s greater than or equal 


t, where it 


1s understood that t is a value 
The resulting expression 


4 t) and less than or equal to t) + to- 
-atage 
for v is entirely analogous to (55), but gives the second-stag 


-536- 


velocity as a function of time: 


(56) v= 4/*acmal =? tanh |S mn Vike (Fa- mag) + tanh (lining ) 


The altitude increment cained during the second-stage burn can 


then be determined by integratine (56) from t = ty) to t= ty + to: 


2 cosh [2 ky (Fe-m2g) +tanh '(v, ao )] 
eee 


and through the use of the well-known identity 


(57) Y2= 


cosh (A+B) = cosh (A)cosh(B) + sinh (A) sinh (8) 


where A and B represent any two quantities, (57) may be cast 


into the simpler form 


_ i (2 


(58) ke 


ko (Fa = m24) 


sinh (4 = AV ke (Fa - m2 4) i] 


The burnout velocity and altitude increment equations can 


be generalized to any number of stages, as was done in the case 
of the Caporaso-Bengen solution. It will be found that the 


burnout velocity of the nth stage of a multistaged model rocket 


(carrying all subsequent stages atop it) 1s given by 


(59) Vn = Fasrnd tanh | te ~Vkn(Fa-mmng) + tanh "(ns vara) 


n 


while the altitude increment gained between the burnout of the 


(n-1)th stage and the burnout of the nth stage is 
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Yn = hey A [tosh (25 Vhs =m ng) 
#N, Vi, Sinh (42 Vea (En-mm 9) )) 


The equations obtained throurh the application of the 


(60) 


ano raso-Ri ccati method are, 


F as in the case of *ingle-staged 


rockets, identical to those derived hy the pehakena-Malewicki 


method. Consequently, I shall not nrarent their sten=bv-sten 


development here. 
The aualitative features of the multistave solutiona 
developed in this section are al] similar to those of tne 


corresponding single-stage solutions. Por instance, it can 


be seen from equations (49) and (55) that, as the burn time 
becomes very long, the burnout velocity tends toward the tenrinal 
velocity of the stage; 1.e., toward that velocity at which drag 
and weight exactly counterbalance thrust and no further increase 


in velocity 1s possible. at the same time, the to term dominates 


the radicand in eouation (48) and the argument of the natural 


logarithm function in (58) approaches a pure exronential. so 


that the resulting burnout altitude increment becomes almost 


directly vroportional to burn time -- corresponding to the model's 


having reached a constant (terminal) velocity. Upon inspection, 


both the single-stage solutions and the multistare solutions 
for rockets of three or more stages will also be found to exhibit 


this property. As in the case of a sinerle-staged rocket, the 


terminal velocity of an upver stage with al) subsenuent stages 
atop it depends upon the relative magnitudes of the thrust, 
A curious consequence of this fact 


weight, and drag parameter. 


soe” te EP weet; * 


wee, 
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tage can b 
is that the burnout velocity of an upper SEAaBS CUn De less than 


the first-stage burnout velocity. This can happen, for Instance, 
in a two-staged rocket where 4 high-thrust engine 18 used fop 
the first stage and a low-thrust engine for the second. Under 


these conditions the burnout velocity of the upper stage APProachs, 
the terminal velocity from above rather than from below. In the 
mid-1960's a number of model rockets were constructed for the 
purnose of "breaking the sound barrier"; that 1s, exceeding 

the 340-meter-per-second velocity of sound in sea-level air, 
Since most of these vehicles relied on low-thrust sustainer 


stages atop high-thrust boosters, almost all of them failed in 


their objective: the sustainer stage actually slowed down 


after burnout of the booster stages! 


Equation (60) completes the analysis of this section, 
which has been directed toward the determination of the burnout 
velocity and burning-phase altitude increment of the upper 
stages of multistaged model rockets in non-oscillating, purely 
vertical flight. Again, for the benefit of readers not mathe- 
matically inclined, I shall conclude with a summary of explicit 
instructions for applying the results obtained. 

To use the extended Caporaso-Bengen method for a two-staged 
model, calculate Vo using equation (49) and Yo using equation (48). 
For the nth stage of a multistaged rocket use equation (50) for 
Wigs: 151): for yes 

To use the extended Fehskens-Malewicki method for a two-staged 
rocket, compute Vy by equation (55) and Y, by equation (58). In 
analyzing the nth stage of a multistaged rocket, use equation 


(59) for V, 4nd equation (60) for Yns 


eit a 


a a 


2-3 Solutions for a Non-Qscillating Rocket in the 
Coasting Phase 

The analyses of Sections 2.1 and 2.2 have been directed 
toward the determination of the burnout altitude and burnout 
velocity of a vertically-launched model rocket that does not 
experience any changes in angle of attack due to rigid-body 
rotations. The burning phase, however, tells only half the story 
of a rocket's flight. After expending its propellant charge 
the model continues to coast upward for a considerable distance 
until the momentum associated with its burnout velocity is 
reduced to zero by the action of gravity and aerodynamic drag, 
at which time the apex, or highest point in the flight, occurs. 


In fact, as those who have seen model rockets in flight doubtless 


know, the coasted altitude increment is usually considerably 


greater than the burnout altitude. In this section the differential 


equation of point-mass motion will be solved to yield the two 
quantities of primary importance to a knowledge of the coasting 


phase of a rocket's flight: the coasted altitude increment 7nd 


the time interval between the burnout of the uppermost stage 


and the flight apex. 
After the burnout of the last stage, the vertical differential 


equation of motion becomes 
6 dv = _m(t)¢ -kv2 
(61) mit) 3 (t) 4 


As we did for the burning-phase analyses, we shall make the 
gs of the rocket remains constant 


approximation that the mas 
The only change in 


throughout the coasting phase of flight. 
mass that does in fact ocour after burnout is the slight mass 


— ew 


on w+ 


a a ee ee 8 es 


a ee ee 
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loss due to the burning of the delay erat 2% Ee Deny 


charge, in the engine. For all pvractical purposes this masg 


esate nepivelbie; ao that w(t) cam: de eperoximeyed: Dy ‘the 


burnout mass m), and equation (61) becomes 


(62) m, Se = - meg - kv? 


This relation may be rearranged to solve for t as a function of 


v. Using the fact that the model's velocity is reduced to zero 


at flight apex, one can then obtain the coasting time between 


burnout and apex by solving 


° i te 
Me AV = 
(63) le -™M, 9 -kv2 | at 


which yields 


(64) t. = aK tan™' [ve \ aity 


Equation (62) can also be solved for the coasted altitude 


increment by introducing the following transformation of variables; 


dv _ dv dy _ dv 


dt "dy 


ee) ae dy a 


When (65) is substituted into (62) and the resulting enurtion 


1s solved for vy as a function of v we obtain 


hl 


total time elapsed from liftoff to apex 1s the sum of t, and 
tne burning times of all the staves. When using esuation (64) 
to calculate the coasting time and equation (67) to calculate 
the coasted altitude increment of the uppermost stage of a 
multistaged rocket, it is important to note that the burnout 
mass, burnout velocity, and drag parameter of that stage must 
be used for Mp, Vp, and k, respectively. Figure 3 illustrates 
py example the synthesis of burning-phase and coasting-phase 
solutions to obtain the overall performance and flight-time 


characteristics of a three-staged model rocket. 


2.4 Numerical Methods for the Digital Computation of 
Altitude Performance 

The preceding sections have described methods whieh can 
be used by the model rocketeer to give accurate vredictions of 
his vehicle's altitude capability with relatively little actual 
calculation. By this I certainly do not mean to imply that the 
reader should find the solutions trivial to work; indeed, until 
you have had some practice with them it is to be expected that 
you may find them somewhat difficult to handle. But a human 
being who applies himself with a reasonable amount of diligence 


can work them out in fairly short order -- and this fact alone 


ef eee es ee 


\ oF Gee veg eee  - 


“nanan” gpetee Cele ws 


° 
vdv Te 
(6) {| = ae j ee 
‘is bf + kv mi. indicates that there 1s little actual calculation involved, 


considering the difficulty of the problem. The methods developed 


When integrated. (66 
(66) vields the coasted altitude increment Y, as 


(67) y= Fe Mon | eet] 


in Sections 2.1 through 2.3 are, moreover, excellent anvroximations 


to the exact solution of the differential equation of vertical 


reer COE ow st Ep ee ee I En. Oh, 


+ ce 


Mog 
The total altitude at apex is then just the sum of y, and 
the b 2 
urnout altitude increments of all the stages, while th 
a s ’ e e 


motion, equation (12), with« and @ both equal to zero. If 


a more precise determination of the flight performance than that 


Sete Se ea Sa a) 
> ee ie - ~ ~peme 


mare = Oe 


Flight apex: 
tet ttettarte, v =O, 


y =Yb* Ye = Ymax 


Ye 
+—— 3rd stage burnout: 
t=t,+terts, V=V3 = Vb» 
y =¥1+Y2* ¥3 = Yb 
Ymaex vy, 
+ = 2nd stage burnout: 
t=ti+te, VeVea, Y=M*tya2 
y2 
+ 4st stage burnout: 
t=t, VEVM, YM 
y; 
+—_1t— - Launch: t=O, v=0O, y=O 


Figure 3: Assembly of burning-phase and coasting-phase solutions 
to obtain the total altitude and time to flight apex of a three- 


staged model rocket. 


“SN 


possible using the preceding methods is desired, (12) can be 
solved to any desired accuracy -- but, since such a solution 
requires the use of numerical methods involving a far greater 
amount of calculation than the closed-form approximations, it 
pecomes necessary to program the problem for solution on an 
automatic, digital computer. This section will present two such 
methods, aS well as some supplementary material on engine thrust 
and mass functions. 

Before We can obtain an accurate solution to the differential 
equation of motion, we require an accurate knowledge of the 
thrust-vs.-time and mass-vs.-time curves for the rocket in 
question. This usually means closed-form, analytic expressions 
for these curves, for although such curves can be represented 
by tables which are read by the machine at any desired value 
of time most modelers who have used computers find the tabular 
representation awkward and inconvenient in practice. Fora 
rocket engine, as was shown in Chapter 1, we have the following 


relationship between thrust and mass loss: 


68 — ¢ dme 
(68) F(t)= oF 


where c is the exhaust velocity of the combustion products 

and dm,/dt is the mass flow rate at which the combustion products 
are being expelled from the nozzle. Por the great majority 

of model rocket engines, the exhaust velocity does not vary 
greatly during the burn time and can be approximated by its 


average value, which in turn can be calculated from the motor's 


specific impulse according to 


A TI RIE Sa TES SCs lca ~<A iD DiI at aN le aah i Ng eR rae ST 
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(69) c=qI¢p 
so that it is a simple matter to obtain dm, /dt from (68) once 


the analvtic function representing the variation of thrust 


with time is known. This, in turn, is fairly easilv determined 


since all manufacturers of model rocket engines give rather 


accurate data on the tots? imnulse, maximum thrust, average 


thrust, burn time, and eeneral shane of the thrust-time curve 


of each tvne they produce. The rate at which the mass of the 


rocket chanres durine the burning phase of flicht is just 


equal to -dm,/dt, since the loss of combustion products through 
the nozzle is the only source of mass variation in virtually 
all model rockets. 

It will] be recalled that tvnical thrust-time curves for 
model rocket engines were discussed in detail in Chapter 1, and 


that these curves fall into three basic categories: 


(a) The curves of end-burning engines (most engines 
in NAR classes 4A through C), which are char- 
acterized by relatively long burning times and 
relatively low, constant thrust excent for a 
"starting peak" at ignition; 

(b) The curve of the NAR type Bl4 engine, char- 
acterized by a rapid rise in thrust, an equally 
rapid decay in thrust, and a short burning time; 


and 


(c) The curves of many enrines in NAR classes D 


through PF, whoee conicaleport grain peonetries 


result in a thrust peak just before burnout, a 


55, 


relatively high average thrust, and a burn 
time intermediate between categories (a) and 


(bd) above. 


The overwhelming majority of model rocket engines in common 
use are of the end-burning type where the approximation of 
constant thrust is usually acceptable, and the mass expulsion 
rate may be regarded as nearly constant throughout the burning 
The mass of a rocket using such an engine, as 3 function 


time. 
of time, can then be written as 
(70) m(t) = mo-¥t 


where m. is the rocket's mass at the instant of ignition and 


_ met 
(71) Y= th 


where Mp is the mass of the propellant charge and %t, is the 


burning time. 
The thrust-time and mass-time curves of any engine type, 


end-burning or not, may be represented by approximating the thrust- 
time curve by a closed-form, analytic function which satisfies 


the following basic criteria: 


(a) The total impulse of the mathematical representation 
chosen must equal the actual total impulse of the 


engine; i.e., if P(t) 1s the mathematical representation, 


te 
I, = { Fat 


(72) 
° 
(bo) The burning time of the mathematical representation 


must equal the actual burning time of the engine; 


. © @ ee fe 
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(c) The maximum thrust of the mathematical repre- 


sentation must equal the actual peak thrust of 


the engine; and 
(d) The mathematical representation must equal the 


actual thrust of the engine at several points on 
the thrust-time curve or must be of the same 
general shape as the actual thrust-time curve, 


depending on the degree of accuracy desired. 


fo approximate the actual thrust function, one may use 
a Pourier sine or cosine series, a polynomial fit, ora combination 
of the two. Model rocket engines of any given type do exhibit a 
certain amount of variation from one production article to the 
next, however, and it is not generally worthwhile to insist on 
too high a degree of precision when constructing mathematical 
models of thrust-time curves -- at least from the standpoint of 
practical design. In fact, it turns out that the thrust-time 
curve of almost any model rocket engine can be adequately approx- 


imated by a piecewise-linear representation of the form 


(73) Ft) = Fm 


(o<t < tm) 
t-t 
(73d) F(t) = Fm — 4-5 (F_ F,) (tmét< ts) 
(73c) F(t) = F, (t. st? te) 
where = maximum thrust 


= time of occurrence of maximun thrust, and 


Fn 
Fg = sustainer thrust 
tm 
ts 


time of onset of Sustainer thrust 


ne 
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The corresponding functions for representing the nodel's mass as 


a function of time are 


a 
(74a) m(t) = mo - Fm See (o2#t €tm) 
m * t-te 
(74) mt) = mo - SE (t- AP) + (Fe-F Zeteethey «(tm ste ts) 
= =) F = a < 
(7T4c) mit) = M- oe - tee tm) _ 5 (t-ts) (testety) 


and the total impulse of the engine is given by 
ts tm _ts 
(75) It = Fumo t+ F.(t.-F +) 


The reader Will recognize the notation used in equations (73) 
through (75) as referring specifically to the end-burning engine 
with its characteristic initial thrust spixe and clearly identi- 
fiable sustainer thrust level; I repeat, however, that virtually 

any existing engine's characteristics can be fairly well represented 
by this scheme. To approximate the thrust-time curve of a core- 
burning motor like the Bl4, for instance, one would set t. equal 
to t, and F, equal to zero. With t, and P, thus fixed it is no 

longer possible to satisfy our condition (c) above, but the error 

in F, 1s insufficient to significantly affect performance calculations. 
In the case of the Bl4, for instance, Ry turns out to be 26.6 

newtons, just over 10% less than the nominal test value of 32 

newtons == a representation that is certainly accurate enough 

for any calculations likely to be of interest to the practical 
rocketeer. Figure 4 illustrates by example the application of the 


Plecewise-linear method in approximating the thrust-time curve of 


& typical model rocket engine. 


rd 
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Actual curve 
eerste Approximation 


12} 
t 
: \ I, =5.0 N-sec 
107 ff Fn =13.0 N 
a. gh cd \ F,=3.5 N 
Zz 7 yh t,=0.14 sec 
: : t,=0.22 sec 
ws : te= 1.20 sec 


O 0.2 0.4 0.6 0.8 1.0 1.2 


t (sec) 
Figure 4; Approximating the thrust-time curve of a typical mode} 
rocket engine by @ piecewise-linear fit. The parameters ugeqg 
in constructing an approximation to the thrust-time curve of the 
WAR Type B4 engine are shown along with the actual and APProximate 


thrust-time curves. 
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we now proceed to the discussion of actual iteration schemes 
for solving the differential equation of vertical motion. 
At this stage in the development we can assume that all the 
functions and parameters of the model and ite rocket engine 
are known. The first iteration procedure consists of 


determining the 


Pe ne, ee tere en - 


wre 
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theoretical velocity increment without drag over a small interya) 


of time, adding this theoreti 
the last interval, and determining the drag from the sum thug 
The drag is then substituted back into the original 


cal increment to the velocity in 


obtained. 


force equation and the actual velocity increment is computed fron 


the equation thus generated. The method worxs well for 0 .1-secong 


intervals, but intervals of 0.01 second are easily used on a 


digital computer and will yield greater accuracy. This method 


of computation is outlined below: 

(76) AVe = Ot [ECE - m(t)g] /mct) 

(77) Drag = k(v+avy)* 

(78) OVa = at LEct)- mtg - k(v+ay)? ]/mce) 
(79). Ay at[v+ dVa/2] 

(80) V= V+A4Va 

(81) yY =y+dy 

(82) t =t+dat 


where Av, = drag-free velocity increment, 


Av, = actual velocity increment, and 


At 


time interval between calculations 


The procedure 
p is repeated in a "loop", or iterative fashion, 


with the time incremented according to (82) used to determine 


F(t) and m(t) for the subsequent calculations (76) through (81), 
until the running time t in (82) is equal to the burnitbe: times 


the program must then enter the next-stage burning phase or the 
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coasting phase. If you are not used to working with computers 
the calculations (81) and (82) may not seem like very reasonable 
equations; after all, how can a quantity be equal to itself plus 
another quantity, unless the other quantity is itself zero? The 
answer is that "equations" (81) and (82) are not equations at 
all; they are what computer programmers call arithmetic assignment 
statements: instructions to the computer to replace the value 
on the left with the value on the right of the "equals" sign. 
The effect of such a notation, when used with an electronic 
computer, is that at the end of the nth iteration the machine 
calculates "new" or "present" values of v, y, and t for use in 
the first part of the (n+ 1)th iteration and then "forgets" 

the "old" or "former" values used in the first part of the nth 
iteration. 


If one assumes that the mass remains 


+ 
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constant during the coasting phase of flight, then equations 


(64) and (67) are the exact solution to the differential equation 


of motion and no improvement in accuracy can be obtained through 


lution methods; in fact, the 
64) and (67), 


the use of computer interval so 
computer solution will be an approximation to ( 
If it is desired to take the extremely slight mass loss due 

to the burning of the delay train into account through the use 
of a mass-time curve, the iterations are basically the same as 
those used during the burning phase. The only change that 
occurs is the disappearance of F(t) from the formulae, unless 
4t is also desired to account for the small fraction of a newton 
of thrust produced by the burning of the time delay charge. In 
the latter case there is no difference whatsoever in the form 
of the computational formulae. 

A second method, more easily set up on a digital computer, 
is one which also requires an extremely small time interval 
between iterations for good accuracy. The basic difference 
between this method and the previous one is that it relies 


from the velocity during the (n-l)th interval. The operation 
of the method is as follows: 


(83) Vz atlF(t)-m(t)g -kv2] /mit) 


(84) by = Ot (v+av/2) 


(85) V=vtdVv 


It 


(86) y yay 


<2" 


(87) t=t+at 


Although this techniaue requires the use “? very small intervals 
for convergence, it will converge in the limit as 4t-—»0O since 
the iteration formulae then approach the original differential 
equation. This can be seen by observing that, as the time 
,;nterval approaches zero, the A's go over to their infinitesimal 


counterparts; that is, differentials, or d's, and (83) becomes 
(3a) dv= dtLF(t)-m(trg - kv? ]/mit) 


which, upon rearranging terms, yields 


(89) mit) 4 = F(t) - m(t)g - kv2 


which in turn is just the original differential equation of 
vertical motion (12) for the case in which « and @ are both 
uniformly zero. Intervals of 0.001 second, when used with this 
method, will generate results which are, for all practical 
purposes, exact solutions. The generalization of the method 

to the coasting phase or a second burning nhase is entirely 


analogous to the generalization of tre first method. 


2-5 Validity of the Approximate Methods Compared to 
Numerical Solutions by the Interval Method 
The latter computational method discussed in Section 2.4 
has been used to determine the accuracy of the closed=fcrn 
approximate solutions derived in Section 2.1. Mve engine 
types were considered: the B14, B4, D4, PlOO, and F7. These 
engines, together with the selection of masses and drag narameters 


Used in the calculations, represent every extreme and al) rarecer 
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of mass, drag parameter, thrust, and burning time of interegt 


in the field of model rocketry.- Por each engine, the minimum 


and maximum values of the drag parameter k that can reasonably 


be expected of a rocket powered by that particular engine 


type were ascertained. Twenty values of liftoff mass, spanning 


the practical range of mass to be expected of rockets powered 


by each type of engine, were then selected and values of Vis 


Ypr 2nd Ynax computed by the second iterative method discusseq 
in the previous section for each of the forty combinations of 
mass and drag parameter associated with each engine. These 
computations were carried out on an IBM 360/65 computing system 
using variable mass-time and thrust-time functions and time 
intervals of 0.001 second. Corresponding results were then 


obtained using the Fehskens-Malewicki and Caporaso-Bengen 


methods and compared to the interval-method values. The percentage 


errors incurred by the use of the approximate. methods, as 
determined by this comparison, are shown in the accompanying 
graphs, Figures 5 through 9. It can be seen that the approximate 
techniques are well within the limits of accuracy required for 
‘model rocketry purposes for all ranges of input data. The 
accuracy of the approximations is, in fact, well within the 
operational scatter range associated with normal variations 

in thrust-time characteristics among model rocket engines of 

the same type. The total impulse of any one model rocket engine 
of a given type may vary as much as 10% from the nominal total 
impulse of that engine type. Since the maximum error incurred 
through the use of either of the approximate methods is less than 


She VAPLSTION 12 Peripraande produced by this total-impulse 


pigures 5-5 ~ ee 


pigures 5 through 9 show the percentage errore incurred in burnout 
yelocity> burnout altitude, and total maximum altitude through 

the use of the approximate Pehskens-Malewicki and Oaporaso-Bengen 
golutions for vertical model rocket flight. Error analyses for 
each of the five engine types considered were performed using two 
yalues of the drag parameter k: the minimum value considered 
possible for a rocket powered by the engine under consideration 

and the maximum value considered feasible for a successful rocket 
flight with the engine under consideration. The former value is 
referred to as Kain in the figures and corresponds to a drag 
coefficient of roughly 0.3 in a rocket whose body tube is glove-fit 
to the engine under consideration. The latter value is referred 

to as Kaas in the figures and 1s approximately 40 times k,,,- 
Knax may be thought of as corresponding to a drag coefficient of 


roughly 2-5 in a rocket whose body is approximately 2.2 times the 
Both values of kX are computed on 
Values 


diameter of tne engine casing. 
the assumption of standard sea-level atmospheric density. 
of the drag parameter and other pertinent data useful in interpreting 


Figures 5 through 9 are listed below: 


Figure number Engine type Ph pesca te pin <nax 
mm o kg/m 

5 Bl4 13 00005 = .002 

‘ BA 18 .00005 002 
7 Ds 21 00007 — .0027 
3 ri00 27 .00012 0045 
3 "7 27 .00012 = «.0045 
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Figure 5(a): Burnout velocity error of approximate methods for 


vertical flight; models using Type Bl4 engine. 
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Pigure 5(b): Burnout altitude error of approximate methods for 


vertical flight; models using Type B14 engine. 
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Figure 5(c): Maximum altitude error of approximate retnods for 


vertical flight; models using Type B14 engine. 


in Vb 
ery 
(e) 
i 


i = Kmax 

5 

) 

Cc 

Cc 

© 

- 

{ 

bs} 

o — Fehskens-Malewicki 

ay a Caporaso-Bengen 
15 $$ 

O2 04 06 08 10 
Mo. (kg) 


Figure 6(a): Burnout velocity error of approximate methods for 


vertical flight; models using Type B4 engine. 


er = 


Fo —@ ee of et: 9 eee eee 
. : 


nares 


ee ee 


a ___—- Fehskens - Malewick| 
--re- Caporaso - Bengen 
10 
5 


Percent error in Yb 


Figure 6(b): Burnout altitude error of approximate methods for 


vertical flight; models using Type B4 engine. 
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Figure 6(c): Maximum altitude error of approximate methods for 


vertical flight; models using Type B4 engine. 
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vertical flight; models using Type D4 engine. 
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Figure 7(b): Burnout altitude error of approximate metbous for 


vertical flight; models using Type D4 engiae. 


- . 


tes 


nog errwad ti 


~ ____ Fenskens - Malewick 
Caporaso - Bengen 


a | ee 
s 105 
£ \ 
! 
- Y 
oO | 
c | a 
o (;¢) —— 
he ET ce 
~ epee Keke ie 
® Sa pee ER pre Cree ree eee crer’ > 
VU Pe EI Fe ai rer eae le 
OR EES 
a -10- 
-154 ~ T —+ + —r T t me = = 
03 05 07 09 am 13 
Mo (kg) 


Ficure 7(c): Maximum altitude error of approximate methods fop 


vertical flight; models using Type D4 engine. 
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Figure 8(b): Burnout altitude error of approximate methods for 
vertical flight; models using Type F100 engine. an additional 


error is incurred for values of m, velow 2.17 kg due to transonio 


drag divergence, in the Koin cases. 
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vertical flight; models using Type FLOO engine. 
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drag divergence, in the Kyjn cases. 
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Figure 9(a): Burnout velocity error of approximate methods for 
vertical flight; models using Type F7 engine. 
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Figure 9(b): Burnout altitude error of approximate methods for 


vertical flight; models using Type F7 engine. 
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scatter, we may conclude that the closed-form, analytical 
solutions developed in Section 2-1 produce results that are ag 
accurate as we shall ever need for the purpose of designing 


model rockets. 


: hi - 1 Rocket: Solutions for Vehicles La 
3. The Non-Oscillating Launched 


at Any Angle from the Vertical 


3.1 The Differential Equations of Motion 


As stated in Section 1, the general differential equations of 
motion for the vertical and horizontal components of a model 


rocket's motion in flight are, respectively, 


(16) mt) F(t) cosa — mit)g -[keef@Jvy ana 


iH] 


F(t) x cosK% — [k+ef(«)] vx 


(17) m(t) at 


Under the assumption that the model does not oscillate, or 


experience rigid-body rotations, during its flight (16) and (17) 


reduce to 


dv y 
(90) m(t) 5% = F(t) - met)g - kvy 


Vx a Es = ° 
(91) m(t) => = Fit)-7 — kvx 


3-2 Numerical Methods for the Digital Computation of 
Nonvertical Trajectories 


In Section 2 of this Chapter we were able to determine 


closed-form, approximate solutions to the equations of motion 


that wi 
ere sufficiently accurate, Simple, and general for practical 


use. In the case of equations (90) ana (OL) we: Ghall nee: be 
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gO fortunate. Extensive investigation on the part of several 
researchers has failed to reveal any closed-form, approximate, 
analytical solution to (90) and (91) which is sufficiently acourate 
(even) for hobby purposes and still sufficiently easy to work by 
pand to offer a perceptible advantage over computer interval 
techniques. The solutions of this section will therefore be based 
on numerical techniques analogous to those of Section 2.4, intended 
primarily for use with automatic computing machinery. Ome can 
also carry out such iterative calculations by hand, of course, 
but those who wish to do so must necessarily accept either a con= 
siderable amount of work or the degradation in accuracy concomitant 
with the use of coarser time intervals. 

The generalization of either of the computation schemes of 
Section 2-4 to nonvertical flight is a relatively simple matter 
of separating the motion of the rocket into its vertical and 
horizontal components. Once this has been done, @ single "loop", 


or iteration, of the theoretical-velocity-increment method appears 


in the following form: 


Po wil) 
(92) a at (Fay — ™ 9] 


= mt) 
(93) Akt = at eee 
(94) Vt = f/irsige Grane) 
(95) Drag = k v4 : 
(96) Aya = lrg —mcos— but E 
(97) Axa = arlewy —kve ¥] 


a ps ew 8 


(98) 
(99) 
(100) 
(101) 
(102) 
(103) 
(104) 
(105) 


where 
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ay = atly+ S22] 


Ax = at [x + asa] 


ye yrey 

XK =X+dk 

ya yraye 

K =X +X 

v = MiG) 
t = t+at 


Ox, = drag-free "theoretical" horizontal velocity 
increment 


drag-free vertical velocity increment 


AS, 
Oz, = actual horizontal velocity increment 


A fe = actual vertical velocity increment 


and the other variables are as in Section 2.4. 


Likewise, the drag-from-prior-velocity method -- the second 


technique of Section 2.4 -- generalizes to nonvertical flight 


according to the set of equations presented below: 


(106) 
(107) 
(108) 
(109) 


(110) 


y=ytdy 


= Atlee ~ mit -kvyJ 


_ mt) 


_ At lr -kvx] 
m(t) 


atly+ 44] 


at [i + 4% 


ify 


-567- 
(111) X =X + ax 
(112) v = Vk) (Cy? 
(113) yeyray 
(114) X = X+AXK 


(115) t =t+at 


In order to begin calculations from zero velocity on the 
ground it is necessary to simulate the presence of the launch 
rod for the first meter or so of motion by using a slightly 
different set of equations that assumes a fixed trajectory angle 
equal to the initial angle of launch @,- Such a scheme suitable 
for use with the method of theoretical velocity increments is 


-m(t)gce 0] 
(116) OV, = RULERS) = acts geese 


m(t) 


(117) Drag = k(v+sve) 


— m(t)g 625 Oo - k(v+ Ave) 
(118) V3 = at [ F(t) - m6 : . 


mm (t) 


at [v+ 44] cos 6, 


(119) y= 

(1200) ax = at [v+ 42 ]sin Oo 
(121) vy =v+AVa 

(122) y = y+ay 

(123) x =X+AX 

(lo4) t=t+at 
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while the launch phase of a nonvertical flight may be Tepre senteg 


using the method of drag from prior velocity as 


hi = ELE = m(t)gcos@o-kv2] 


(125) ma 
(126) by = atlv+ OY ]cos eo 
(127) AX = at [v+ 4¥] sind, 


(128) ys vt+av 
(129) y=yrtdy 
kK =x+Ax 


t+at 


Pp 
WW 
ha) 
ct 
) 


As was the case with the vertical solutions, both the Computing 
schemes presented herein can be extended to multistaged vehicles 
and to the coasting phase of flight by altering the thrust and 
Again, 


the latter method requires a smaller time interval than the 


mass functions appropriately at staging or at burnout. 


former for good accuracy; 0.1 or 0.01 second may be used with the 
first method, while .001 second is recommended for use with the 

second. The thrust and mass functions to be used with either of 
the above methods are the same ag those described in Section 2.4; 


they do not, therefore, require any further discussion here. 


2:3 Examples of Nonvertical Model Rocket Trajectories 
The second of the numerical methods discussed in Section 
3-2 has been employed to calculate a number of representative 


nonvertical model rocket flight paths. The same five engine 
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types used in Section 2.5 were considered; 1.e., the B14, BA, 
p4, FLOO, and F7. Due to the vast quantity of data that would 
nave to be generated to account for a full range of variation in 
each and every parameter relevant to nonvertical flight, the 
calculations were restricted to certain cases deemed to be of 
particular interest or illustrative value in practical model 
rocketry- 

The decision was first made to perform all burning-phase 
calculations under the assumption of an initial launch angle 
of 30° to the vertical, this being the greatest deviation from 
vertical launch permitted by the Safety Code of the National 
Association of Rocketry, as well as by most of the laws governing 
the practice of model rocketry. The initial angle @, of 30° 


thus represents the most severe condition of nonverticality 


possible within the rules of the hobby. 


Three cases were then computed for each engine: one repre- 
senting the best-performing rocket, one representing a typical 


rocket, and one representing the worst-performing rocket considered 


possible for that engine. For the first case, an initial mass 


m equal to the mass of the engine alone and @ drag parameter k 
fe) 
corresponding to a drag coefficient of about 0.3 in sea-level air 


with a body tube glove-fit to the engine were used. For the 


second, both quantities were slightly more tnan doubled; for the 
third, a value of mg equal to the manufacturer's maximum recom- 


mended liftoff weight and a value of k approximately 40 times 


that of the first case were used. An exception was made in the 


Case of the FlOO engine, wnere tne maximum value of m, was taken 
as 453 grams (0.453 Kg), this being the maximum legal liftoff 


teem ow em Lee ee 


ees. 


eed 
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mass for model rockets in the United States. 
The results of the calculations are displayed in Pigureg 

10 through 14. ds one would expect, the influence eae nonvertica 
launch on subsequent flight behavior and altitude performance 

is least severe for cases involving short-burning-time engines, 
As the burn time increases, the flight paths are seen to develop 
considerable burning-phase curvature. The low thrust and 9-seoong 
burning time of the type F7 engine makes a nonvertical launch 

a very risky proposition indeed, particularly in cases of mediup- 
or heavy-weight rockets; the high drag and weight case of Figure 
14, in fact, results in catastrophic behavior -- a dive into the 
ground under power, more commonly and colloquially called a "Dower 
prang". You should note, when examining Figures 10 through 14, 
that all trajectories have been continued until impact with the 
ground is predicted, as if there were no parachute ejection or 
other recovery system activation. ‘Times in seconds from launch 
have been marked on the curves to enable the reader to predict 
the position of the rocket at recovery system activation for any 
given time delay. Needless to say, safety considerations require 
the selection of a delay time such that the rocket does not strike 


the ground before the recovery system activates -- a rule which 


applies to all model rocket flights, whether vertical or not. 


The behavior in nonvertical flight of models using long- 


burning engines bears some further discussion because of its 


safety implications. The Severe change in trajectory angle 


experienced during the burning phase of flight by models using 


long-burning engines is due to a phenomenon known to professional 


rocketry as the "gravity turn", a tem which describes the following 
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pigure 10: WNon-vertical trajectories for 30° launch angle; sodels 
using Type Bl4 engine. Ourve (a): m, = .020 kg, k = .00005 kg/m; 
burnout range Xp 18 23 m, burnout altitude Yp 18 40 m. Curve (b): 
my = +050 kg, k = -00012 kg/m; x, = 9 a, Yp 215m. Curve (c): 

my = +140 kg, k = .002 kg/m; x, = 3m, y,»=5m. The engine burning 
time is 0.35 second. The time of flight apex, and the time of 
predicted impact on the ground if there were no recovery system 


activation, in seconds, are marked on the curves. 
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Figure 11: Non-vertical trajectories for 30° launch angle; models 


using Type B4 engine. Ourve (a): Mg = -O21 kg, k 


= .00012 kg/n; 


20 sec. 


Xp = 82m, yp = 131 m. Curve (b): my = -050 kg, k 
Xp = 35m, yp = 51m. Curve (c): Mg = -100 kg, k = .002 kg/m; 
Xp 215m, yp = 19m. The engine burning time is l. 
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Figure 12: Non-vertical trajectories for 30° launch 


using Type D4 engine. Ourve (a): M) = -032 kg, k = 


Xp = 236 m, yp = 342 m. Curve (b): My = -065 kg, k 


angle; models 
-00007 kg/m; 
= .00017 kg/m; 


Xp = 133m, yp = 160 m. Curve (c); Myo = +125 kg, k = .0027 kg/m; 


Xb 


57 M, Yp = 38 m. The engine burning time is 2.90 sec. 
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Figure 13: WNon-vertical trajectories for 30° launch angle; models 
using Type FlOO engine. Curve (a): m, = .110 xg, x = -00012 kg/m; 
xp = Ol m, Yp = 105 m. Curve (b): m, = .230 kg, k = .0003 kg/m; 
47 m. Curve (c): my = .453 kg, k = .0045 kg/m; 


r,s 238 Dy Yp 


xp = 13m; Yb elm. The engine burning time is 0.50 sec. 
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Figure 14: Non-vertical trajectories for 30° launch angle; models 


using Type F7 engine. Curve (a): Mo = -110 Ke, k s -00012 kg/m; 


Xp = 1050 m, yp 2 1079 m. Curve (bd): mo = -250 Kg, K = +0003 kg/m; 


X> = 696 m, yp = 3ll m- Curve (c): Mg = +300 kg, k = .0045 «g/m; 


the inodel impacts on the ground under power 6.84 seconds after 


liftoff. The engine barniag time is 9.00 sec. 


-* = 79 Pee ~~ “Gg eee Sai CST A 


eat a ES ATS “SE ge 4 - R e 


- 


Tome + 


w es ea i a i eee a — ee ee ee 
Tee 7 Eee oa = 


wee mw: 


a ee 


-574- 


sequence of events: 


In a rocket whose trajectory initially makes some angle 9, 

with the local vertical there is 4 component of gravity 

gsin0, normal (L055 perpendicular) to the instantaneous direction 

of flight, and which therefore tends to cause the subsequent 

flight path to curve further away from the vertical. When 

this happens @ becomes greater than @,, causing the quantity 

gsin@ to increase. Also, since the vertical component of thrust 

is given by F(t)cos0, the effective thrust in the vertical 
direction is decreased. Both these effects cause the trajectory 
to curve even further away from the vertical, a process which 

is illustrated in Mgure 15 -- and which, for a low-thrust, 
long-burning engine, may eventuate in a power-on impact. 

In professional aerospace engineering, the gravity turn 

is an intentional maneuver performed for the purpose of helping 
to change a booster vehicle's course so as to enable a satellite 
to be injected into its orbit in a direction that is more or 
less parallel to a line tangent to the Earth's surface. In 
model rocketry, however, the gravity turn is an undesirable 
effect and even a potential safety hazard in cases of long-burning 
engines or multistaged vehicles. A great many three-staged model 
rockets, and even some two-staged designs, are so adversely 
affected by gravity turning that their topmost stages are often 
observed to be travelling nearly horizontally or even downward 
under thrust before burnout of the last-stage engine occurs -- 


a fact mentioned earlier in connection with safety limitations 
on the number of stages @ model may have. the same is true of 


many single-staged models using the low-thrust long-burning 
; = 


Figure 15: Rocket undergoing a gravity turn. In (a) tae rocket 
ig subjected to a couponent of gravity perpecdicular to its 
instantaaeous velocity vector, aad waich taerefore tends to bend 
its flight path further away from the vertical. ilso, since it 
is already flying at an angle @, to tae vertical, not all of its 
tnurust F is effective against gravity. Tne rocket tnerefore 

tips over to position (b), in woich there is an even greater 
component of gravity perpendicular to its instantaneous velocity 
vector, and in which even less of its tarust is effective against 


gravity -- thus causing the turn to continue. 


Mee Te 8 MT | le Ee et  * * 


2°36 een epee 4, oS TS, == 


5 py ETE A Te EE 


26 ER, NS 5 


’ > ewe, 4 me ee ie eee 


~~ re 


eee 


al) 


-576- 


EB or F engines such as the F7. In the past, modelers have tendeg 


to build such vehicles somewhat too heavy for their intended Nines 


and/or with excessive positive static stability margins. The 
latter characteristic often makes vertical flight impossible 
even when a vertical launch is attempted, since even a light 
breeze will cause the slowly-ascending model to "weathercock", 
or turn upwind, as soon as it leaves the launcher -- thereby 
creating the nonzero 0, required for the beginning of a sometimes. 
disastrous gravity turn. The reader will recall that the dangers 
of weathercocking and gravity-turning have caused models of more 
than three stages to be prohibited under the N.A.R. Sporting 
Code. Similarly, the dangers of gravity-turning and high-speed 
horizontal flight at low altitudes are responsible for the 
regulations prohibiting the launching of model rockets at angles 
greater than 30° away from the vertical. 

Those readers who are familiar with the elementary physics 
equations for the calculation of projectile motion under drag- 
free conditions will notice a fundamental difference between 
those portions of the curves of Figures 10 through 14 lying 
above the burnout points and those that would result if k were 
assumed to be zero. The trajectory of a drag-free, constant-mass 
projectile, neglecting the Earth's curvature, will be in the 
shape of an inverted parabola -- which is to say that, if there 
were no drag, the portions of the trajectories above the burnout 
points would be symmetrical about a vertical line drawn through 


the flight apex. In cases of nonzero drag, 


is lost; 


however, this symmetry 
the trajectory falls off more steeply after the flight 
apex, giving the flight path the appearance of being compressed 
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jn the x-direction, or "humped over", in the later stages of 
flight. A trajectory computed for finite drag will also lie 
entirely below (or "inside") the zero-drag flight path. 
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The asymmetry, as can be seen from the figures, becomes more 


pronounced as the ratio k/my increases. The term "whi ffle-bal) 


effect", derived from the similarity of this behavior to the 
flight of a whiffle ball or ping-pong ball, has sometimes 


been used informally to describe this phenomenon. 


4. Coupling of Dynamic Oscillations to the Trajectory Equations 

Having obtained satisfactorv solutions to all aspects of 
point-mass model rocket flight behavior under the assumption of 
a uniformly zero angle of attack, we are now in a nosition ton 
consider the effects of the rigid-body motion discussed in 
Chapter 2 in the calculation of altitude capability. 

It would be senseless -- and well-nigh impossible -- to 
attempt to present equations for the detailed calculation of a 
rocket's altitude performance under conditiors of completely 
general in-flight disturbances because of the virtuallv infinite 
variety of forcing functions which may cause oscillations of 
the vehicle. The winds at different altitudes have different 
speeds and directions, which moreover change from moment to 
moment; it is therefore not possible for a modeler to know 
precisely the wind profile his vehicle wil] encounter in any 
given flight. Impulsive forcing due to launch departure and 
staging effects, and the precise nature of the forcing due to 
slight propulsive malfunctions such as solid-particle ejection, 

are also impossible to predict with any precision. Because 

of these uncertainties in the nature of the disturbances encountered 
in flight, a detailed method for the precise calculation of 

the maximum altitude attained by a rocket subtected to completelv 


general forcing functions would be useless, Y¢ 46 a far more 
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meaningful and fruitful task to solve for the reduction in 
altitude caused by several standard and well-defined forcing 
functions, with the object of revealing the structural and 
aerodynamic characteristics of the vehicle that contribute 

to the reduction In altitude, thereby facilitating the desier 
of rockets which are least affected by in-flicnt disturbances. 
It is to this vurvose that the solutions of this section will be 
directed. Derivations of the solutions will be carried out for 
a set of standard forcing functions which form the basis for 

all possible rigid-body rotative disturbances encountered 

4n model rocket flight, which is to say that any possible forcing 
function can be synthesized from some combination of this set 


of standard disturbances. 


4.1 The Differential Equations of Motion with Perturbation 


Terms 


In Section 1.2 we wrote down the general differential 
equations of motion which included perturbation terms due to 


increases in drag and the reduction of effective thrust due 


to pitching and yawing of the vehicle. Later in this section 


we shall attempt the solution of these equations. First, 


however, a review of the assumptions which led to the formation 


of the vertical eouation of motion (16) is in order. It is 


important to remember that equation (16) 1s not the exact 


differential eauation of vertical motion; it is an approximation. 


The dynamic analysis of Charter 2 4s valid onlv provided that 


the model's ¢.G. does not move Jaterally ten much davineg any 


&iven disturbance. In actuality, the momentary deflections of 


Qn oscillating rocket will cause it to head in a direction 


Ce ee 


wo “a+ 


et WF che Fore we 


. we 2 re. ew : 
ee ee a ne ek Ee ee ei mm ges ee; 


<i 


-580- 


that 1s not taneent to the intended direction of flight and 

the C.G. will move slightly to the side before the angle of 
attack nasses throuch zero on its way toward the opposite 
extreme of the oscillation. This effect will contribute to 

the reduction in altitude caused by the disturbance and will 
appear as an additional term not originally jncluded in equation 
(16). The treatments of this section will, however, be restricted 
to cases for which the dynamic analyses of Chapter 2 are valid. 
It will therefore be assumed that the model's frequency of 
oscillation is sufficiently high, and its amplitude sufficiently 
small, that the oscillatory horizontal translations of the C.G. 
are negligibly slight. Such an assumption is justified, since 
(as was shown in Chapter ?) 9 too-low oscillation frequency or 

a critically-damped or overdamped response is incompatible 

with dynamically stable flight. 

It will thus be assumed that the rocket's C.G. is travelling 
in a purely vertical direction and develops no lateral components 
of velocity. Under such an assumption, equation (16) becomes 
an exact descrintion of the rocket's vertical motion. We are 
then free to consider the method by which we will solve (16). 

Since a stable rocket will, as shown in Chapter 2, practically 
never experience pitch or yaw aneles exceeding 12°, it is 
possible to expand some of the terms of equation (16) containing 
functions of a(t) as factors, in powers of a(t), where a(t) 


js the generalized yaw-pitch angle which equals 
(132) x(t) = of [«x(t)]* + [xyiey}* 


andQ@,(t) and QX y(t) are the yaw and pitch angles of the model 


ap functions of time. 


As stated in Ohapter 1 ang Confirmed in greater detail in 
onapter 3, the function f(x) *ppearing in (16) can be represented 
to @ bigh order of accuracy by a quadratic function in «(t), 80 


shat the approximate drag as a function of the angle of attack can 


be written as 


(133) Drag = (k+€q2)v2 


where the determination of the constants k and € has been discussed 
4n Chapters 1 and 3, and w is just x(t), the generalized angle 
of attack. It is also possible to replace cos(e) by its power 


series expansion 
« 


and to truncate the expansion after its «*term, since = will 
never exceed 0.2 radian for cases amenable to analysis by the 


methods of Chapter 2: 
(135) ¢ostet) = I-F 


Equation (16) may then be written as 
2 a\u2 
(136) m(t) $Y = F(t) [1- S] — m(t)g - (ke Et dv 


where the y subscript has been discarded as unnecessary due to 


the fact that we are here considering cases of vertical flight 


Only. 


Despite the simplifying approximations made to obtain it, 


equation (136) is sufficiently complicated that no practical, 


Closed-form golution to it has yet been found. As in Section 3, 
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therefore, we shall have to resort to numerical solutions Obtaineg 


by incremental methods similar to those of Section 2.4. While 


it 1s not possible to visualize the sensitive parameters influencing 


a model's behavior as concisely when such computer-oriented techn. 
niques are used as it would be 4f an accurate and reasonably 
simple closed-form solution were available, it will be found that 
one can gain by example some feeling for the effects of various 
disturbances on the altitude capability of representative model 
rockets. Such numerical data, interpreted in the light of the 
analytical results of Chapter 2, enable us to fulfill our stated 
purpose of extracting criteria of use in designing models which 


possess maximum resistance to in-flight perturbations. 


4.2 A Numerical Method for the Digital Computation of 
Altitude Performance in Cases of Oscillating Rockets 
Like the vertical equation of motion for non-oscillating 
rockets, equation (136) can be solved to any desired accuracy 
using numerical techniques in which the differential time dt 
is replaced by a finite interval At. In order to obtain solutions 
for rockets undergoing rigid-body oscillations, however, it is 
necessary to add some additional computing steps derived from 
Euler's dynamical equations -- equations (14) of Chapter 2. 
Listed below is the computational procedure for completing a 


single iterative loop analogous to the drag-from-prior-velocity 
method of Section 2.4; 


(137) av= at {Feed L1- $] - m(t)g ~ (ke exe?) v2} /m Ct) 
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Ay 
38) by = Atlv+ Z 


(139) Y=o2vtav 
(140) y= y+4y 
(241) calculate 0, 
(142) calculate 0, 


(143) calculate or input Wy, 


ayy) BW = at [ty (t) - Caw, -Cyay - Tewywel/T, 
(ius) AWy = Ot [fy (t) - Co Wy - City +I_wy3)/Ii 


(146) AX = at [w, + 42x | 


at[ wy + Ar] 


(t 


(47) A&xy 


(148) Wx = Wy + AWx 


(149) Wy Wy + Awy 


(150) Xy Ky + AX x 


(151) xy = Ky + AXy 


(152) —« = af ro aa + x y* 
53) t= ta at 
ressions such as (139) are not equations 


Again, as in Section 2.4, exp 


which 
&8 we understand them, but arithmetic assignment statements 


. “ value of 
lustruct the computer to replace the "ola" or "former V 


f 
@ Variable with its "new" or "present" value. The nae tO 
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ressions involving rigig 


Chapter 2 has been used for all the exp “body 


dynamics: subscripts x and y do not refer to the Cartesian axe, 


used in the general equations of nonvertical motion, but rather 


to the pitch and yaw axes of the vehicle; W denotes angular 


velocity; o denotes angular displacement or angle of attack; 


the f(t) are forcing functions or perturbing moments that may vary 
with time; 0, is the corrective moment coefficient; Cy is the 
damping moment coefficient; Iz; is the longitudinal moment of 
inertia; and Ip is the radial moment of inertia. 

You should note that equations (144) and (145) are approximate 
in that they assume constant, average values for Iz, and Ip (the 
moments of inertia actually change slightly as the propellant is 
expended). Exact, time-varying values could be used -= as could 
the exact expressions for thrust reduction and drag increase due 
to angle of attack -- but the increase in accuracy obtained thereby 
4s not worth the consequent increase in complexity. The computer 
is going to have to perform the calculations (137) through (153) 

a great many times, so even a slight time saving in a few steps 
of the loop can add up to worthwhile savings in time and expense 
over the full course of a computer "run". 

Steps (141), (142), and (143) require the use of formulae 
developed in Chapter 2. Specifically, C, is proportional to the 
square of the velocity according to the relation expressed in 
equation (95) of Chapter 2, while 0, depends on both the velocity 
and the motor characteristics as given in equations (97) through 
(101) of that chapter. In cases where the roll rate w, is {nduced 
by canted fins it may be calculated from equations (115) through 
(117) of Chapter 2; 1f induced by other meang it must be determined 


505 - 


by 2 formula appropriate to the Method of roll forcing. If the 


assumption of zero roll rate 1s to be nade the value ws 0 must 
s mus 


pe input (or you can write a speciay Program for use with 
non- 


rolling rockets only, in which the Cquations assume Ws equal t 
z fe] 


zero) ° 


As you can determine by working a few nume exampl 
ew Fical es, 


the angular velocities -- called pitch, yaw, and roll rates by 


engineers -- can become quite high for model rockets meas 

purnout velocity. The method of theoretical velocity increments 
presented in Section 2.4 therefore loses its computational advantage 
over the drag-from-prior-velocity method when applied to cases 

of oscillating rockets. That advantage consisted of a tolerance 
for relatively large time increments while maintaining good 
accuracy, and it is lost when oscillating rockets are considered 
because short intervals are required for an accurate determination 
of the angle of attack. The modification of the theoretical- 
velocity-increment method for oscillating vehicles will not, 
therefore, be presented here. For best results, At as used in 
(137) through (153) should be of the order of 0.001 second -- 

and it 1s unlikely that the theoretical-velocity-increment method \ 


would tolerate much more than this. For hand calculations it 1s 


of course impractical to attempt the use of At's less than 0.1 


second. Those who perform such calculations should not, therefore, 


expect too much in the way of accuracy from the procedure detailed 


above. 


4.3 Solutions for Standard Foroins Functions 


In order to apply the method of Section 4.2 in computing 


man © 2 me i+ 
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the altitude performance of a model rocket perturbed by one of 
the standard forcing functions described in Chapter 2 it is 


necessary to select specific functional forms for f,(t) ana fy(t) 


and specific initial values for Ws Wy: Ax» and Xye The remainder 


of this section will present such formulae and values for use in 
determining the effects of a homogeneous response and of responges 
to each of the standard forcing functions considered in Chapter 9, 
Our treatment will be restricted to single-staged models (although 
the method of Section 4.2 is completely general and can be applieg 
to rockets of any number of stages), since all information of 
design interest to model rocketeers concerning dynamic response 


is obtainable from the study of single-stage cases. 


4.3.1 Homogeneous Response for General Initial Conditions 


When one is primarily concerned with the behavior of a model 
once it has been placed in a given state of angular displacement 
and angular velocity, without regard to the precise nature of the 
disturbance that caused it to assume that state, it is best to 
compute the homogeneous response resulting from the initial 
conditions that have been assumed. For such a calculation we 
assume that, prior to some time t, after liftoff, the vehicle 
has been flying vertically straight and true. For values of t 
less than to; therefore, 


(154a) OX y Ei Ry =O 


(154b) Wx - Wy cae 0 ret 


(56e) h(t) = F(t) =0 
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pquations (154) are said to specify the rocket's state prior to 
t, 28 rotationally quiescent; it follows that the iterative procedure 
aescribed in Section 4.2 produces values of v and y ideatical to 
those obtained by the methods of gection 2.4 for all values of 
4 up through t,.- 

In the instant before t,, it is assumed that some unspecified 
occurrence disturbs the rocket from a straight-and-true attitude, 


leaving 1t with nonzero angular displacements and velocities as 


follows: 
(155a) Ky = Axo 


(155b) Xy = Ayo 


iT} 
£ 


(155c) G) x 
(155d) Wy = Wyo 


where the zero-subscripted quantities are the initial values of 


angular displacement and velocity to be considered. These values 


must be chosen by the person performing the calculation and are 
arbitrary except for the restriction that they cannot be so large 


as to cause the model to have an angle of attack greater than 0.2 


radian at any time during the subsequent oscillation. Since a 


homogeneous response is defined as & response for which there is 


no forcing function, the yaw and pitch forcing remain uniformly 


zero for all values of time, after 4s well as before t): 


56), (t) = fy (t) = 0 (t = te) 


Computations of this kind may be performed for either zero or 


Nonzero roll rate. In either case, 20 generality will be lost 


a 
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and the response behavior will be more easily interpreted if 


you assume nonzero initial angular displacem 


about one axis only; it is merely for the sake of completenegs 
that I have taken into account both the pitch and the yaw axig 


in setting initial conditions. 


4.3.2 Step Response 


In order to compute the response of a model to step forcing 


that suddenly arises at some time to into the flight we again 

assume that the rocket is in a rotationally quiescent state for 
all time prior to tg; equations (154) thus remain valid for this 
problem. At the moment the step forcing begins the model will 
still be in an undisturbed state, so the initial conditions are 


(157a) Xx = Ay =O 
t=to 


(157b) Wy = Wy =0 


The forcing functions, however, become nonzero at this instant 
and persist as long as the step is assumed to last -- i.e., until 
some time t, at which the forcing "steps down" again to zero 

(or until flight apex occurs, which is equivalent to setting ty 
equal to the duration of the upward flight). Then 


(158a) fx (t) = Mx 
- Tet St, 
(158b) ty (t) = My 


where My and My are the disturbing torques, or moments, about the 
yaw and pitch axes, respectively, and 


(59) f, (t) = fy (t)= 0 ee 


ent and angular Velocity 
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In cases of non-spinning rockets where the step forcing is due 

to slight aerodynamic asymmetries, the strength of the perturbing 
moments Will vary as the square of the e@irspeed. Where the step 
arises from a uniform horizontal wind the magnitudes of M, and 
My will be constant throughout the time during which the wind 

4g blowing. 

It is important to note that step forcing is not an accurate 
representation of the action of a horizontal wind upon the model 
except for relatively short times -- on the order of a few tenths 
of a second for most model rockets. You may remember from the 
discussion of step responses in Chapter 2 that true step forcing 
applied for a sufficiently long time causes the vehicle to assume 
an angle of attack equal to M/C], where M 1s the disturbing moment. 
A horizontal wind, however, adds vectorially to the nodel's 
airspeed and changes the direction in which the rocket must fly 
to be at zero angle of attack; its long-term effect is therefore 
to make the model tip over into a nonvertical trajectory (we as 
model rocketeers are used to referring to this as weathercocking), 


lowering its altitude by this means as well @s by the decreased 


effective thrust and increased drag due to the oscillatory response. 


The steady angle of attack predicted by the step-response treatuent 


Produces a considerable overestimate of the aerodynamic drag 


on the perturbed rocket, though, and this drag overestimate 


nearly always more than compensates for the failure to consider 


the nonverticality of the flight path. Por this reason it is 


t 
acceptable to use step forcing to simulate horizontal wind effects 


in making performance degradation estimates despite the admitted 


analytical inaccuracy of the technique. 
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In making step response calculations you may choose My anq 


My 


enough to make sure the rocket will not exceed an angle of attag, 


of 0.2 radian at any time during the response. It admittedly take, 


some numerical experimentation to establish such upper bounds, 
but the work is unavoidable if the validity of Chapter 2's dynamig 
analyses is to be guaranteed. By reasoning similar to that of 
Section 4.3.1 it may be concluded that no information regarding 
the response will be lost if one of the disturbing torques is 
considered to be zero; this is true whether or not the rocket is 


spinning. 


4.3.3 Impulse Response 


In order to determine a model's response to impulsive forcing 
occurring at the instant ty after liftoff we again assume the 
quiescent prior rotational state specified by equations (154). 
The effect of the impulse, as discussed in Chapter 2, will then 
be to produce a homogeneous response for time greater than ty 


with the following specialized set of initial conditions: 


(160d) Wx = @ 5 ea 
(160c) = Hy 
les seaains © 


where H, and Hy are the components of the impulse about the yaw 


and pitch axes, respectively, 


Because of the unique nature of impulsive forcing (the impulse 
is a mathematical idealization involving the assumption of an 


infinite disturbing moment applied for an infinitesimal time period): 


arbitrarily, subject only to the restriction that they be smal) 
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an impulse response must be computed py setting the yaw and pitch 


forcing functions to zero for al} time; 
(161) t2(4) = fy (t) =0 


actually, fy(t) and f)(t) are both effectively infinite at the 
time t,, but the results of this have already been taken into 
account in equations (160). 

again, any values for Hy and Hy -- including zero for either 
one -- will be acceptable as long as these values do not cause the 
overall angle of attack to exceed 0.2 radian during the subsequent 


4.3.4 Response to Sinusoidal Porecing 
Although a wide variety of sinusoidal disturbances could 


be hypothesized for cases of both rolling and non-rolling rockets, 
the model rocketeer will find that all the information relating 
to sinusoidal forcing that is of interest in designing high- 
performance models can be obtained by analyzing two specialized 


cases: 


(a) Sinusoidal forcing of a non-rolling rocket about 


one axis only, in which the amplitude of the 


forcing varies 4s the square of the airspeed 


and its frequency varies directly with the airspeed; 


and 


(b) Sinusoidal forcing of @ rolling rocket in which 


the sinusoidal nature of the forcing is due to the 


roll rate itself, 80 that sinusoidal nonents 


exist about the pitch and yaw axes of angular 
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frequency equal to the roll rate and of amplitude 


proportional to the square of the airspeed. 


A disturbance of the first type may be characterized by 


the following set of forcing functions: 
(62a) ~—f, (t) = Ag Sin Wet 


fy (t) = 0 


(162b) 


where the disturbance has been assumed to occur about the yaw 


axis. The proportionality of the forcing amplitude Ap and the 


forcing frequency We to the rocket's velocity can be expressed 


as 
(163a) Ag = Anv2 and 


where A, and a, are constants of proportionality which may be 


thought of as the values of Ag and We at an airspeed of one meter 


per second. 
4 disturbance of the second type exhibits forcing functions 


of the form 
(14a) of (t) = Ag sin wet 
(164b) fy (t) = Agcos wast 


Since spin in model rockets is almost invariably induced by aero- 
dynamic means, the roll rate may be considered linearly proportional 
to velocity for most cases of interest. The same sort of propor- 


tionality scheme used for the non-rolling case can then be used 
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nere: 


65a) Ag = Aav2 
(165d) Wz = WaoV 


gquation (2008) applies whether the disturbance ig due to aero- 
dynamic or to inertial causes, since the strength of the aero- 
dynamic perturbation 1s proportional to the square of the air- 
speed and that of the inertial perturbation is proportional to 
the square of the roll rate, which in turn varies directly with 


airspeed. 


Both types of perturbations are assumed to arise immediately 


upon liftoff and to persist throughout the flight, as such a 


mathematical model most accurately represents the actual behavior 
of sinusoidal forcing in the vast majority of cases of interest. 
Calculations should therefore be started at t = O with rotationally 


quiescent initial conditions: 


(166a) XK x = Ay = (@) ¢ 
=0 


(166b) Wx = Wy = oO 
It should be noted that the calculations presented here 


differ somewhat from the analyses of Chapter 2's Sections 3.1.4 
and 3.2.4 in that we are considering the complete response to 


sinusoidal forcing rather than the steady-state response only; 


our numerical calculations will therefore pick up so-called 


Starting transients which are not considered in the discussion 


The basic character of the res 
y altered and it is very nearly correct to 
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consider the method of this section the numerical equivalent to 


the closed-form analyses of Chapter 2. 


Oscillations on the Altitude 


4.4 The Effect of Dynamic Ysclli 


Performance of a Typical Model Rocket 
"feel" for the magnitude 


In order to give the reader some 


of the performance degradations resulting from the various in-flight 


disturbances that cause pitching and yawing oscillations in model 


rockets, this section will present the results of sample calculation, 


based on representative disturbances encountered by a typical 


model rocket. The trial rocket illustrated in Figure 37 of Chapter 


3 was chosen as a representative design; reasonable values of 
{inertial and propulsive characteristics were then supplied which, 


in addition to the drag parameters and normal force coefficients 


computable from the model's geometry, permitted a complete character- 


ization of the vehicle for computational purposes. A complete 


list of the vehicle parameters used in solving the coupled equations 
of motion by the incremental method of Section 4.2 appears in 
Table 1. 

Table 2 summarizes the results of calculations performed for 


various cases of input disturbances. Although these results 


admittedly apply only to the particular rocket described in 
Table 1, they do -- in combination with the discussion of Chapter 
2 -- permit us to draw certain conclusions of general interest 
and applicability to model rocket design. 

Since the drag increase due to angle of attack ig proportional 
both to the square of x and to the square of the airspeed, for 
instance, it follows that a transient disturbance producing a 


iven maximum le 
g angle of attack will reduce a model's overall 
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TABLE 1 
cteristi 
Chara ristic Value 
piftoff mass 40 & = 0.04 ke 


Burnout mass 
Engine thrust 
Burning time 
propellant mass 


static stability margin 


Cz 


Wores 


(Cyo) pp 


Fin cant angle for 
“2 = Weres 


Fin cant angle for 


cres 
k 
€ 
Table 1; Ballistic and dynamic 


Shown in Figure 37 of Ohapter 3- 


31.67 g = 0.03167 kg 

4.0 N (average) 

1.20 sec 

8.33 g = .00833 kg 

2.06 cm = 1.0 caliber 

396v* dyn-cm for v in m/sec 

242v dyn-cm-sec for v in m/sec 

661 dyn-cm-sec (average) 

3640 g-cm2 (average) 

42.4 g-cm@ (average) 
0.101 neglecting jet damping ; 
0.1004 neglecting jet damping 
0.327v rad/sec for v in m/sec 
0.325v rad/sec for v in m/sec 
0.45 without fin cant 


re 


0.01945 rad = 1.11° 


0.1945 rad = 11.1° 


-4 
0.92 x 107" kg/m without fin cant 
ae x 1074 kg/m with 1.11° cant 
1.288 x 1074 kg/m with 11.1° cant 


37.8 x 1074 (kg/m)/rad@ 


characteristics of the rocket 


ve 
| 
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TABLE 2 TABLE 
2 (contiaued) 
t og 
Description of disturbance Wz fe) n ription of disturbance 
-<o-- 0.000 t 4t 
No disturbance 0 of intensity 
1 $9.62 dyn-cm 3.25 i.2 0.176 
Homogeneous response to fe) 0. 0.200 ae: 
Wyo = 0-2 rad ore ayn on y 3.259 1.2 0.200 
Homogeneous response to fe) 1.2 0.200 , 
Myo = 0.2 rad Impulse eae 3.257 ey err 
2510 dyn Ss 
Step of intensity f°) O.1 0.155 : 
39.6v° dyn-cm mpulse of strength J 
8080 dyn-cm-sec el sk 0-200 
Step gf intensity O Ol 0.200 
51.O0v* dyn-cm Impulse of strength 3.25¥ 
56,600 dyn-cm-sec 7 ise 0.175 
Step of intensity fe) 1.2 0.177 
39.6v® dyn-cm Impulse of strength 3.25% 6 jae 
30,400 dyn-cm-sec 
Step ae intensity fe) 1.2 0.200 
45.0v° dyn-cm Gouvled sinusgidal forcing 0.325¥ 0.1 9.141 
of Ag = 15-9V°, Wz = Woreg 
Impulse of strength ) O.1 0.062 
2510 dyn-cm-sec a ep Bee? ae sre 0.325v 0.1 3.220 
. = 
Impulse of strength 0 O.1 0.200 la ia oe See 
Bee Tages eee Coupled sinusgidal forcing —0.325¥ 2.2 5.200 
- 2 «OV =W 
eg eae 0 12 Ont of ig = 23-8¥%, Wz = Weres 
-cli-s 
: si Table 2: The effect of various disturbances o2 tie performance 
Impulse of strength (e) 1. . 
30,400 ayileacoee . Peeve of the rocket saown in Mgure 37 of Chaptar 3. In all cases 
Sinusoidal forcing of 0 0.1 0.143 where disturbances or roll rates are velocity-dependeat the 
Ap = 15.9V°, “=W 
oe — velocity is given in meters per second, and the amplitudes of 
Sinusoidal forcing of 
Ap = 26.7V°, uy, ane oe ada sinusoidal forcing functioas are given in dyr-cn. t, is tae tine 
ah eee a to 3+25v O.1 0.200 at waich the disturbance begins; Nya, 1s the saxiaum angle of uttact 
zo Ss ¥° 
Hosevens produced by the disturbance. 
neous 
Xxo : 0.2 “mao ns 3+25¥ 1.2 0.200 
Step of intensit 
39 .6ve dyn-cm . 3+25v O.1 0.155 
Step of intensit 
‘ 3+25¥ O.1 0.200 


51.0v2 dyn-cm 


on ae 


. re - 


oo a 
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TABLE 2 
TABLE 2 (continuea) 
vp y to v5 (age Percent Vp y t 
(m/sec) (n) (sec) Ms ‘ Teductig (m/sec) (n} (eS y 
r ) y, Percent 
Se ee (a (ay* reduction 
111.4 78.1 6.46 265-5 ange 0.09 106 -0 76.1 5 «20 183.8 | 
62.8 339.6 aes 24.39 

110.3 76.9 6.44 262. : 1.17 76.1 

06 O - *. 

awe 176.8 252.9 26 41 
111.4 78.1 6.35 254.3 332.4 3.26 

105 9 75 ae) 5.69 212.9 288.8 15.95 
105.3 75.67 5 67 211.0 286.7 16.58 

104.7 74.7 5.67 210.6 285.4 16.95 
101.7 74.2 5.28 186.1 260.3 24.25 

106.0 76 «1 5-61 205.0 281.0 18.23 
111.4 78.1 5.75 220.4 298.4 13.16 

106.0 76.1 5-58 202.5 278.6 18.92 
111.4 78.1. 5.59 210.3 288 .4 16.08 

E1037 77-7 6.19 249.5 327.2 4.78 
111.3 77.0 6.46 265.2 343.1 0.15 

109.7 77-1 5 83 228.3 305.4 11.12 
109.9 76.7 6.43 261.9 338 6 1.46 

110.0 Th <3 5.93 234.4 317.7 9.29 
111.4 78.1 6.32 251.5 329.5 4.10 ; 
5 5 | 17.9 6.33 257.8 335.7 2.30 
110.5 TT 6 6.08 242.9 320.5 6.72 
105.0 74.9 5.68 a 286.1 16.74 
106.0 76.0 5.60 204.6 280.6 18.34 
100.6 73.8 Suid 176.9 250.7 27.05 7 
97.4 72.5 4.84 45923 231.6 32.60 
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altitude capability more when it occurs near burnout (when the 


velocity is high) than near liftoff (when the velocity is low), 


Because the corrective moment coefficient C,; increases as the 


square of the airspeed, however, a much stronger Preuawrnne ae 


required to produce a given maximum angle of attack near burnout 


than near liftoff -- and a disturbance of a given strength Occurring 
near burnout will produce a reduction in performance roughly 
equivalent to that resulting from a disturbance of the same 
strength occurring near liftoff. The quadratic dependence of 

drag upon angle of attack also means that a disturbance of a 

given type occurring at a given time after liftoff will produce 

a performance degradation roughly proportional to the square of 

its strength. 

Given a set of in-flight disturbances of different types, all 
of which arise at the same time into the flight and produce 
4dentical values of the maximum angle of attack in response, the 
severity of the resulting performance degradations may be ranked 


according to the type of forcing function involved as follows: 


(a) impulse (least severe) 
(b) step of constant intensity 


(c) sinusoid 


(d) step of intensity proportional to v2 (most severe) 


A rocket that 1s spinning about its longitudinal axis will 
have a greater drag at zero angle of attack than will the same 
vehicle if constructed so as not to roll. That the drag increase 


associated with fitting a model with angled "spin fins" can be 


considerable has already been shown by the analysis of Section 
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5.3 of Chapter 5. If, however (ag has been noted by Tho McKim) 
mas Mc ’ 


tne product of Ip and We is great enough to ca 
Cause the angular 


momentum about the longitudinal axis to be very large 
’ 


angle of attack due to a transient disturbance of a given streagth 
will be significantly reduced 


the maximum 


Over what 1t would have been without 


roll. During much of the response, therefore, the overall drag 


of the rolling rocket may be less than the drag associated with 


the same vehicle built so as not to spin. ‘the response will, 

nowever, also persist for a longer time than it would in the case 
of zero roll rate because the inverse time constant of the slower 
mode of oscillation is reduced as the product IpW, is increased. 


Both effects are due to the fact that the presence of angular 


a larger longitudinal moment of inertia than its actual value of 


Iz, and thereby decreases the amplitude, frequency, and decay rate 
of the response. Model rockets which are well designed to begin 
with almost always suffer, rather than benefit, from the use of 
spin since the reduction in maximum angle of attack due to any 
given disturbance is more than offset by the increased duration 
of the transient response and the increase in drag at zero angle 


of attack associated with spinning the model by aerodynamic means. 


There are a few exceptions to this rule; for example, the use of 


spin fins and/or spin motors in the first stage of a heavy, multi- 


staged model that might otherwise suffer excessively from step 


or impulse forcing during its relatively slow liftoff. In most 


Cases where the incorporation of spin into a design improves its 


Performance, however, it will be found that 1% is because the 


design has not been optimized {in the non-spinning configuration. 
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Finally, the ability of a given model to resist a disturbancg 
of a given type can be evaluated from the following brief summary 


of the results of Chapter 2: 


(a) Resistance to step forcing increases with an 
increasing corrective moment coefficient Cj; 

(bv) Resistance to impulsive forcing increases with 
an increase in the product I,W, where 
Q@= / = = gee ; and 

(c) Resistance to sinusoidal forcing increases 


with an increase in the product (SVI-c¢?7, 


where pa a . 


2veiIu 
The effect of a nonzero roll rate is to increase the apparent value 
of the longitudinal moment of inertia, thereby lessening the 
angular frequency of the slower pitch and yaw oscillation modes 


and decreasing the effective damping. 


2. Recapitulation and Qualitative Features of the Analytical 
Results 
Now that the methods of Chapters 2 and 3, and the present 
chapter, have placed at our disposal methods for predicting the 
dynamic behavior, drag, and altitude capability of any model rocket 
we may turn our attention to the qualitative features of the 
results obtained in order to ascertain the relative importance 


of each characteristic, or parameter, of the vehicle to its 


overall altitude performance. The flight dynamics and aero- 


dynamics chapters each presented criteria for good design practice 


in relation to their own subject matter. This section will 


attempt to integrate those criteria with some that are basic to 
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the ballistic characteristics of model rockets and to arrive 


at some fundamental, unified design rules. 


5.1 Bengen's Maxina 


If one were to construct a graph of total altitude as a 
function of initial mass for various values of the drag constant 
k, given a specific model rocket engine type, a curious effect 


would be noticed: there is an optimum, nonzero weight that gives 


maximum altitude performance. If the model is either heavier 

or lighter than the optimum weight, its altitude capability will 

be less than it would be at the optimum. The existence of such 
optimum points was first noted by Bengen in 1965. Malewicki, 
working independently, published explicit examples of graphs 
displaying the altitude maxima in 1966 as model rocket manufacturer's 
reports. It is also true, as you can see from the sample plot 
presented in Figure 19, that the optimum weight decreases ag 

the value of k decreases until, in the limit as k approaches 

zero, the optimum weight also approaches zero. It is actually 
possible, for most values of k to which practical model rockets 

can be built, to build a rocket that is too light for maximum 
altitude performance! It is a remarkable coincidence, as noted 

by Stine in his Handbook of Model Rocketry even prior to Bengen 

and Malewicki, that many model rockets Just happen to be constructed 
near the ballistically optimum point. 

The effect which produces Bengen's maxima can be explained 
qualitatively in the following manner. A typical model rocket 
Bains most of its altitude during the coasted portion of the 
flight. ‘The coasted altitude increment depends neavily upon 
two things (other than the deceleration due to gravity, which is 
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constant for all model rockets): the burnout momentum and the 


drag due to the burnout velocity: It actually depends analytical, 


on the burnout mass, the burnout velocity, and the drag paramete, 


k. If the vehicle is extremely light, its burnout velocity wii, 


be large since the burnout velocity increases monotonically with 


decreasing weight (i.e., the burnout velocity always increases as 


the weight decreases). The low weight, however, will prevent the 


burnout momentum from being very large. The drag, on the other 
hand, will be extremely high due to its quadratic dependence 

on velocity. As a result, the momentum of the rocket is dissipated, 
or used up, very rapidly and the coasted altitude is disappointingly 
low. This is the same effect that insures that a whiffle ball or 
ping-pong ball cannot travel very far regardless of how hard it is 
hit. The extreme limit of this behavior would be the example of a 
feather being shot out of a cannon: the muzzle velocity is 
tremendous but the momentum of the feather is almost instantly 
overcome by its large drag. 

If we now have a rocket that is very heavy, its burnout 
velocity will be relatively low. Its large mass, however, insures 
that its burnout momentum will be about the same as that of the 
lighter rocket (actually, with the exception of the momentum lost 
to drag and gravity during the burning phase, the two rockets 
will have identical values of burnout momentum; this must be 
true since the total impulse of the engine is just the total 
momentum change imparted to the rocket by its engine). The low 
burnout velocity insures that aerodynamic drag will dissipate 


the burnout momentum much more slowly than 4e the case for the 


light rocket. The deceleration of gravity, however, will dissipate 


q 
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the burnout momentum at a rate much greater than in the case of 
the light rocket -- and again the altitude performance suffers. 
Thus, the optimum liftoff mass lies somewhere between the 
two extremes. Since the methods of Section 2 of this chapter 
have given us closed-form, algebraic solutions for altitude per- 
formance in cases of vertical flight, it is theoretically possible 
to obtain a closed-form expression for the ballistically optimum 
1iftoff mass. When one attempts this in practice, however, it 
is found that the resulting expression is far more complicated than 
the original total altitude function and requires a prohibitive 
amount of time and effort to solve in any given case. While 
such an expression satisfies the letter of the definition, 
"closed-form solution", it literally covers pages when written 
out; it does not satisfy the intent of the definition as used in 
this book, which requires a practical closed-form solution to be 
quicker and easier to use than numerical or graphical methods from 
which the same result could be obtained. 
The most convenient method yet found for determining the 
optimum liftoff mass of a model rocket is to consult a graph 
of the kind described at the beginning of this section. Sets 
of such plots are currently available from Estes Industries, 
Incorporated of Penrose, Colorado as Technical Report TR-10, 
Altitude Prediction Qharts; amd from the Centuri Engineering 


Company of Phoenix, Arizona 4s Technical Information Report 

TIR-100, Model Rocket Altitude Derformance. ambitious modelers 

Can prepare their own charts for engine types not listed in these 
reports, using the methods of Section 2 except in very high-performance 


Cases, where numerical interval methods must be used due to drag 


+ Ba 
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divergence at transonic speeds. It 1s also suggested that calourg. 


tions be restricted to values of liftoff mass greater than the 


mass of the loaded engine alone (which is the least possible 


mass of any actual model) and that values of k be kept above 


a reasonable minimum associated with the lowest possible drag 


coefficient to which a model rocket can, as a practical matter, 


be designed. 


5-2 Model Rocket Design Optimization 
With the sum total of the information presented throughout 


this volume ready to our hand, we are now in a position to formulate 
a general design procedure which, if adhered to, will enable the 
model rocketeer to formulate designs which are optimized from 

the standpoint of the altitude they are capable of achieving with 
the specific model rocket engine for which they are designed to 

be flown. It is important to remember that our criterion of 
optimization is altitude capability alone. The material presented 
in this book, properly applied, permits the synthesis of rocket 
designs that may be considered "superior", or even "best", for 
applications depending solely upon maximum altitude achieved. 
Examples of such applications are micrometeorological sounding 

and the National Association of Rocketry's altitude and payload 
competition events. There exist applications in the field of 

model rocketry, however, for which the rocket with the greatest 
altitude capability is not necessarily the best one. Examples 

that come immediately to mind in this category are the NAR parachute, 
boost/glider, and rocket glider duration events, in which the 
model's altitude capability must be balanced against the need 


for @ parachute or aerodynamto surfaces large enough to insure & 
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slow descent and a good probability of the descending model's 

being caught by thermals. With the caution that our optimization 
techniques are valid only for models in which altitude capability 
is the sole criterion of excellence, then, we present the following 


design optimization procedure. 


5-2-1 Initial Design Definition 


Given the purpose for which your model is to be used and 
the model rocket engine with which it is to be flown, make a 
rough sketch of your first impression of what it should look 
like. Refine the sketch as necessary, adding dimensions (the 
dimensions are, of course, approximate and may be changed later 
as necessary). Simplicity is the rule at this stage in the design: 
avoid all unnecessary complication of shape and arrangement. 
A way-out, Buck Rogers design may make a fine sport, demonstration, 
or display model, but it will rarely if ever come out looking 
very good when judged solely on the basis of its altitude capability. 
Also avoid unnecessary size, making the design as compact as possible 
consistent with adequate provisions for a good, reliable recovery 


system and any payload that is to be carried. 


5.2.2 Drag Coefficient 
Using the techniques presented in Section 6 of Chapter 3, 


estimate the coefficient of drag of your model at a zero angle 
of attack. You should be somewhat conservative regarding your 
assumptions of skin-friction drag at this point, both to allow 
for small imperfections encountered in finishing the model and to 
allow for the deterioration of the rocket's surface that will 


occur from flight to flight. In designing model rockets for 
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maximum altitude performance the lowest possible drag coefficient 


is desirable, and to thi 


with variations on the initial design formulated in Section 5.2,1, 


Avoid the use of launch lugs on high-performance models if at all 
= 


possible by launching from a low-friction tower or closed-breech 
mechanism, or at least try to incorporate a 
lug design if a lugless launching device is not available. 
Remember that, if you do use a fixed launch lug system, you will 
probably have to accept an increment in drag coefficient (QOD) 4, 
on the order of 0.25 as given in Section 4.3.3 of Chapter 3. 
Since it is sometimes possible to design model rockets with 
values of Cp less than 0.4, provided no launch lug is present, 


you can see that the presence of a fixed lug exacts a considerable 


penalty in terms of altitude performance. 


522-3 Weight Optimization 
Use the first-estimate value of Cy obtained in Section 5.2.2 


to compute the drag parameter k (it will be recalled that k is 
equal to éfCpA,, where 4. is the reference cross-sectional area 


and f is the density of the atmosphere). If you will be launching 


from a site considerably above sea level, or if your model will 
reach an extremely great altitude (of which you have a rough idea), 


be sure to adjust your value of f from its sea-level value of 


1.225 kilograms per cubic meter. Remember that k, for use with 


charts, euch as Figure 16, ‘must ‘be computed using MKS units. If 


you have a single-staged, single-engined model you may then use 


A Malewicki chart (as plots such as Figure 16 have come to be 


petted), to select. the -Optiaua.-WeleKt: tor your oniet directly 


by locating Bengen's maximum for that partioular value of k 


s end you should not hesitate to experiment 


"pop-off" or "shuck-ofef" 


er 
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If you are using clustering or staging, 


with different values of liftoff mass using the methods described 


in Section 2 will be required. For some rockets having very low 


values of k, it may not be possible to achieve the optimum weight 


(for instance, when the weight of the payload and engine alone 


are found to total more than the optimum). In such cases, the 


model must simply be built as light as practicable consistent 


with adequate structural strength. for rockets to which weight 
must be added to optimize the liftoff mass, adding nose weight is 
usually best since this permits adequate stability to be attained 
with smaller fins than would otherwise be the case, and thus 


lessens drag. 


5.2.4 Dynamic Stability Optimization 


Determine the values of the dynamic parameters 0), Cp, Ij, 


and Ip for your tentative design according to the methods presented 


in Section 5 of Chapter 2. Adjust these values by altering the 
mass distribution, length, fin size, fin shape, and fin placement 
as necessary to obtain a static stability margin of about one 
caliber or slightly more, a damping ratio £ between 0.05 and 0.3, 
and a desirable value of the natural frequency Wm. We would 
suggest, based on experience to date, that the most desirable 


natural frequencies for vehicles of model rocket size lie between 


0.002v and 0.Olv, where v ig the airspeed of the model given 


in centimeters per second (remember that OGS units are used 


throughout Chapter 2). The equivalent limits for airspeeds given 


oP MORELE DOr SO CONN Gre Oey and 1 .0y;, “e Tawen. on ine usually 


means the longitudinal moment of inertia is too great for the 


corrective moment coefficient, so that the model cannot respond 


some numerical expe rimentation 
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to the moments applied by its fing with sufficient rapidity for 
gafe and stable flight at average, present-day launch departure, 
velocities. A higher value usually means the longitudinal moment 
of inertia 1s too low, so the model ig easily disturbed, or that 
the corrective moment coefficient is too large, usually indicating 
too-large fins that cause excessive drag. If you wish to use a 
roll rate to reduce horizontal dispersion, check to insure that 


4t is not too near the coupled resonant frequency w, You 


Tes” 
may also wish to check the roll rates induced by various assumed 
slight fin misalignments to guard against the possibility of 


resonance due to unintentional roll. 


5.2.5 Reduction of Drag at Angle of Attack 
Consistent with the requirements of the preceding steps, 
attempt to select or refine the fin design such that the increase 
in drag with angle of attack is minimized. Since, for any given 
value of k, the reduction in altitude performance due to dynamic 


oscillations depends strongly on the ratio of € to k, a model 
with a relatively small value of this ratio has an advantage over 


one with a larger value (provided the two vehicles have identical 


resistance to in-flight disturbances). Slliptical fins are often 


used to help here, since it 1s known that an airplane wing that is 


not twisted and has a moderate aspect ratio will have the lowest 


induced drag due to lift if its planfomm is elliptical. 


5.2.6 Philosophy of Design and Flight 


You have no doubt noticed that the procedures outlined in 


each of the Sections 5.21 through 5.2.5 tend to alter the design 


of the model from what it was at the previous stage of the 


procedure. 


| 
y 
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The possibility thus exists that optimization of the design at 

any given stage, using information from the previous stage, may 

to a certain extent invalidate the figures taken from the previous 
stage. To “home in" on an optimum design to an arbitrary degree 
of precision it is therefore generally necessary to perform severa) 


design iterations; that is, to go through the process outlined in 


Sections 5.2.1 through 5.2.5 several times, using the status of 
the design from the previous iteration, or "ynass", to perform the 
next iteration. A great deal of this is done in professional 
industry, but the modeler can, at his option, choose the number 
and precision of his iterations at will, depending on how precise 
he desires his optimization to be. For many purposes, of course, 
a bare minimum of analysis, not even using all the methods and 
procedures outlined in this book, will suffice to produce a 
reasonably good design. For contest work, however, or record-setting 
attempts and scientific payload lofting, many rocketeers will want 
to take full advantage of the most advanced and painstaking 
analytical methods of design available. 

No matter how careful the design of his vehicle has been, 
however, there exist certain conditions encountered at the launch 
site which may sometimes force the modeler to depart from strictly 
altitude-optimized design to achieve the desired results in actual 


operation. If a strong horizontal wind exists at the time of 


launch, for instance, a model designed for a low-thrust, long- 


burning engine will often achieve a higher altitude if launched 


with @ high-thrust, short-burning engine of identical specific 


impulse, since it will not then have time to respond completely to 


the horizontal wind encounter during the burning phase of flight. 


1p 


An example would be the substitution of a B14 engine in a model 


optimized for a BA, in case of strong winds at the launch site. 


there also exist instances in which it 18 wise for the modeler 
to render his design deliberately off-optimum in order to remain 
below cloud cover or within the capabilities of limited tracking 
facilities. Such cases, however, are eatirely a matter of the 
rocketeer's intuition and expertise gained through experience 

and we do not see fit to discuss them in a book devoted strictly 

to the optimization of the actual altitude capability of model 
rockets. 

In closing, the authors of this volume would like to state 
that it is not their intention to end all questions of model rocket 
design with the material presented herein. To the best of our 
knowledge and belief based on experience to date, the techniques 
and information presented in this book form a valid framework 
within which each model rocketeer can construct his owm philosophy 
of altitude optimization. A great deal remains to be said, however, 
for the value of intuition and experience, and much experimental 
and analytical research remains to be done in model rocketry, a 
field that is at once a science, @ sport, a hobby, and a fine 


art. 


verge 
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ADPENDIX A 
CORRESPONDENCE BETWEEN METRIC AND ENGLISH UNITS 


1. Centimeter-Gram- Second (0Gs) to English Units 
1 gram (g-) = -0353 ounce-mass 
= -0022 pound-masgss 
= 6.84 x 107> slug 
1 dyne (dn.) = 2.248 x 1076 pound-force 
1 centimeter (cm.) = .0328 foot 
= +3937 inch 


2. Meter-Kilogram-Second (MKs) to Bnglish Units 
1 kilogram (Kg.) = 35.27 ounce-mass 

2.204 pound-mass 

-0684 slug 


1 newton (nt.) = .2248 pound-force 
1 meter (m.) = 3.28 feet 
39.37 inches 
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APPENDIX B 


PHYSICAL CONSTANTS AND PARAMETERS 


mean sea-level acceleration 
of gravity (g) 


sea-level density of standard 
atmosphere (f) 


sea-level pressure of standard 
atmosphere (p) 


sea-level coefficient of viscosity 
for standard atmosphere (/) 


sea-level kinematic viscosity for 


standard atmosphere (y) 


32.173 feet/( second?) 
9.806 meters/(second2) 
980.6 centimeters/(second2) 


1.225 kilogram/(meter) 
.001225 gram/( centimeter) 
.002377 slug/(foot?) 


101,325 newtons/(meter?) 
1,013,250 dynes/( centimeter?) 
14.696 pounds/(inch®) 

2115 pounds/(foot?) 


1.789 x 107° Kg./(m.-sec.) 
1.789 x 1074 g./(cm.-sec.) 
3.725 x 107" slug/(ft.-sec.) 


1.4607 x 1079 meter?/second 
1.4607 x 1071 centimeter?/see: 
1.571 x 107* foot2/second 
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sea-level temperature of standard 


atmosphere (T) = 288.16° k 
=z 15.0° ¢ 
= 518.699 R 
= 59.09° P 
sea-level speed of sound in 
standard atmosphere (0) = 340.3 meters/second 


34,030 centimeters/second 


= 1118 feet/second 
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Scientific Notation 
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107 
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APPENDIX C 


Decimal Notation 
0.00000001 
0.0000001 
0.000001 
0.00001 
0.0001 
0.001 
0.01 
O.1 
L 

10 

100 

1000 

10,000 

100 ,000 
1,000 ,000 
10 ,000 ,000 
100 ,000 ,000 


IFIC AND DECIMAL NOTATION 
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APPENDIX D 


A WORD ABOUT THE NATIONAL ASSOCI APION OF ROCKETRY 


In the course of this book a number of references have been 
made to the National Association of Rocketry (NAR). The NAR is 
the most important organization devoted to the advancement of 
model rocket activity, protecting and promoting the cause of 
safe, properly regulated model rocketry since 1957. The NAR is 
a nonprofit organization and as such cannot “lobby”, but it can 
and has provided expert testimony when called upon to do so in 
a number of instances where model rocketry might well have been 
effectively banned, had not such testimony been given. In connection 
with this “recognized authority" status, the NAR is in constant 
liaison with the Federal Aviation Agency, the Food and Drug aAdmin- 
istration, the National Fire Protection Association, the United 
States Air Force, and the Civil Air Patrol. The NAR also maintains 
close contact with the Hobby Industry Association of America to 
encourage the continued production and distribution of high-quality 


products of use in the hobby. The NAR Standards and Testing 


Committee is the only nationally-recognized agency competent to 


grant safety and/or contest certification to model rocket engine 


types, and in many states an e 


certification to be legally used. 
The NAR is affiliated with the National Aeronautic Association, 


atative to the Federation Ae ronautique 


ngine type must bear NAR safety 


the United States represe 
The FAI is the internationally-recognized 


Internationale in Paris. 
ght, 


authority governing all forms of competition in spacefli 


(hE NAR ET, 


en 


x 
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aviation, soaring, parachuting, and aeromodelling; the NAR therefor, 


conducts the only internationally-recognized program of model rocket 
competition in the United States and is the only organization 


competent to certify U.S. national model rocket performance 


records and to file world performance records established in the 


United States with the FAI. One must, in effect, be a member of 


the NAR to establish an officially recognized model rocket performance 


record. 
The NAR also maintains a system for the dissemination of 


useful information among its membership. Through its affiliation 


with the Hobby Industry Association of America, NAR is kept aware 
of all model rocket manufacturing activity currently in progress 
in the United States and has been instrumental in putting interested 
members in touch with a wide range of manufacturers and additional 
sources of model rocketry literature and information. 

The authors, NAR members themselves, highly recommend NAR 


membership to anyone whose interest in the rocket hobby is more 


than passing. Membership applications and additional literature 


can be obtained by writing to the National Association of Rocketry, 


Box 178, McLean, Virginia 22101. 
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ure 1 
Figure 31 (After Mandell, Yodel Rocketry, Nov. 1968 by permission 
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Ficure 32 (Afte ‘ 
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Slender Finned Vehicles, M.3.4.2. thesis, March 1967, and “Caloulating 
the Center of Pressure of a Rocket", NagA/Goddard Space Flight Ceater 


information pamphlet, both by James g. Barrowman. I also wish t 
. ° 


acknowledge, however, that similar material appears in Centuri 
Engineering Company Technical Information Report TIR-33, "Calculating 
the Center of Pressure of a Model Rocket", by James §. Barrowman 

and edited by Douglas J. Malewicki, copyright © 1963 by space 
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Figure 33 (After J.S. Barrowman, by pervission of tae author) 
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Figure 34 (After J.S. Barrowman, by permission of the author) 
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Figure 51 (After Mandell, Yodel ocketry, Mar. 1969, vy permisei 
of Model Rocketry, Inc.) ’ P seion 


plate 1 (Prints by J. Nickerson from motion pictures by G. Mandell) 


Chapter 3 


Figure 2 (After U.S. Standard Atmosphere, 1962) 
Figure 3 (After U.S. Standard atmosphere, 1962) 
Figure 4 (After 0.3. 3tandard Atmosphere, 1962) 
Figure 6 (After H. Schlichting) 

Figure 7 (After U.S. Standard Atmosphere, 1962) 
Figure 8 (After U.S. Standard Atmosphere, 1962) 


Figure 9 (After H. Schlichting) 
Figure 13 (After H. Schlichting, Boundary Layer Theory, copyright 
(€)1968 by McGraw-Hill, Inc., Sixth @dition, by permission of 


McGraw-Hill Book Company) 

Figure 14 (after H. Schlichting, Boundary Layer Theory, copyright 
(©) 1968 by McGraw-Hill, Inc., Sixth Edition, by permission of 
McGraw-Hill Book Company) 

Figure 15 (after H. Schlichting, Boundary Layer Theory, copyright 
(©)1968 by McGraw-Hill, Inc., Sixth Bdition, by permission of 


McGraw-Hill Book Company) 
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Schlichting, Boundary Layer fheory, copyright 


Figure 16 (after H.- 
sixth sdition, by permission of 


©1968 by McGraw-Hill, Inc, 
McGraw-Hill Book Company) 


Figure 17 (after H. Schlichting, Boundary Layer Iheory, copyright 


©1968 by McGraw-Hill, Inc., Sixth wdition, by permission of 


McGraw-Hill Book Company) 


Figure 19 (After NACA IN 4363) 
Figure 20 (after NACA IN 4363) 


Figure 21 (after NACA IN 4363) 
Figure 23 (After H. Schlichting) 


Figure 24 (After Dr. S-F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Mrs. S.F. Hoerner*) 


*Fluid Dynamic Drag is distributed by Hoerner Fluid Dynamics, 2 
King Lane, Greenbriar, Brick Town, New Jersey 08723. 


Figure 25 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Hrs. 5.F. Hoerner) 


Figure 26 (after H. Schlichting, Boundary Layer Theory, copyright 
©1968 by McGraw-Hill, Inc., Sixth ddition, by permission of 


McGraw-Hill Book Company) 


Pigure 27 (After L. Prandl and 0.G. Tietjens, Applied Hdydro- 
and Aeromecnanics, Dover Publications, Inc., New York, by 


permission of the publisher) 
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Figure 28 (After L. Prandl ana g 
-G. Tietjeas, 4 
4 applied Hyijiro- 


Iuc., New Yor«, by 


aeromeci.a 
and Aeromec.anics, Dover “ublications, 


permission of the publisher) 


Figure 29 (After Dr. 3.7, Hoerner, Plutd Jynuuic Drag, published 
——————— , 
py the author 1965, by permission of Urs. 3.P Hoerner) 


Figure 50 (after Dr. 3.7. Hoerner, Fluid Jja2nic Drag, published 
a SJ 
py tne author 1965, by permission of krs. 3.P. Hoerner) 


Pigure 31 (After Douglas J. Malewicki, "“Kodel Roeket altitude 
performance", Centurl Mgineering Company Technical Information 


Report TIR-100, by permission of Centuri Znzineering Company) 


Figure 32 (After G. Harry 3tine, Handbook of €Kodel Rocketry, 
copyright (©) 1970, 1967, 1965 by G. Harry Stine, by permission 


of Follett Publishing Company) 


Figure 34 (after Dr. S.F. Hoeracr, Pluid Dynamic Drag, published 


by the author 1965, by vermission of Mrs. $.F. Hoerner) 
Figure 35 (After U.S.A.F. Stability and Control Datcom) 
Figure 36 (After U.3.A.F. Stability and Control Datcom) 


Figure 39 (After Dr. S.F. ioerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Mrs. S.F. Hoerner) 
Figure 40 (After U.3.A.F. Stability and Control Datcom) 
Figure 41 (Aerobee exverimeatal date after G.i. Stine) 


Figure 42 (after dr. 3.F. doerner, Pluld Dynumic Drag, published 


by tne author 1965, by permission of Mrs. S.F. Hoe rner) 
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Figure 44 (fin shapes after G.H. Stine) 


Figure 46 (after U.3.4.F. Stability and Control Datcom) 


Barrowman, “Calculating the Center of 


Pigure 48 (after James 3. 
Sdited by Douglas J. Malewlcici, 


Pressure of a Model Rocket”, 
Centuri Engineering Company Technical Information Report TIR-33, 


by permission of Centuri Sngineering Company) 


Figure 53 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by oermission of Mrs. S.F. Hoerner) 


Figure 54 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Mrs. 5.F. Hoeraer) 


Plate 1 (From Shape and Flow, by Ascher Shapiro, copyright ©) 
1961 by Sducational Services, Incorporated. Reprinted by permission 
of Doubleday and Company, Inc.) 


Plate 2 (From Applied Hydro- and Aeromechanics, by L. ?randl and 


0.G. TMietjens, Dover Publications, Inc., New York. Reprinted by 


permission of the publisher.) 


Plate 3 (From Boundary Layer Theory, by H. Sehlichting, copyright 


@) 1968 by McGraw-Hill, Inc., Sixth dition. Used by permission 


of McGraw-Hill Book Company.) 


Plate 4 (From Applied Hydro- and Aeromecuunics, by L. Prandl and 
0.G. Tietjens, Dover rublications, Iac., Wew York. Reprinted by 
| 


permission of the publisher.) 
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Plate 5 (From Applied Hyiro- and gerouecsanicg, vy 2. Pracdl aud 


0.G. Tietjens, Dover Publications, Inc., Jew York. Rezricted b7 


permission of the publisher.) 
Plate 6 (Photo by G. Mandell) 


Table 1 (From Boundary Layer Phepry, by H. Schlicnting, cozyrigat 


(¢) 1968 by McGraw-Hill, Inc., Sixth Sdition. Used by permission 


of MeGruw-Hill Book Company.) 


fable 5 (From Fluid Dynamic Drag, by Dr. S.#. Hoerner, publisoed by 


the author in 1965. Reprinted by permission of Krs. 5$.?. Hoerner.) 


Table 8 (Experimental data after Dr. $.?. Hoerner, Pluid Dynazic 


Drag, published by the author in 1965. Used by permission of 


Mrs. S.P. Hoerner.) 
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